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Abstract

In this paper, we obtain the forced oscillation of solutions for certain fractional partial
difference equations with two different types of boundary conditions. Our results are
based on discrete Gaussian formula and some basic theories of discrete fractional
calculus.
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1 Introduction

In 1974, Diaz and Osler [1] presented a discrete fractional difference operator based on
an infinite series. In 1988, Miller and Ross [2] introduced the definitions of noninteger-
order differences and sums. Since then, the theory of fractional difference equations has
been studied by several scholars. In recent years, some papers [3—21] on discrete fractional
calculus were published, which helped to build up the theory of fractional difference equa-
tions. For example, Atici and Eloe [3] discussed the properties of the generalized falling
function, the corresponding power rule for fractional delta operators, and the commuta-
tivity of fractional sums.

Very recently, the oscillation theory as a part of the qualitative theory of fractional dif-
ferential equations and fractional difference equations has been developed. We refer the
reader to [20-28] and the references therein. In particular, we notice that a few papers
[24-28] studied the oscillation of fractional partial differential equations that involve the
Riemann-Liouville fractional partial derivatives.

Motivated by the papers [24—29], we investigate the forced oscillation of the fractional
partial difference equation of the form

AL u(m, n) = a(n)Lu(m, n) — q(m, m)u(m, n) + h(m,n), (m,n) e Q x N, (1)

where m = (my, m,, ..., my), Q is a convex connected solid net (for the definition of a con-
vex connected solid net, we refer to [29]), and

Q=N(1,N;) x N(1,Np) x -+ x N(1,Ny), (2)
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N(1,N;) =1{1,2,...N;}, i=1,2,...,¢, L is the discrete Laplacian on 2 defined as
¢
Lu(m,n) = Z Afniu((ml, M, M = 1, M, ), 1), (3)
i=1

A%u(m, n) is the Riemann-Liouville fractional difference operator of order « of u with
respect to n, & € (0,1) is a constant, N, = {a,a + 1,a +2,...}, and a > 0 is a real number.
Throughout this paper, we always assume that
(A) a(n) = 0,neNy; g(m,n) >0, g(n) = min,,cq g(m, n), (m,n) € L x N,; and
h:Q2xN, - R.
Consider one of the two following boundary conditions:

(B1) Anu(m —1,n) + glm,m)u(m,n) =0, (m,n)€dQ x N,
or
(B2) Anu(m—1,n) = p(m,n), (m,n) €dQ x N,

where

14
02 = U{(m1’~“7mi—17 O; mi+1;~~'rm€)r (mlwn’mi—l’
i=1

]\[i+1)mi+11---)ml)}1 mjeN(l,Ni),lfifz, (4)
Anu(m -1, n) is the normal difference at (m, n) € 92 x N, defined by

Anu(m—1,n) = Z (Am (u(m, n)) — A u(m - l,n)) = Z Afﬂu(m, n),

all m*1¢Q all m+1¢Q

N is the unit exterior normal vector to 92, m + 1 := {my + 1,m>,...,m;} U --- U {nn,...,
me_y,my + 1}, m—1:={my — Lmy,...,me} U ---U{my,...,my_y,m; — 1}, and g(m,n) >
0,¢p(m,n) > 0,(m,n) € 92 x N,. For the details on 9 and Ayu(m — 1,n), we refer to
the monograph [30] and paper [29], respectively.

The function u(m, n) is said to be a solution of problem (1)-(B1) (or (1)-(B2)) if it satisfies
(1) for (m,n) € Q x N, and satisfies (B1) (or (B2)) for (m,n) € 02 x N,.

The solution u(m, n) of problem (1)-(B1) (or (1)-(B2)) is said to be oscillatory in 2 x N,

if it is neither eventually positive nor eventually negative; otherwise, it is nonoscillatory.

2 Preliminaries
In this section, we present some preliminary results of discrete fractional calculus and

partial differences.

Definition 2.1 ([3]) Let 0 < v <1. The vth fractional sum of f is defined by

AFO = —— 3 (- s - 1)), )

r) &
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where f is defined for s € N, A7"f is defined fors e Ny, ={a+v,a+v+La+v+2,...},

I" is the gamma function, and

W) _ r'iE+1)
TT(t+1-v)

Definition 2.2 Let 0 < v < 1. The vth fractional sum with respect to n of u(m, n) is defined
by

A u(m, n) = Z(n—s )Y Vu@m,s). (6)

Definition 2.3 ([3]) Let u > 0 and k—1 < u < k, where k denotes a positive integer, k = [].
Set v = k — . The puth fractional difference is defined as

AMf(@) = A (2) = AATS(2), (7)
where [1] is the ceiling function of .

Definition 2.4 Let 0 < <1 and v =1 — . The wth fractional partial difference with
respect to # of a function u(m, n) is defined as

Alru(m,n) = A u(m,n) = A, A u(m, n). (8)

Lemma 2.5 ([3]) Let f be a real-valued function defined on N,, and let 1, v > 0. Then the
following equalities hold:

AT [ATF(0)] = AEf() = AT [ATFO)]; ©)
(v-1)
ATVASf(t) = AATVf(8) - -a) ———f(a). (10)
')
Lemma 2.6 For ny € N, let
n-l+o
E(m)= Y (n-s-1)"x(n), neNgjae(0). (11)
Then
AE(n) =T'(1 - a)A%x(n). 12)

Proof By Definition 2.1, from (11) we have

n-l+a n—(1-a)
E(n) = Z(n—s “x(s) = Z (n—s - 1) Dx(s)

=T - o)A~ T%(n). (13)

Page 3 of 12
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Using Definition 2.3, from (13) it follows that
AE(m) =T(1-a)AA T %(n) = DA - a) A%x(n).
The proof of Lemma 2.6 is complete. d

Lemma 2.7 (Discrete Gaussian formula [29]) Let Q2 be a convex connected solid net. Then

Z Ly(m,n) = Z Any(m—1,n). (14)

me meo2

Lemma 2.8 ([31]) Fore >0,

()t
1m = 1.
t—oo I'(t + €)

(15)

For convenience, we introduce the following notations:

Um) = ulmn),  Hm)=Y himn),  dm= ) ¢(mn). (16)

me2 meQ meaQ

3 Oscillation of problem (1)-(B1)
Theorem 3.1 For nyg € N, if

n-1

limianH(s) = -0, 17)

s$=nQ

and

n-1

lim sup ZH(S) = +00, (18)

n—oo (T
where H(n) is defined as in (16), then every solution u(m, n) of problem (1)-(Bl) is oscillatory
in Q x Ng.

Proof Suppose to the contrary that there is a nonoscillatory solution u(m, n) of problem
(1)-(B1) that has no zero in Q x N, for some #* > a. Then u(m, n) > 0 or u(m,n) < 0 for
n>n*.

Case 1. u(m, n) > 0,n > n*. Summing equation (1) over 2, we have

Z ASu(m, n) = a(n) Z Lu(m,n) — Z q(m, n)u(m, n)

me2 meg2 meQ2
+ Y h(mn), neN,. (19)
meQ2

The discrete Gaussian formula and (B1) yield

Z Lu(m,n) = Z Anu(lm-1,n) = Z —g(m,nu(m,n) <0, neN,. (20)

me mea meoQ2
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From assumption (A) we have

Z q(m, n)u(m, n) > q(n) Z u(m,n), neN,. (21)

me me2

Combining (19)-(21), we obtain

A*Un) +qn)U(n) <H(n), neN, (22)
where U(n) is defined as in (16). It follows from (22) that

A“U(n) <H(n), neN,. (23)

Using Lemma 2.6, from (23) we have

AG(n) <T(1-a)H(n), (24)
where
n-l+a
Gm)= Y (n-s-1)"Um), neN,.

Summing both sides of (24) from #n* to n — 1, we obtain
n-1
G(n) <G(n*) + T(1-) Y H(s). (25)

Taking n — oo in (25), we have

liminf G(n) = —o0,
n— 00

which contradicts with G(#) > 0.
Case 2. u(m,n) < 0,n > n*. As in the proof of Case 1, we obtain (19). The discrete Gaus-

sian formula and (B1) yield

Z Lu(m,n) = Z Anulm—-1,n) = Z —g(m,nu(m,n) >0, neN,. (26)

me2 meoQ2 meoQ2

From assumption (A) we have

Z q(m,n)u(m, n) < q(n) Z u(m,n), neN,. (27)

me2 me2

Combining (19), (26), and (27), we obtain

A*U(n) +qn)U(n) > H(n), neN,. (28)
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Then we have

A*U(n) > H(n), neN,. (29)

Using the above-mentioned method in Case 1, we easily obtain a contradiction. This com-

pletes the proof of Theorem 3.1. O

Theorem 3.2 If

liminf(n — a)'~ [ 2(}1 —s- 1)(“‘1)H(s)] = o0 (30)
and
lim sup(r — a)' ™ iZ(n -5 1)("“1)H(s)} = +00, (31)

where H(n) is defined as in (16), then every solution u(m, n) of problem (1)-(B1) is oscillatory
in Q2 x N,.

Proof Suppose to the contrary that there is a nonoscillatory solution u(m, n) of problem
(1)-(B1) that has no zero in 2 x N, for some n* > a. Then u(m,n) > 0 or u(m,n) < 0 for
n>n*.

Case 1. u(m,n) > 0,n > n*. As in the proof of Theorem 3.1, we obtain (22). Applying the
operator A~ to inequality (22), we have

AT A%U(n) < A™H(n). (32)
By Lemma 2.5 it follows from the left-hand side of (32) that

AT A U(n) = A AN U (n)

(n—a)®V

—(1-a)
F@) A U(a)

= AAA DY (n)

~ U(n) - %(n —a)le, (33)

where A=0-91[(a) = A=9U(n)|,-, = Cy is a constant. Applying Definition 2.1 to the
right-hand side of (32), we have

AH(n) = ﬁ z_:(n —s—1)@DH(s). (34)

Combining (32)-(34), we get

n-o

> (n-s-1)“VH(s). (35)

s=a

Co o en, 1
L[(rz)fr(a)(n a) +F(oe)
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It follows from (35) that
[(a)(n—a)™U(n) < Co(n—a)* D (n—-a)'™
+(n-a)™ ) (n—s-1)“H(s). (36)
Using Lemma 2.8, we obtain
lim (n - a)"%(n - a) @™V
n— 00
I'n- 1
= lim (n — a)*™ (n-a+l)
n—>00 Fn-a+1+(1-a))
Jim ( Ji-e (n—a)l'(n-a)
=lim(#m-a
n—00 m-a+l1-a)Fn-a+(1-a))
) n—-a T(m-a)(n-a)l™
= lim
nsoon—a+l—-a Fn—a+(1-a))
-1 (37)

Noting (37) and taking n — oo in (36), we have

lim iogf{(n -a)™U(n)} < -o0,
which contradicts with U(#) > 0.
Case 2. u(m,n) < 0,n > ny. As in the proof of Theorem 3.1, we obtain the fractional
difference inequality (29). Then using the above-mentioned method, we easily obtain a
contradiction. This completes the proof of Theorem 3.2. d

4 Oscillation of problem (1)-(B2)
Theorem 4.1 Forng € N, if

n-1
liminf ) (®(s) + H(s)) = ~00 (38)
and
n-1
lim sup Z(@(s) + H(s)) = +00, (39)

where ®(n) and H(n) are defined as in (16), then every solution u(m, n) of problem (1)-(B2)
is oscillatory in Q@ x N,.

Proof Suppose to the contrary that there is a nonoscillatory solution u(m, n) of problem
(1)-(B2) that has no zero in 2 x N, for some #* > a. Then u(m, n) > 0 or u(m,n) < 0 for
n>n*.

Case 1. u(m,n) > 0,n > n*. As in the proof of Theorem 3.1, we obtain (19). Using the
discrete Gaussian formula and noting the boundary condition (B2), it follows from (19)

Page 7 of 12
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that

Lu(m,n) = Anu(m—1,n) = ¢(m,n), neN,. (40)
> > >

meQ medQ medQ
Combing (19), (21), and (40), we have

AUn) +qn)U(n) < ®(n)+ Hn), neN,. (41)

The remainder of the proof is similar to that of Case 1 in Theorem 3.1. We omit it here.

Case 2. u(m,n) < 0,n > n*. In this case, we easily obtain (19), (27), and (40). Then we
have

A*Un) +qn)U(n) > ©(n) + H(n), neN,. (42)

The remainder of the proof is similar to that of Case 2 in Theorem 3.1. We omit it here,

too. The proof of Theorem 4.1 is complete. d

Theorem 4.2 If

liminf(n — a)'~ [ X_:(n —s =1V ((s) + H(s)) } = —00 (43)
and
limsup( — a)*™ { i(n —s—1)lD (CID(S) + H(S)) } = +00, (44)

where ®(n) and H(n) are defined as in (16), then every solution u(m, n) of problem (1)-(B2)
is oscillatory in Q x N,.

5 Examples
Example 5.1 Consider the fractional partial difference equation

1 2n
A2 u(m,n) = 2nLu(m,n) — —u(m, n)
m

¥ {g ¥ %[(—1)"“@"+1 — (-1)"e" - 2] } (mn) eN(1,3) x No,  (45)

with boundary condition
Anu(0,n) = Ayu(4,n) =0, neNy. (46)

Here o = J,a(n) = 2n, q(m,n) = 22, h(m,n) = 2 + L[(-1)""1e"*! — (-1)"e" - 2]. It is easy

to see that g(n) = %n and

H(m)= Y h(mn)=(-1)""'e"" - (-1)"¢".
meN(1,3)
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Therefore,
n—-1 n-1
Y H(s) =Y _{(-1) et - (-1)°¢’ ) = (-1)"e" - (-1)"€",  ng € No. (47)
S$=ng S$=ng

It follows from (47) that

n-1

lim ian H(s) = —oc0
n— 00 o
and
n-1
lim sup ZH(S) = +00.
n—00 s=no

Using Theorem 3.1, we obtain that every solution of problem (45)-(46) is oscillatory in
N(l, 3) X No.

Example 5.2 Consider the fractional partial difference equation

1 I'(n+ %)
Atu(m,n) = 2T (n)Lu(m, n) — ———u(m, n)
2mI (n)
(B e mm eN@,2) x N (48)
- — |m ~ ’ ) )
1 \a 2 0
with boundary condition
Anu(0,n) = Ayu(3,n) =0, neN,. (49)
3
Here o = %,a(n) =20 (n), gim,n) = g::—;(i)), h(m,n) = iF(i)m + 5. It is easy to see that
I(n+3) 3 (1
q(ﬂ)ZT(n), H(ﬂ)z Z h(m,n)zgl"(1> + 7.
meN(1,2)
Therefore,
ol
— & 5,(3 (1
Z(n —s—1)@VH(s) = Z(Vl —s-1)tD (—F (—) + s) >0, neNp, (50)
s=0 s=0 4 4

which shows that condition (30) of Theorem 3.2 does not hold. Indeed, u(m, n) = mn'®) is

a nonoscillatory solution of problem (4.8)-(49).
Example 5.3 Consider the fractional partial difference equation

2r(3)T(n+ 3)

3nl"(n) u(m, n)

1 1
AZu(m,n) = iLu(m,n) -

1 I'(n)
.\ 1"<§>m2 _ F’ZT”‘%) (m, n) € N(1, 2) x No, (51)
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with boundary condition

2nl(n)

I'(n+ %)

Anu(0,n) = Anu(3,n) = , neNp. (52)

2ar(H)rm+2) i
3nl(n)

(m,n) =T (3)m> - ”—”2),¢(m n) = 2000

Here o = %,ﬂ(ﬂ) = %JI(WL”) = 3 T(n+3)

Therefore,

_20(3)0(n+ 3) B C_(1\  2a0(n)
q(n) = EETO H(n) = me%(iz)h(n’h n) = SF(g) - 75,

a0= Y glmm =2

2
me{0,3} I( §)

It is easy to see that

”21: s)+Hs)—n21:|: <> 2SF(S)]>O neN (53)
I‘(s+%) ’ o

s= s=0

Thus, this time, condition (38) of Theorem 4.1 is false. Indeed, we easily see that u(m, n) =

m2n3) is a nonoscillatory solution of the problem (51)-(52).

Example 5.4 Consider the fractional partial difference equation
2 n
ASu(m,n) = 3nLu(m,n) — —u(m, n)
m
; {g + 2[( _1ymlemt  (L1)e” -1]}, (mn) eN(L,2) x No,  (54)
with boundary condition

Anu(0,7) = Ayu(3,n) = %[(-1)“%’“1 - (-1"¢"], neN,. (55)

Here o« = 2,a(n) = 3n, q(m,n) = 2, h(m,n) = s[(1mter — (-1)"e” - 1], and
¢(m,n) = i[(—l)”"len+1 —(=1)"e"]. It is easy to see that q(n) =2,

H(I’l Z h m I’l —(_ )n+len+1_(_1)n "

meN(1,2)

and

D (n) = Z _ %[(_l)nﬂenﬂ _ (_l)nen].

me{0,3}
Therefore,
n-1 3 n-1
D (HE + @) =2 > {1 - (-1ye’}
s$=n( $=no

_ %{(_1)%" — (1M}, my e N, (56)
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It follows from (56) that

n-1
liminf ) (H(s) + ®(s)) = —00
n—00 o
and
n-1
li H D(s)) = .
1}1}1}2p§%( (s) + ®(s)) = +00

We easily see that the conditions of Theorem 4.1 are satisfied. Then every solution of
problem (54)-(55) is oscillatory in N(1,2) x Nj.
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