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Abstract

In this work, the existence criteria of extremal solutions of periodic boundary value
problems for the first-order dynamic equations on time scales are given by using the
method of lower and upper solutions coupled with the monotone iterative
technique. Our results generalize and improve some existing results. Two examples
are provided to show the effectiveness and feasibility of the obtained results.
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1. Introduction
Recently, the theory of impulsive differential equations has been investigated exten-
sively in simulating processes and phenomena subject to short-time perturbations dur-
ing their evolution, moreover, such equations have a tremendous potential for
applications in biology, physics, epidemic models, engineering, ect. (see [1-4]). Espe-
cially, the study of impulsive dynamic equations on time scales has also attracted much
attention since it provides an unifying structure for differential equations in the contin-
uous cases and the finite difference equations in the discrete cases, see [5-17] and
references therein. Most of them were devoted to the existence of solutions for peri-
odic boundary value problems (PBVP) by means of some fixed point theorems [18-22]
such as the Tarski’s fixed point theorem [17], Guo-Krasnoselskii fixed-point theorem
[18], and twin fixed-point theorem in a cone [19], etc..

Li et al. [4] considered the following periodic boundary value problem with impulses

u'(t) = g(tu(®) u(@(r)), tel=[0,T] t#t,
Au(ty) = I(u(tx)), k=1,2,..,p (1.1)
u(0) = u(T),

where 0 = £y <ty <ty < ... <ty <tp,1 = T, Jo = Mty, o Ly}, g€ CUJ % R% R), and O e C(J,
R),0<0(t) <t te ], Au(ty) = u(t;) — u(te).

In [6], the authors discussed the following periodic boundary value problem by using
the upper and lower solution method and monotone iterative technique

yA() = f(Ly(r), te):=
Imp(y) () = L(y(t,)), k
y(0) = y(o (T)).

[0, TINT, t#t, k=1,2,..,m,
= 1/ 2/~-~/ ml (12)
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Although, the existence of extremal solutions to equation (1.2) was studied in [6] by
using the outlined method, the results were obtained only under the case: < 3, where o
and f3 are the lower and upper solutions of PBVP (1.2), respectively. To the best of our
knowledge, while using the method of lower and upper solutions, one can consider the
problem under another case: o > 3, the readers can refer to [12,23-25] and references
therein. For example, in [23], He and Zhang analyzed the existence for the extremal solu-
tions to first order impulsive difference equations with periodic boundary conditions by
utilizing the monotone iterative technique under these two cases. However, there are few
papers to deal with the existence for the extremal solutions to periodic boundary value
problems of first order dynamic equations on time scales based on the method of lower
and upper solutions coupled with monotone iterative technique under these two cases.
Thus, in this paper, we make the first attempt to consider the following periodic boundary
value problem of first order dynamical equation on time scales:

PO+ () =fL(©), tel=[0TINT, t£t, k=124,
Ay(n) = (v (%)), k=1,2,...q, (1.3)
¥(0) = y(a(T)),

where T is a time scale, T >0 is fixed. fe C(J x R, R), Iy € C(R, R), p: [0, T I+ — [0,
) is rd-continuous, fx € [0, T] N T and 0 < #; <... < t, < T. Ay(t) = y(&) — (5, ),
y(t;) and y(t, ) denote right and left limits of y(¢) at ¢ = # in the sense of time scales
respectively, that is, tx + # € [0, T] n T for each / in a neighborhood of 0. o is a func-
tion that will be defined later and y°(¢) = y(o(£)). The aim of this paper is to obtain the
existence criteria of extremal solutions of PBVP (1.3) under the two cases expressed
above. Our results extend and generalize the results of Geng et al. [6].

The remainder of this paper is organized as follows. Some preliminary definitions,
lemmas and notations on time scales are given in Section 2. In Sections 3 and 4, by
means of lower and upper solutions and monotone iterative technique, the existence of
extremal solutions for PBVP (1.3) is proved under two cases: the lower and upper solu-
tions with well-order and with reverse-order, respectively. Finally, two examples are
simplified to illustrate the effectiveness and feasibility of the obtained results.

2, Preliminaries
In this section, we state some fundamental definitions and results on time scales, we
refer readers to [5-11].

Let T be a nonempty closed subset (time scale) of R. We denote the forward and
backward jump operators o, p : T — T as follows:

o(t)=inf{s e T|s>1t} and p(t)=sup{seTsjt}.

A point £ € T is called right-scattered, right-dense, left-scattered, left-dense respec-
tively if o (£) >t, o (£) = t, p(t) < t, p(¢) = t holds. If T has a right-scattered minimum
m, then T; = T\{m); otherwise T = T. If T has a left-scattered maximum M, then TX
= T\{M}; otherwise T = T.

A function f: T — R is called right-dense continuous provided it is continuous at
every right-dense points in T and its left-side limits exist at every left-dense points in
T, write fe C,4(T) = C,y(T, R).

Definition 2.1. For x : T — R and ¢ € T%, we define the delta derivative of x(¢), x*(2),
to be the number (when it exists) with the property that, for any € >0, there is a
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neighborhood U of ¢ such that
[[x(c (£)) — x(s)] — x2(t)[o(t) —s]| < elo(t) —s|, foralls e U.

Remark 2.1. If T = R, x*(¢) = x(¢) is the ordinary derivative, and if T = Z, 220 = x(t
+ 1) - x(¢) is the usual forward difference operator.

Definition 2.2. F is called an antiderivative of a function f defined on T if FAp) = At
holds on TX, then the delta integral is defined by

/f(s)As = F(t) — F(a).

Lemma 2.1 ([9]). If f* > 0, then f is increasing.
Lemma 2.2 ([9]). Assume that f, g : T — R are delta differentiable at t, then

(f8)2(1) = fA(1)g(1) + f (o (1))8™ (1) = 8° (OF (¢) + 8(a ())f*(2)-

Definition 2.3. A function p : T — R is called regressive if 1 + u()p(t) = 0 for all £ €
T, where u(t) = o(t) - ¢, which is said to be the graininess function.

Definition 2.4. If p is a regressive function, then the generalized exponential func-
tion e, is defined by

t
ep(t, s) = exp fsu(,)(p(t))At Jfors,teT

with the cylinder transformation

log(1+hz) ifh
_ no o 1fh#0,
5n(2) {z, ifh =0,
Let p, g : T — R be two regressive functions, we define
p
pPOG=p+q+upd, Sp=— " ., pPOq:=p&(Sq).
+up

Then, the exponential function has some properties as follows.

Lemma 2.3 ([9]). Assume that p, q : T — R are two regressive functions, then
(1) eo(t, s) = 1, e(t, t) = 1;

(2) ep(tr 5) = ep(ls,t) = e@ﬂ(sf t);

(3) ey(t, we,(u, s) = e,(t, s);

(@) ) (t,10) = p(t)ey(t, toYfor t e T, ty e T.

3. Well-ordered lower and upper solutions
In this section, we prove the existence theorem of extremal solutions for periodic
boundary value problem of first-order dynamic equations on time scales under the
case of & < 3, where o and f3 are lower and upper solutions of PBVP (1.3).

We assume for the remainder of this paper that the impulsive points &, k = 1, 2, ..., g
are right dense, other cases may be considered similarly. Define the following space

PC={y:[0, o(T)] = Rlyx € C(Ji, R),k=1,2,...,qand there exist y(t;) and y(t, )
withy(t]j) =y(t), k=1,2,...,q},
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which is a Banach space with the norm ||y||pc = max{||yx|l;,, k=0, 1,...,q}, where y is
the restriction of y to Ji = (£ tre1] © (0, 6(D)1l, k= 1,2, .., g and Jo = [0, t1], t5.1 = o(T').

Definition 3.1. A function y € PC n C'(\{ty, t, ...y ts), R) is said to be a solution of
PBVP (1.3) if and only if y satisfies the dynamic equation

Y2(0) + p(0)y° (1) = f(t, 1° (1)), everywhereon\{ti}, k=1,2,...,q,
the impulsive condition

Ay(te) = y(6;) = y(@) = Le(v(8,)), k=1,2, ..., q,
and the periodic boundary condition

¥(0) = y(o ().

Let #: T — R be a rd-continuous function and consider the following periodic
boundary value problem
{yA(t) +m(0)y () =h(t), te N}, k=1,2, ..., q,

Ay(te) = —Ly(te) + Ie(n(te)) + Lin(te), k=1,2, ..., 4, (3.1)
¥(0) = y(o(T)).

Lemma 3.1. y € PC is a solution of PBV P (3.1) if and only if
a(T)
y(t) = [ G(t, s)h(s)As + Z G(t, t)[—Liy(te) + L(n(t)) + Len(te)], (3.2)
0 O<ty<o(T)
where n € PC and
em(s,t)em(o (T),0)

G(t, ) = { oo 0 =5 =t=0(l)

m /L
em(j(Ts)/o))fl, 0<t<s=<o(T).

Proof. For the convenience of the reader, letting w(ty) = —Liy(tx) + I(n(t) + Lin(tr),
k=12, .,q
If y is a solution of PBVP (3.1), for ¢t € (0, t;], we have

t

y(t) = em(0, t)y(0) +/em(s, th(s)As, (3.3)
0
and 4
y(t7) = em(0, t1)y(0) +/em(s, t1)h(s)As. (3.4)
0

For any ¢ € (¢, t,], in a similar way, we deduce that

t

1O = enlir, Oy(e]) + [ enls, OHSAS (35

t

From the fact that y(t7) = y(t] ) + w(t1), this together with (3.4) and (3.5) yields that

t

y(t) = en(0, t)y(0) +/em(s, Oh(s)As +en(t1, w(tr), t € (11, L2].
0



Zhang and Zhu Advances in Difference Equations 2012, 2012:76 Page 5 of 16
http://www.advancesindifferenceequations.com/content/2012/1/76

Repeating the above procession, for ¢ € (&, fx.1], it is not difficult to see that

t

y(t) = em(te, )y()) +/em(s, t)h(s)As, (3.6)

l,
with
t
() = em(0, tk)y(0)+/em(s, tr)h(s)As + Z en(t, t)w().
0 0<tj<ty
Consequently, it turns out that
t
v(€) = em(0, t)y(0) + / em(s, t)h(s)As + Z em(tr, t)w(ty) forallt € J. (3.7)
0 o<t <t

Since y(0) = y(o (7)), then we have

o(T)
7(0) = e (0, o(T))y(0) + / em(s, a(T))h(s)As + Z em(tr, o(T))w(t),
0 0<t<o(T)
it follows
o(T)
r0=, 0,0(1)) f en(s, o(T)h(s)As+ Y ew(te, o(T)w(n) |. (3.8)
mAs 0 0<ti<o (T)
Substituting (3.8) into (3.7), we obtain
0,1) 0
em|V,
0= ey | [ e o meass Y entu oMt
mixy 0 0<tp<o(T)

+ { f em(s, Dh(s)As+ Y em(tis t)w(tk)j|

0 O<tp<t

j [em(O, Den(s, o (T))
1 — en(0,0(T))

o(T)
em(O, t)em (Sr o (T))

+em(s, t)] h(s)As + / 1~ en(0, (1)) h(s)As

em(0, tr)em(tr, o (T))
»> [ 1—en(0,(1))
em(0, t)em(tr, o (T))

+ w(tk)
K[E(T) 1—en(0,0(7))

+ em(tk, t)] w(tk)

O<tp<t

t o(T)

(
- [t et D nass [ 00 has
em(te, t)em(o(T), 0) em(te, t)

en(o(T),0)—1 W+ 2 en(o(T),0) — 1)

O<t<t t<tp<o(T)

o (T)

/ G(t, Dh(s)As+ Y G(t, t)w(t).

0 0<tp<o(T)
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On the other hand, assume y(¢) satisfies (3.2) and notice that

a(T)

A

/ G(t, s)h(s)As

0
B 1
"~ en(o(T),0)—1

em(o(T),0)
~en(0(T),0)—1

em(o(T), O)/em(s, t)h(s)As +
0

o(T)

/ em(s, t)h(s)As

t

/e,An(s, Oh(s)As +en(t, a(t)h(t):|
Lo

o(T)

! f e5 (s, )h(s)As — en(t, o (t)h(t)

T en(co(T),0) = 1

o (T)
=em f G(t, s)h(s)As + h(t).
0
Analogously,
A
Yo G wwm) | =em D Gt w)w(n).
0<t<o(T) O<tp<o(T)
As a result,
o(T)
yA(t) = em / G(t, s)h(s)As + Z G(t, t)w(te) | + h(t)
0 0<t<o(T)
= omy(t) + h(t)
= —m(1)y” (t) + h(?).

Clearly, we have y(t;) — y(t,) = w(t), y(0) = y(a(1)), for k = 1, 2, ..., g. The proof is
completed. O
Define an operator F as follows:

o(T)
Px(t) = f G(t, Hh(s)As+ Y G(t, 1) [~Lix(te) + (0 () + Len(t)] , t € [0, o(T)].
0 0<tp<o(T)

ew(o(T),0)
em(0(T),0)-1

> [G(t te)Lelx(t) — y(t)]|
0<tr<a (T)

em(o(T),0)
“lem(a(7),0)—1

In view of |G(t, t)] < | | for x, ye PC
[Fx(t) — Fy(1)| <

m

|Lrl - [lx = yII.
k=1

en(0(T),0)

Under the condition of en(0(T),0)—1

q
‘Z |[Lx] < 1, the PBVP (3.1) has one unique
k=1

solution.
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Lemma 3.2. Suppose the following conditions hold
(i) The sequence {tk}Z=lsatisﬁes 0<ty<ty <<ty
(i) For k=1, 2, .., q, t > ty, 1 — u(t)m(t) >0, there are

yA (1) < —m(0)y” (1),

y(6)) < bry(t),

where by are constants and by >0.
Then

y(t) < y(to) l_[ bream(t, to).

to<tp<t

Proof. In view of (3.9), we have

[em(t, t0)y(0)]* = em(t, t0)y*(6) + ¥(o())em(t, to)m() < 0.

Page 7 of 16

(3.9

(3.10)

It means that e,,(, £,)y(¢) is a non-increasing on [#, o(7 )]. So we can easily get

(1) < y(to)eom(t, to), t € (to, ta].

For t € (ty, t,], similarly, one can assert that

y(1) = y(t))esm(t, t1) < breem(t, t1)y(t1) < y(to)bream(t, to).
Continuing with this procedure, we can get that for t € (¢, 1],

y(0) < y(6)eem(t, ) < brecom(t, t)y(tr) < biba - - - bry(to)eaom(t, to),

proceed inductively to obtain

(&) <y(to) [] breem(t o).

to<tp<t

The proof is completed. O

(3.11)

(3.12)

Remark 3.1. If the inequalities of (3.9) and (3.10) are reversed, then the inequality in

the conclusion is also reversed.

q
Lemma 3.3. Assume 1—[ (1 —Ly)eem(o(T),0) < 1, Ly <1 and

k=1
y2(1) = =m()y” (8) =y,
Ay(te) < —Liy(t) — dy.
Then, y(t) < 0 for all t € ], where

o ¥(0) = y(a(T)),
MO O 1(0) = ¥ ()], ¥(0) > y(o (1)),

and

=19 y(0) < y(o(T)),
"7 i (0) = p(a (T))], ¥(0) > y(a (T)).

(3.13)

(3.14)
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Proof. Case 1: when y(0) < y(o (7)), obviously, we have r, = 0, d,x = 0. From

Lemma 3.2, we see that,

y(1) <v(0) J] (1 - Li)eom(t0). (3.15)

o<t <t

Let t = 0 (T) to obtain

y(0) < y(a(T) <y(0) [] (1 —Li)eem(c(T),0).

0<t,<o (T)

It means

¥(0) {1 - JI « _Lk)eem(G(T)IO)j| <0,
to<tp<o (T)
then y(0) < 0, returning to (3.15) we have y(¢) <0, t € J.
Case 2: when y(0) > y(o (7)), define y(t)=y(t)+g(t), where
g(t) = a(tT) [y(0) —y(o(T))], t € J. It is easy to check that g(0) = 0, J(0) = J(o'(T)) and
g(t) = 0. Next, from (3.13) and (3.14), one can deduce that

P =10+ 20
< —mOy O =r0+ o

= —m(t)y° (t) — m(t)g° (t)
= —m(t)y’ (t),
Ay(te) = Ay(te) + Ag(te) < —Liy(t) — dye = —Lie[y(t) — 8(t)] = —Liey(t).

[¥(0) —y(a(1))]

In view of case 1, one can easily see that y(t) <0, it means y(¢) + g(¢) < 0, this
together with g(¢) > 0 for t € J guarantees that y(¢) < 0, £ € J. The proof is completed.
O

For o, B € PC, we write a < 3 if o(¢) < B(¢) for all £ € J. In such a case, we denote
[, B] ={y € PC:a(t) <y(t) < B(t), te]h

Now, we are in the position to establish the main result.

Theorem 3.1. Assumed that the following conditions are satisfied

(Hy) There exist two functions : o, f € PC N C*(J\ty, ta ... t R) at) < B(t) such
that

a®() +p()a” (1) <f(t, @(t)) —Tay, tELt#t
Aa(ty) < Li(a(ty)) —dar, k=1,2, ..., ¢,

and

BAO) +p(O)B° () = f(t, B7()) +Tp), tE] t#
AB(6) = I(B(5,)) +dprs k=1,2, ..., q,

where 1 -u(t)m(t) >0, Ly <1, row, 180y Ao dpi are given by

_ o 2(0) < a(o (1)),
“0 =1 "0 0(0) — a0 (T))], @(0) > (o (T)),

Page 8 of 16
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=1 «(0) < a(o (1)),
Lt [2(0) — a0 (T))], @(0) > (o (1)),

o B(0) = B(o(T)),
(1) m(t)a(t)+1 [B(c(T)) — B(0)], B(0) < B(c(T)),

dg=1% B(0) = (o (T)),
PN 1B (T)) = B0)], B(0) < B(o(T)),

that is, o(t) and [(t) are lower and upper solutions of PBV P (13), respectively;
(Hy) fit, ):T x R — R is rd - continuous at the first variable and continuous at the
second variable such that

fLy?(0) = £t 27(6) = [p(e) = m()](y° (1) — 27 (1)),

Jor ae) < x(2) < y(2) < B(2);
(Hs) Ir € C(R, R) satisfies

Le(y(t)) — De(x(t)) = —Lie(y(tr) — x(r))

Sfor olt) < x(t) < y(&) < B@), k=1,2, +,q 0< Ly <1;
(Hyg) There exists m(t) € C(R, R) satisfying 1 -u(t)m(t) >0 and

em(o(T), 0)

q
[T = Leen(o(T),0) < 1, em(0(T),0) = 1|17

k=1

Then, there exist monotone sequences o.,(t) and f3,(t) with o = o, By = B such that
lim an(t) = y«(1), lim Bu(t) = y* (1),
n—oo n—o0

uniformly on ], and y:(t), y«t) are the minimal and maximal solutions of PBV P (1.3)
such that y: <y < y+, where y is any solution of PBV P (1.3) satisfying o < y <Bon]

Proof. For any 11 € [o, B], consider the PBVP (3.1) with a(t) = fit, n o (¢) + [m(¢) -p
(£)] n° (2). The condition (H4) and Lemma 3.1 guarantee that PBVP (3.1) has a unique
solution y(£). Define the operator A : [o, ] — PC such that y(¢) = An. Next, we show
that the operator A satisfies the two properties as follows:

(i) o < Ao, AB < f3;

(ii) A is a monotone nondecreasing function, i.e. for any 1y, 1, € [, BN < N,
implies An; < Ans.

To see (i), letting y = o — a3, where a; = Aa. Owing to the condition (H;) and (3.1),
we have

PR = o (1) —at (1)
< f(t, (1)) = raqy — p(D)a” (1) = [-m(t)af () + f(t, () + (m(t) — p(£))a” (1)]
= —To() — m()[a? (t) — o (1)]
= =13 — m(1)y” (1),
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Ay(te) = Aa(tr) — Aaq (f)
< Ii(e(tk)) = dai — [—Lior (8) + Ie(or(tr)) + Lece(t) ]
= —dol — Lie[oe(tr) — a1 (t)]
= —dor — Liy(te).

By virtue of Lemma 3.3, we achieve y(t) <0 on J, i.e. @ < A o. Similarly, we can
show that A < 3.

To see (ii), let y = y1 — y2, where y; = Any, y, = An,. Applying the condition (H,) and
(Hz) together with (3.1) to obtain that

GRS ORS )
=f(t 7 () + (m(1) = p())n] (1) = m()y7 (1) = f(&, n5 (1)) — (m(1) — p(1))n3 ()
+m(1)y; (1)
= =m(Q[7 () —y3 Q]+ (& 27(1)) = f(t. 75 (0)) + (m(e) — p()) (7 (1) — 03 (1))
= —m(1)y° (1),

Ay(te) = Ayr(te) — Aya(t)
= —Ly1(te) + Ie(m1(6e)) + L () — [—Liey2 () + Ie(n2(t)) + Lemz (8)]
< —Liy(te) + Ie(m1 () — Le(m2(8)) + Lie[m1 (8) — 12 (t)]
< —Lip(tr)-

The Lemma 3.3 yields that y(t) < 0 on J, ie. An; < An,.
Now, define the sequences @,,,; = Ad,, B,.1 = AB, with oy = &, By = . Notice that

o(T)

ay = / G(t, $)hy—1(s)As + Z [—Lkot,,(tk) + Ip(an—1(t)) + Lkan_l(tk)],
0 0<tp<o(T)
o(T)

Bn = / G(t, )hy—1(s)As + Z [—LiBn(te) + Ie(Bn—1(tk)) + LiBn—1(ti)].
0 0<t<o (T)

where

hn-1(8) = f(&, ey (1)) + [m(1) = p(D)]er,_, (1), € [0, o(T)],

ha-1(0) = (&, B_1 (D)) + [m(t) = (1B, (1), t € [0, o (T)].
The two properties of operator A guarantee that the sequences ¢, and f3, satisfy

a=ap <o < =<ap < <Py << B < Bo=p.
Consequently, there exist y:(f) and y* (£) such that
1im @y (1) = (1), and lim B, (1) = y° (1)

uniformly on J. It is obviously seen that y(¢) and y*(¢) satisfy PBVP (1.3).

Let y(¢) be any solution of PBVP (1.3) such that y € [, B]. Assuming that there
exists a positive integer # such that o, () < y(t) < B,(¢), since A is a monotone nonde-
creasing operator, we obtain @,,,(¢) = A, (t) < Ay(t) = y(£), B..1() = AB.(8) = Ay(¢) =
y(t), furthermore, it follows o,,1(¢) < y(¢t) < B,.1(¢). In view of ay(£) < y(t) < Bo(t),
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proceed inductively to obtain o, (f) < y(¢) < B,(¢) for any positive integer n. Therefore y-
(&) < y(t) < y%(t) on J as n — +eo.

The proof is completed. O

Remark 3.2. Observe that Theorem 3.1 generalize the Theorem 3.1 of Geng et al.
[6]. When p(¢) =t, 0 (t) =t,te [0, TINT, t # &, k=1, 2, .., q, the PBVP (1.3)
becomes to the PBVP (1.2) which has been investigated in [6], moreover, we have the
following corollary if we set m(£) = M.

Corollary 3.1 ([6]). Suppose the following conditions :

(Hs) The functions o, ( are lower and upper solutions of PBV P (1.2) respectively,
such that o(t) < B(¢) for te J;

(Hg) f (¢, y):T x R — R is rd - continuous at the first variable and continuous at the
second variable such that

ft y) —f(t x) = —M(y —x), for ee(t) < x(t) <y(t) < B(1);
(H7) Ix € C(R, R) satisfies
Le(y(t)) — De(x(t)) = —Le(y(tr) — x(tr))

for a(t) < x(t) < y(&) < B@), k=1,2, ..., q 0 < L <1;
(Hg) There exists a constant M satisfying u(t) < 1\1/1 and 0 < Ly <1 such that

1

q q
1—e m(a(T),0) Ybe<1 [T -Lem(o(m),0) < 1.

k=1 k=1
Then, there exist monotone sequences o.,(t) and f3,(t) with oy = &, By = B such that
() =10, iy Bult) =r7()

uniformly on ], and y«(t), y*(t) are the minimal and the maximal solutions of PBV P
(1.2), respectively, such that

a=og <o <0 < Sy <Y <Y<Y <Bp<---<Br<P1<Po=Bon]

where y is any solution of PBVP (1.2) satisfying o(t) < y(¢) < B(¢) on J.

4. Lower and upper solutions in the reversed order

In this section, we obtain the existence criterion of extremal solutions for PBVP (1.3)

under another case: o > 5, where o and [ are lower and upper solutions of PBVP (1.3).
Assume /1 : T — R is rd-continuous, we consider the following periodic boundary

value problem:

YA =m0y (t) = h(t), te\{te}, k=12, ..., 4,
Ay(te) = Ley(te) + Ie(n(t%)) — Lin(t), k=12, ..., q, (4.1)
¥(0) = y(o (1))
Lemma 4.1. y € PC is a solution of PBVP (4.1) if and only if
o(T)
y(t) = / G(t, s)h(s)As + Z G(t, t)[Ley(te) + L(n(t:)) — Lin(t)), (4.2)

0 0<tp<o(T)
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where

en(51)en (0 (T),0)
G(t, s) = : eao(ho-1 0 =s=t=o(T)

e_m(s,t)
e n(o(T).0)-1" 0<t<s<o(T).

Proof. The detailed proof is very similar to one given in Lemma 3.1. Here, we omit it
for brevity. O
Similarly, define an operator F:

a(T)
Fy(t) = / G(t, )h(s)As+ Y G(t, ) [Liy(ne) + (n(t)) — Len(u)], ¢ €10, o(T)].
0 0<tp<o (T)

q
Lemma 4.2. Assume 1_[ (1+Ly)eg—m(a(T7),0) <1, Ly > -1 and
k=1

y2(1) = m()y” (1) + o,

Ay(t) = Liy(te) + dye.
Then, y(t) < 0 for all t € ], where

o 1o (1) = (0),
YO OO O (o (1) = )L ¥ (1) > 1(0)

and

(o Yo (1)) =¥(0),
Lk(a(T) W [y(o(T)) = y(0)], (o (T)) > y(0).

Proof. Following the similar lines as in Lemma 3.3, we can prove this Lemma. The
detailed process is omitted here for brevity. O

Theorem 4.1. Assume that

(Gy) There exist two functions : o, B € PC n C'(J\{ty, to ..., ts R), B(t) < oft) such
that

{aA(t) +p(0)e? (6) <f(t, @7(1)) —Ta@), €] L #h
Aa(ty) < I(a(ty)) —dars k=12, ..., q,

and

{ﬁA(t) +p(0)B°() = f(t, B7(D) +Tpy, tET t#1
AB(t) = I(B(t,)) +dpe, k=1,2, ..., q,

where 1 -u(t)m(t) >0, Ly >-1, Ta(0), T8(t) dyp dﬂkare given by
_ 0, @(0) < a(a(T)),
) = Ol O 4(0) — a0 (T))], @(0) > (o (T)),

-~ o, «(0) < a(a(T)),
Hle M4 [4(0) — a(o(T))], @(0) > a(o(T)),
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o B(0) = B(o(T)),
0= Ol OF (5(5(T)) — B(0)], B(0) < B(o(T)),

_ B(0) = B(o(T)),
pe= ) O (B0 (1)) — B(0)], B(0) < B(o(T)),

that is, o(t) and [(t) are lower and upper solutions of PBV P (1.3), respectively;
(Ga) f(t, %):T x R — R is rd - continuous at the first variable and continuous at the
second variable such that

ft v (1) = f(&, 2°(0)) < [p(0) + m()] (¥ (1) = *° (1)),

for B(t) < x(2) < y(t) < aft);
(G3) I € C(R, R) satisfies

Le(y(t)) — Te(x(t)) < Le(y(t) — x(t))

Sfor B(t) < x(t) < y(t) < at), k=1,2, .., 4 0 < L <1;
(Gy) There exists m(t) satisfying 1 -u(t)m(t) >0 and

q
[10 +L)ee-m(e(T), 0) > 1, " (U(T) 0)_ 1 ZLk < 1.

k=1

Then, there exist monotone sequences o.,(t) and f3,(t) with o = o, By = B such that
lim B,(t) = y«(t), lim a,(t) = y*(1),
n—00 n—oo

uniformly on J, and y«(t), y*(t) are the minimal and maximal solutions of PBV P (1.3)
such that y-< y < y* where y is any solution of PBV P (1.3) satisfying B <y < ot on J.

Proof. Setting h(t) = fit, n° (¢)) -[m(t) + p(¢)] n° (¢), t € ], by using Lemma 4.1 and
Lemma 4.2 coupled with the monotone iterative technique, we can prove this result by
imitating the proof of Theorem 3.1. O

5. Examples
In this section, we provide two examples to illustrate the feasibility and applicability of
our obtained results. Under the case of lower and upper solutions with reverse-order,
the first one is devoted to the existence of extremal solutions to PBVP (5.1) on a time
scale defined as the real numbers set, and in the second one, the existence of extremal
solutions to PBVP (5.5) on a time scale defined as a sequence of discrete points union
a closed real interval is guaranteed.

Example 5.1. Let T = R and consider the following periodic boundary value problem

yA(1) =siny(t) —4y(t) + €', t € [0, }]NT, t # 1,
Ay(L) = 3 (5.1)
y(0) = ¥(3).

In this case, when x < y, x, y € R, we have
1
f(t, y) = f(t, x) =siny —sinx — 4(y —x) < 3(y —x), forall ¢ € [0, 3], (5.2)

then, the condition (G,) is satisfied for m(t) = 3.
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Taking L, = % to verify (Gy), it is easy to check that,

m

1 - e 4
|~ e n(o(1).0) ;Lk =50e_1) 1, Eu +Lesm(o(T), 0)= je>1.  (53)

It follows that the condition (G,) is valid.

1

;o this together with L; = ; guarantees that the condition (G3) holds.

Since I, =
Let

o _Jo.46, telo, 1],
at)=¢ =y ﬂ(t)_{O.S, te (i1
Due to the fact that «(0) < «(}), then 7, = d, = 0.

f(t, a(t)) —a®(t) = sin(e' — i)) +4(et — iTO)’

tg:)ilrll £, a(t)) — @ (1) = sin(1 — i))+4(1 .

T )= 0 (5.4)
10 ’

3]

Then, we have
A0 (6 @) ~ult), te [0, 4]

and

1 1
Ax( )=0< _,
5 30

it follows that « is a lower solution of PBVP (5.1).
On the other hand, B(0) = 0.46 < 0.50 = B(3), then 75 = 0.24 — 0.36t, dg = 2. By
virtue of B(t) = 0 for t € [0, ;]\{é}, it follows that

1
5)’

11
f(t B()) +7p = Sin(0.5) —4 x 0.5 + €' +0.24 — 0.36¢ < —0.00496204 < 0,1 € (., ],

f(t, B(t)) +7p = sin(0.46) — 4 x 0.46 + ¢ + 0.24 — 0.36t < —0.00664913 < 0,1 € [0,

and

2

A,B(l) 0.04> "
=0. +
5 =30 375

’

which implies that  is an upper solution of PBVP (5.1), and 8 < o for t € [0, ;] As
a result, Theorem 4.1 guarantees there exist monotone sequences that approximate the
extremal solutions of PBVP (5.1).

Example 5.2. Consider the following periodic boundary value problem on time scale

x2(1) = 2x7(1) = 3sinx? (1) + ¢, t€ [0, J]NT, ¢ # 1,
Ay(é) = 1115/ (5.5)
y(0) =y(3)

where T={! — ()NM}U[L, I N=1{1,2 .}

In this case, p(£) = -2, fit, x° (t)) = 3 sin x° (t) + €', t € [0, %] NT,t # é Since

fle Y7 (1) = f(t, 27 (1)) = 3siny” (1) — 3sina” (1) < 3()7 (1) —x7(1)) (5.6)
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forallx <y,x, ye R, t€]0, ;], which shows the condition (G,) is satisfied for (¢)
= 3.
Since I, = 115, then the condition (Gs) holds naturally.

Taking L; = ; to calculate

1

- e e 4
e om0 27 31y <1 [0+ Leeon@@ 0= =1 (67)

which implies that condition (G,) is true.
Next, we show that

. 1
-0 50~ 97 (219 18

are a pair of lower and upper solutions of PBVP (5.5) which satisfy f < o for all
tef0, }]NT.

we may see that «(0) < oe(;), thus 74 = dyi = 0. Note that a”(z) = 0 for
a®(t) =0 < e = f(t, a(t)) = p(t)a” (t) = Faqy
a®(t) =0 < e =f(t a(t)) — p(t)a’ (t) — Taqy and Aa(i) =0 < |, which yields « is a
lower solution of PBVP (5.5).

On the other hand, B(0) = —0.7 < —0.6 = B(}) implies

6—9t 11
?ﬂ()_{ o € lssl o=
7)) 4 9 1 1\N - ’
250 500 L€ L5 = (5)"h 7>
therefore

(6 B7(0) + 75 () — POB” () — BA(1) = 3sin(~0.6) — 124 ¢ + ° 109‘ < 119831 <0, € (;, ;],

£t B7(0) +75(0) — p(0)B° (1) — BA(t) = 3sin(—0.7) — 1.4 +¢' + 21; - 59:) <-1.69125 <0t € {; - (;)N},
and
1 1 1 1
A = > + .
'6(5) 10 — 15 75

Consequently, B is an upper solution of PBVP (5.5). In view of Theorem 4.1, there
exist monotone sequences that approximate the extremal solutions of PBVP (5.5).
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