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1 Introduction

In this paper, we consider the following fractional differential equation:

(1.1)
u(0)=0,  u(l)=nu(§),

{Dggu(t) +f(tu(®) =0, 0<t<l,
where 1< <2,0<& <1, pg* !t =1, Dy, is the standard Riemann-Liouville derivative,
f:[0,1] x [0,+00) — R is continuous. Problem (1.1) happens to be at resonance, since

A =0 is an eigenvalue of the linear problem

-Dj,u=iu, 0<t<l,
u(0) = 0, u(l) = nu(§),

and ct*7!,c € R, is the corresponding eigenfunction.

Fractional differential equations occur frequently in various fields such as physics, chem-
istry, engineering and control of dynamical systems, etc. During the last few decades,
many papers and books on fractional calculus and fractional differential equations have
appeared (see [1-22] and the references therein).

© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


http://dx.doi.org/10.1186/s13662-016-1062-5
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-016-1062-5&domain=pdf
http://orcid.org/0000-0001-8777-9624
mailto:wyqing9801@163.com

Wang and Liu Advances in Difference Equations (2017) 2017:7 Page 2 of 13

When 0 < n£*! <1, problem (1.1) is non-resonant. In [9], the author studied the exis-
tence of positive solutions for the non-resonant case by means of the fixed point index
theory under sublinear conditions.

In [18], the authors investigated the existence and multiplicity results of positive solu-
tions by using of the fixed point theorem for the fractional differential equation given by

Dg u(t)=f(t,ut), 0<t<l,
5 5 (1.3)
u(0) =0, Dy, u(1) = aDgy, u(€),

wherel<a <2,0<8<1,0<£<1,0<a<lwithat*f2<1-8,0<a-p-1.

Recently, there are some papers dealing with the existence of solutions of fractional
boundary value problem at resonance by using the coincidence degree theory due to
Mawhin (see [19-22]). In [22], the authors investigated the following fractional three-
point boundary value problem (BVP for short) at resonance:

D&, u(t) +f(t,u(t), D¢ u®) =0, 0<t<l, (1.4)
u(0)=0,  u(l)=nué),

where 1<a <2,0<& <1, ng*! =1, Dg, is the standard Riemann-Liouville derivative,

f:10,1] x R? — R is continuous. By using the coincidence degree theory, the existence of

solutions for BVP (1.4) are obtained under certain growth conditions.

To the best of our knowledge, there are only very few papers dealing with the exis-
tence of positive solutions for resonant boundary value problems since the corresponding
linear operator is non-reversible. For the case that « is an integer, some work has been
done dealing with the existence of positive solutions for resonant boundary value prob-
lems by using Leggett-Williams norm-type theorem for coincidence (see [23-25]). Webb
[26] established existence of positive solutions for second order boundary value problems
at resonance by considering equivalent non-resonant perturbed problems with the same
boundary conditions.

Inspired by the work mentioned above, in this paper we aim to establish the existence of
positive solutions for resonant problem (1.1). The paper is organized as follows. Firstly, we
reduce non-perturbed boundary value problems at resonance to equivalent non-resonant
perturbed problems with the same boundary conditions. Then we derive the correspond-
ing Green’s function and argue its properties. Finally, the existence and uniqueness results
of positive solutions are obtained by using of the fixed point index and iterative technique.

2 Basic definitions and preliminaries
In this section, we present some preliminaries and lemmas. The definitions and properties

of fractional derivative can be found in the literature [1-22].

Definition 2.1 The fractional integral of order o > 0 of a function u : (0, +00) — Ris given
by

Ig u(t) = ﬁ /0 (£ — )" Yu(s) ds

provided that the right-hand side is point-wise defined on (0, +00).
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Definition 2.2 The Riemann-Liouville fractional derivative of order « > 0 of a function
u:(0,+00) — R is given by

o e — L (AN [ g
Dmu(t)-r(n_a)(dt) /O(t s) u(s) ds,

where 7 = [¢] + 1, [¢]denotes the integer part of number «, provided that the right-hand
side is point-wise defined on (0, +00).

Denote
+00

a—-2 tk
g0 =0 > T((k+ Da—2) 1)

k=1

It is easy to check that g’'(£) > 0 on (0, +00), and

0==""2_co,  limg@)-
gO0) =y <0 lim g(t) = +oo.

Therefore, there exists a unique »* > 0 such that

g(b*) =o. (2.2)
For the convenience in presentation, we here list the assumptions to be used throughout
the paper.

(Hy) b€ (0,b*]is a constant.
(Hz) f:10,1] x [0, +00) — R is continuous and

ft,x) + bx > 0. (2.3)
Set
Gy(t) = t° 7" Eq o (bt%), (2.4)
where
+00 xk
Eyo(x) = ; m (2.5)

is the Mittag-Leffler function (see [1, 2]).

Next we consider the following boundary value problem:

—D§, u(t) + bu(t) = f(t, u(t)) + bu(t), 0<t<l,
u(0)=0,  u(l)=nu).

It is clear that (1.1) is equivalent to (2.6).
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Set
1 Gp(6)Gp(1 -5s), 0<t<s<l,
Kolt,s) = H0GH1=5) =r=s= 27)
Gy(1) | Go()Gh(1 —5) - Gu(t —5)Gp(1), 0<s<t<1;
T][(()(S,S)
(8) = —————; (2.8)
T G0 -1Gy(®)
K(t,s) = Ko(t,s) + Gp(£)q(s). (2.9)

Lemma 2.1 Suppose that (H;) holds, and y € L[0,1]. Then the unique solution of the prob-
lem

i_Dg+u(t) +bu(t) =y(t), 0<t<l, (2.10)

u(0) =0, u(1) = nu(§),

1
u(t) = / K(t,s)y(s)ds.
0
Proof By [1, 2], we know that the solution of (2.10) can be expressed by
t
u(t) = —/ Gp(t = 8)y(s) ds + c1Gp(2) + c2 G (£).
0

By u(0) = 0, we have ¢ = 0.
On the other hand, we have

u(l) = - /01 Gp(1 = s)y(s) ds + c1Gp(1), (2.11)
&
u() = - /0 Gol& — s)y(s)ds + 1Gy6). (2.12)

Noting that n£*! =1, and 0 < & <1, we have

100 bk[l _ ns(kﬂ)a—l] ~ +00 bk(l _ éka)

Gy(1) —nGy(€) = ; Tk +Da) — T ((k+a) il

(2.13)

Equations (2.11) and (2.12) yield

[y Go(L=s)y(s)ds —n [ Gy(& —5)y(s)ds
Gy(1) —nGp(§)

C =
Therefore, the solution of (2.10) is

[y Go(L=s)y(s)ds —n [ Gy(& —s)y(s)ds
Gy(1) - nGy(£)

3 Go(OG(1 = s)y(s) ds — [ Gp(1)G(t - s)y(s) ds
Gy(1)

u(t) = —/O Gyt —s)y(s)ds + Gy(¢)

Page 4 of 13
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[5Gy —s)y(s)ds [ Gy(1 —s)y(s) ds
T anm Y G0-16e

1y GolE —9)y(s)ds
Gy(1) - nGp(&)

1[5 Go(€)Gy(1 - s)y(s) ds
Gy(1)[Gy(1) — nGy(&)]

0 Jy Go)Gy(& = 5)y(s) ds
Gr(D)[Gp(1) = nGp(§)]

1
= / K(¢,5)y(s) ds.
0

Gy(2)

Gy(t)

Gy(2)

1
:/ Ko(t, s)y(s)ds +
0

Gy(t)

This completes the proof. d
Lemma 2.2 Suppose that (H;) holds. The function K(t,s) has the following properties:

(1) K(t,s)>0,Vt,s e (0,1);

(2) wa(s)t* ! < K(t,s) < wi(s)t*1,Vt, s € [0,1], where

q(s)

w1(s) = Gp(1 = s) + Gp(1)g(s), wy(s) = . (2.14)
I'(a)
Proof It is clear that we just need to prove that (2) holds.
By (2.4), we can get
tot—l . +00 bktotk L
< Gp(t) =t — <t*7'Gp(1), te]0,1], 2.15
e <60 ;F«kﬂ)a)_ »(1),  te[0,1] (2.15)
109 pkylkea-2
G,(t) = —— >0, te(0,1], 2.16
=L Fne-n 7 ” 1O (216)
and
-2 & bk ke
1" f) = toz—3 o
Gy(®) [r(a-n " 2 F((k+1)a—2):|
=1"g(br*) <t*Pg(b) < t*°g(b*) =0, £€(0,1), (217)

which implies Gy (¢) is strictly increasing on [0,1], and G () is strictly decreasing on (0,1].
By (2.15), we have

K(69) = Koltss) + Gy(0)q(s) < D=5

=0 Gy(£)q(s)

< Gp(1 = 8)t“ " + 71 Gy(1)gq(s) = wr (s)t . (2.18)

On the other hand, when 0 < ¢ < s < 1, noticing G,(0) = 0, and the monotonicity of G,(t),
it is clear that

Gy(t)Gy(1—5) > 0. (2.19)
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When 0 < s <t <1, we have

a

% [Gh(D)Gy(1-5) - G(t - 5)Gp(1) ]

= Gyt - 5)Gy(1) - Gp(HGy(1 - 3)
> [Gy(1) - Go()]Gj(1 - 9).
Integrating (2.20) with respect to s, we obtain
Gp()Gp(1 = 5) — Gyt —5)Gp(1)
> / [G,(1) - G(1)]G, (A - T)dr
0

= [Gy(1) - Go(1)][Gy(1) - Gp(1 - 5)] > 0.
By (2.7), (2.19), and (2.21), we get Ky(t,s) > 0,Vt,s € (0,1). Then

K(t,s) = Ko(t,s) + Gp(t)q(s) > Gp(t)q(s)
a-1

')

> q(s) = wa(s)t* 1 >0, Vt,s€(0,1).

This completes the proof.

Page 6 of 13

(2.20)

(2.21)

O

Let E = C[0,1] be endowed with the maximum norm ||%|| = maxo<;<1 |u#(¢)|, @ is the zero

element of E, B, = {u € E: ||u|| < r}. Define a cone P by
P={ucE:ut)>0,te[0,1]}.
Let
1
Au(t) = / K(t,s)[f(s, u(s)) + bu(s)] ds.
0

1
Tu(t):/ K(t,s)u(s) ds.
0

(2.22)

(2.23)

By means of Lemma 2.2 and the Arzela-Ascoli theorem, we can get A : P — P is com-

pletely continuous, 7' : P — P is completely continuous linear operator. By virtue of the

Krein-Rutmann theorem and Lemma 2.2, we have the spectral radius 7(7') > 0 and T has

a positive eigenfunction corresponding to its first eigenvalue A; = (#(T)).. Since A = 0 is

the eigenvalue of the linear problems (1.2), and t*~! is the corresponding eigenfunction,

we have the following lemma.

Lemma 2.3 Suppose that (H,) holds, then the first eigenvalue of T is \ = b, and ¢, (t) = t*7

is the positive eigenfunction corresponding to Ay, that is, o1 = bT¢;.

Lemma 2.4 ([27]) Let P be a cone in a Banach space E, and Q be a bounded open set in E.

Suppose that A: Q NP — P is a completely continuous operator. If there exists uy € P with
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uo # 0 such that
u—Au# iy, YA>0,x€dQNP,
then i(A,QNP,P)=0.

Lemma 2.5 ([27]) Let P be a cone in a Banach space E, and Q2 be a bounded open set in E.
Suppose that A: Q N P — P is a completely continuous operator. If

AuFiu, YA>1LuecdQNP,
then i(A,QNP,P)=1.

3 The uniqueness result
Theorem 3.1 Assume that there exists A € (0, b) such that

V(t, u) +bu—f(t,v) - bv| <Mu-v|, fortel0,1],u,ve[0,00),
then (1.1) has a unique nonnegative solution.

Proof Firstly, we will prove A has fixed point in P.
Set

Q={ueP:3h,1l>0such that h*" <u(t) < Lt} (3.1)

Forany u € P\ {0}, let

li(u) = /Ola)i(s)u(s) ds, i=1,2. (3.2)
By Lemma 2.2, it is obvious that /; (&), [, (&) > 0, and
h(w)e™ < (Tu)(t) < L), (3.3)
that is,
T:P\(6) - Q.
For any uo € P\ {0}, let
u, =Au,_1), n=12,.... (3.4)

We may suppose that u; — uy # 6 (otherwise, the proof is finished). Then there exists
b (lu1 — ug|) > 0, such that

T(Ju1 - uol) < bo(lux — uol)t*™ = L(Jur — uol) 1. (3.5)
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Thus

1
Uy —u| = ‘/ K(t,s)[f (s, u1(s)) + bua(s) — f (s, 1o (s)) — buo(s)] ds
0
1
< / K{(z, s)[f(s, u1(s)) + bu (s) — f (s, uo(s)) — bug (S)| ds
0

1
< A/ K(t,s)‘ul(s) —uo(s)’ds

0
= AT (Juy — uol) < Ay (Jur — uol) 1, (3.6)

uz — up| =

1
/ K(t,s)[f(s, uz(s)) + buy(s) —f(s, ul(s)) — by (s)] ds
0

1
< /0 K(t, S)V(s, 7 (s)) + buy(s) —f(s, U (s)) - bul(s)’ ds

1
< A/ K(t,s)|u2(s) - ul(s)|ds
0

2

A
<Ab(lu —uol) Ter = Z12(|u1 —uol)er, (3.7)
By induction, we can get
A n-1
Upsl — un| = (Z) )‘-ZZ(|M1 - u0|)§01~ (38)

Then, for any n,m € N, we have

Unym — um| = |un+m - un+m—1| L |Mn+l - un|

O () Pt

(3) A (Juy — )
< Al - =0 3.9
=< _% 2(|u1 Mo|)<,01 (b — 1) 1 (3.9)
So,
)\n+ll _
”un+m - um” =< M -0, n— oo, (310)

b"L(b - 1)

which implies {u,} is a Cauchy sequence. Therefore, there exists a #* € P, such that {u,}
converges to u*. Clearly, u* is a fixed point of A.
In the following, we will prove the fixed point of A is unique.

Suppose v # u* is a fixed point of A. Then there exists l,(|u* — v|) > 0, such that

T(|u* - v|) < L(|u* -v|)er. (3.11)
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Then
1
Au* - Av| = ‘f K&, 9)[f (s,u"(s)) + bu*(s) — f (s, v(s)) — bv(s)] ds
0
1
< / K(t, S)V(s, u*(s)) + bu*(s) —f(s, v(s)) - bv(s)| ds
0

< )\folK(t,s)‘u*(s) - v(s)| ds

=AT(Ju* - v|) < A (Ju* - v|)er. (3.12)

By induction, we can get

n-1
’A"u* —A"v’ < <%> Alz(‘u* - V|)<p1. (3.13)
So,
n-1
[ =] = A" = A% < (%) A (|u* ~v]) = 0, 1 0. (314)

Consequently, the fixed point of A is unique.
This completes the proof. O

Remark 3.1 The unique nonnegative solution #* of (1.1) can be approximated by the it-

erative schemes: for any uy € P\ {0}, let
u, =Au,—1), n=12,...,
then u, — u*.

Remark 3.2 Iff(¢,0) = 0 on [0, 1], then 6 is the unique solution of (1.1) in P; If f(¢£,0) # 0

on [0, 1], then the unique solution u* is a positive solution.

4 Existence of positive solutions
Theorem 4.1 Assume that (Hy), (Hy), and the following assumptions hold:

t:
iminf min 2% 5 0, (4.1)
x—>0+ te[0,1]] X
t:
lim sup max ACL) <0. (4.2)

x—+o0 t€[01] X

Then (1.1) has at least one positive solution.

Proof 1t follows from (4.1) that there exists r; > 0 such that

f(t,x) >0, V(,x)e[0,1] x [0,7]. (4.3)
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Thus, for any u# € B,, N P, we have

1
Aul(t) = / K(t,s)[f(s, u(s)) + bu(s)] ds > bTu(t). (4.4)
0

We may suppose that A has no fixed points on dB,, N P (otherwise, the proof is finished).
Now we show that

u—-Au# pp, YuedB, NP,u>0. (4.5)
If otherwise, there exist u; € 9B,, N P and po > 0 such that
uy — Auy = fo@r.
Then
uy = Aty + o@1 = Uo@1
Denote
W =sup{u:uy > e} (4.6)

It is clear that u* > o and u; > u*¢;. Since T(P) C P, we have bTu; > w*bT ¢, = /¥ ¢1.
Then

w1 = Auy + pogr > bTuy + pro@r = (1 + o) @1
contradicts the definition of u*. Hence (4.5) holds and we see from Lemma 2.4 that
i(A,B,, NP,P)=0. (4.7)
On the other hand, it follows from (4.2) that there exist 0 < o <1 and r, > 1 such that
ft,x) <(oc -1)bx, Vte[0,1],x>r,. (4.8)
Let Tyu = 0 bTu. Then T is a bounded linear operator and T;(P) C P. Set
W={ueP|lu=uAu0<pu<1}. (4.9)

In the following, we will prove that W is bounded.
For any u € W, set u1(¢t) = min{u(t), r»}. Then

S u(0) + bu(t) < obu(t) +f (¢ @) + bia(t).
Therefore,

u(t) = pAu(t) < Au(t) < obTu(t) + Au(t) < Tiu(t) + M,
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where

1
M= max {f(t,x) +hx}/ wi(s)ds. (4.10)
0

(£x)€[0,1]x[0,r2]

Thus (I — T1)u(t) < M, ¢t € [0,1]. Noticing b is the first eigenvalue of T and 0 < o < 1, we
have (#(T7))™ = 67! > 1. So the inverse operator of I — T} exists, and

U= T =4 Tyt T2 e+ T 4 -
It follows from T3 (P) C P that (I — T;)"'(P) C P. We have

u(t) <(I-T)'M<M||(I-T)™"

, tel0,1],

which implies W is bounded.
Select r3 > max{ry, M||(I — T1)}||}. Then by Lemma 2.5, we have

i(A,B,, N P,P)=1. (4.11)
By (4.7) and (4.11), we have

i(A, (B;\B,) NP,P) =i(A,B,, N\ P,P) - i(A,B,, N P,P) =1,
which implies that A has at least one fixed point on (B,, \Brl) N P. This means that BVP

(1.1) has at least one positive solution.
This completes the proof. d

Theorem 4.2 Assume that (Hy), (H,), and the following assumptions hold:

L
lim sup max AUL)

<0, (4.12)
x>0+ L€[01] X

and f(t,0) % 0 on [0,1]. Then (1.1) has at least one positive solution.
Proof 1t follows from (4.12) that there exists r; > 0 such that
ft,x) <0, V(%) €[0,1] x [0,r]. (4.13)
Denote Thu = bTu. Obviously, r(T,) = 1.
We may suppose that A has no fixed points on dB,, N P (otherwise, the proofis finished).
In the following, we prove that

Au#pu, YueodB, NPu>1. (4.14)

If otherwise, there exist #; € 0B, N P, o > 1, such that Auy = pouy. It is clear that wou; =
Auy < Thu, and

n n
Hotr < Tyu, n=12,....
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Therefore,
pour < Tyuy < | T3 || ]l

Thus r(T3) = limy,— 400 v/ I T5|| = po > 1, which contradicts r(7T3) = 1. We have from
Lemma 2.5

i(A,B,, NP,P) =1. (4.15)

Since f(¢,0) % 0 on [0,1], clearly we have A8 # 0, here 0 is the zero element of E. So
(4.15) implies that the problem (1.1) has at least one positive solution. a

Remark 4.1 Suppose u is a positive solution of (1.1), then there exist /1, /; > 0, such that
Lt < u(e) < L.

Example 4.1 (A 3-point boundary value problem at resonance) Consider the following
problem:

DI u) + fLul) =0, 0<t<l,

(4.16)
u(0) =0, u(l) = 2u(i).

Since I'(+) is strictly increasing on [2, +00), for any ¢ € [0, +00), we have

1 tk 1 —
t) =——— =— t I
&) 2ﬁ+zr(3k-§) 27 +kZ=;r(gk-1)

k=1 2

1 +00 tk 1 +00 tk
S———=+t+ ——=———=+1t| 1+ —
NG kZ; rk) 27 ; k!

LI
=- +te'.

27
Noticing 57~ ~ 0.282, Les ~0.243, we have g(}) < 0. Therefore b* > by := 1.
Let
1
Flom) = 11+00-2b)x,  (t,x) €[0,1] x [0,4),

i (r-br), (Ex) €[0,1] x [4, +00),

where b € (0, b;]. It is clear that (H;) and (H;) hold. Moreover,

lim inf min = >0,
u—0+ te[01] U 4

t,x b
lim sup max VAULY =—=<0.
x—>+o0 te[01] X 2

Therefore the assumptions of Theorem 4.1 are satisfied. Thus Theorem 4.1 ensures that
(4.16) has at least one positive solution.
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