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Abstract

The projection methods for solving the minimization problems have been extensively
considered in many practical problems, for example, the least-square problem.
However, the computational difficulty of the projection might seriously affect the
efficiency of the method. The purpose of this paper is to construct two algorithms by
releasing projection for solving the minimization problem with the feasibility sets
such as the set of fixed points of nonexpansive mappings and the solution set of the
equilibrium problem.
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1 Introduction
In the present paper, our main purpose is to solve the following minimization problem of
finding x* such that

|« | = min_lx], (1.1)
x€Fix(S)NEPA
where Fix(S) is the set of fixed points of nonexpansive mapping S and EPA is the solution

set of the following equilibrium problem:
Findze C suchthat F(z,9)+(Az,y-2) >0, VyeC, 1.2)

where C is a nonempty closed convex subset of a real Hilbert space H, F: C x C — Risa
bifunction and A : C — H is an a-inverse-strongly monotone mapping. The reasons why

we focus on the above minimization problem (1.1) are mainly in two respects.

Reason 1 This problem is motivated by the following least-square problem:

Bx=b,
(1.3)
x €,

where Q is a nonempty closed convex subset of a real Hilbert space H, B is a bounded
linear operator from H to another real Hilbert space H;, B* is the adjoint of B and b is a
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given point in H;. The least-squares solution to (1.3) is the least-norm minimizer of the

minimization problem
min ||Bx — b]|. (1.4)
x€Q

For some related works, please see Reich and Xu [1], Sabharwal and Potter [2], Xu [3] and
Yao et al. [4].

Reason 2 The problem (1.2) is very general in the sense that it includes optimization
problems, variational inequalities, minimax problems and the Nash equilibrium problem
in noncooperative games as special cases. At the same time, fixed point algorithms for
non-expansive mappings have received vast investigations due to their extensive applica-
tions in a variety of applied areas of the inverse problem, partial differential equations,

image recovery and signal processing.

Based on the above facts, it is an interesting topic to construct algorithms for solving
the above problems. Now we next briefly review some historic approaches which relate to
the problems (1.2) and (1.4).

For solving the equilibrium problem, Combettes and Hirstoaga [5] introduced an iter-
ative algorithm of finding the best approximation to the initial data and proved a strong
convergence theorem. Moudafi [6] introduced an iterative algorithm and proved a weak
convergence theorem. In 2007, Takahashi and Takahashi [7] introduced the following new
scheme for finding a common element of the set of solutions of the equilibrium problem

and the set of fixed point points of a nonexpansive mapping:

F(Mnry) + <Axmy_ Uy) + i()’— Upy Uy —%n) > 0, Vye G,
X1 = Buxn + L= B)Slauu + (1 — y)u,], VmeN.

Subsequently, algorithms constructed for solving the equilibrium problems and fixed
point problems have been further developed by some authors. For some works related
to the equilibrium problem, fixed point problems and the variational inequality problem,
please see Blum and Oettli [8], Chang et al. [9], Chantarangsi et al. [10], Cianciaruso et al.
[11], Colao et al. [12,13], Fang et al. [14], Jung [15], Mainge [16], Mainge and Moudafi [17],
Moudafi and Théra [18], Nadezhkina and Takahashi [19], Noor et al. [20], Peng et al. [21],
Peng and Yao [22], Plubtieng and Punpaeng [23], Takahashi and Takahashi [24], Yao et al.
[25], Yao and Liou [26] and the references therein.

We observe that the solution set of (1.3) has a unique element with a minimum norm
and finding the least-squares solution of the constrained linear inverse problem is equiv-
alent to finding the minimum-norm fixed point of the nonexpansive mapping x — Pc(x —
AB*(Bx — b)). Hence, a natural idea is that we can use projection to construct algorithms
for finding the minimum-norm solution. By using this idea, Yao and Liou [26] constructed

two algorithms for solving the minimization problem (1.1):

x; = uPc[(1 - 1)Sx.] + (1 - W) Tp(x, — rAx,), Vit e (0,1), (1.5)
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and
Xl = MnPC[anf(xn) + (1 - Ol,,)an] + (1 - /’Ln)Tr(xn - rAxn): nz= 0. (16)

Remark 1.1 It is well known that projection methods are used extensively in a variety
of methods in optimization theory. Apart from theoretical interest, the main advantage
of projection methods, which makes them successful in real-word applications, is com-
putational. The field of projection methods is vast; see, e.g., Bauschke and Borwein [27],
Combettes [28], Combettes and Pesquet [29]. However, it is clear that if the set C is simple
enough, so that the projection onto it is easily executed, then this method is particularly
useful; but if C is a general closed and convex set, then a minimal distance problem has to
be solved in order to obtain the next iterative. This might seriously affect the efficiency of
the method. Hence, it is a very interesting work of solving (1.1) without involving projec-
tion.

Motivated and inspired by the results in the literature, in this paper we suggest two

algorithms:

F(ug,y) + %()’ —upu—(f + A -t -rA)x) >0, VyeC,
% = puSxe + (1— wug, Vte(0,1- i),

and

F(Mn)y) + %()’— Uy, Uy — (anf + (1 _Oln)l_ rA)xn) Z 0: Vy € C’

Xnil = /’Lsxn + (1 - /,L)Lt,,, n>0.

It is shown that under some mild conditions, the net {x,} and the sequences {x,} converge

strongly to x which is the unique solution of the VI:
x e Fix(SYNEFA, (I -f)x,x-%) >0, VxeFix(S)NEFA.

In particular, if we take f = 0, then the net {x;} and the sequences {x,} converge in norm to
a solution of the minimization problem (1.1). It should be pointed out that our suggested
algorithms solve the above minimization problem (1.1) without involving the metric pro-

jection.

2 Preliminaries
Let C be a nonempty closed convex subset of a real Hilbert space H. Recall that a mapping
A: C — H is called a-inverse-strongly monotone if there exists a positive real number «
such that (Ax — Ay,x — y) > a||Ax — Ay||%, Vx,y € C. It is clear that any a-inverse-strongly
monotone mapping is monotone and é—Lipschitz continuous. A mapping S: C — Cis
said to be nonexpansive if ||Sx — Sy|| < ||x — y||, Vx,y € C. Denote the set of fixed points of
S by Fix(S).

Let F: C x C — R be a bifunction. Throughout this paper, we assume that a bifunction

F: C x C — R satisfies the following conditions:
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(H1) F(x,x)=0 forallx € C;

(H2) F is monotone, i.e., F(x,y) + F(y,x) <0 for all x,y € C;

(H3) for eachw,y,z € C, limyo F(tz + (1 - t)x,y) < F(x,7);

(H4) for each x € C, y > F(x,y) is convex and lower semicontinuous.

The metric (or nearest point) projection from H onto C is the mapping Pc : H — C
which assigns to each point x € C the unique point Pcx € C satisfying the property

[l = Pex| = ylgg ll = yII =: d(x, C).

It is well known that P¢ is a nonexpansive mapping and satisfies
(x =y, Pcx — Pcy) > ||[Pcx — Pcyll®,  Vx,y € H.

We need the following lemmas for proving our main results.

Lemma 2.1 ([5]) Let C be a nonempty closed convex subset of a real Hilbert space H. Let
F : C x C — R be a bifunction which satisfies conditions (H1)-(H4). Let r > 0 and x € C.
Then there exists z € C such that

1
Flzy)+-(y-zz-x)>0, VyeC.
r
Further, if T,(x) = {z € C: F(z,y) + %(y —z,z—x) > 0,Yy € C}, then the following hold.:
(i) T, issingle-valued and T, is firmly nonexpansive, i.e., for any x,y € H,
I Tox = Toyll* < (Trx — Ty, % — y);
(ii) EP is closed and convex and EP = Fix(T,).

Lemma 2.2 ([30]) Let C be a nonempty closed convex subset of a real Hilbert space H. Let
the mapping A : C — H be a-inverse strongly monotone and r > 0 be a constant. Then we
have

||(I— rA)x — (I - rA)y”2 < |lx—y||* + r(r - 2a) |Ax — Ay||*>, Vax,y e C.

In particular, if 0 <r <2, then I — rA is nonexpansive.

Lemma 2.3 ([31]) Let C be a closed convex subset of a real Hilbert space H,and S : C — C
be a nonexpansive mapping. Then the mapping I — S is demiclosed. That is, if {x,} is a
sequence in C such that x, — x* weakly and (I — S)x,, — y strongly, then (I — S)x* = y.

Lemma 2.4 ([32]) Assume that {a,} is a sequence of nonnegative real numbers such that
A1 <(1— Vi) au + 04 Vs

where {y,} is a sequence in (0,1) and {3,} is a sequence such that
1) Zfﬁl Vn = 00;
(2) limsup,_, o8, <0 or Y o2 18,¥nl < 00.

Then lim,_, o a, = 0.
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3 Main results

In this section, we convert algorithms (1.5) and (1.6) by releasing projection P and con-

struct two algorithms for finding the minimum norm element x* of I" := EPA N Fix(S).
Let S: C — C be a nonexpansive mapping and A : C — H be an a-inverse strongly

monotone mapping. Let F: C x C — R be a bifunction which satisfies conditions (H1)-

(H4). Let r and p be two constants such that » € (0,2«) and u € (0,1). In order to find a

solution of the minimization problem (1.1), we construct the following implicit algorithm

Fupy) + 2y —upue — (1-0)[ —rA)x,) =0, VyeC, 3.1)
xp = uSx + (1= puy, VEe(0,1-57). |

We will show that the net {x;} defined by (3.1) converges to a solution of the minimization
problem (1.1). As matter of fact, in this paper, we study the following general algorithm:
Taking a p-contraction f : C — H, for each £ € (0,1 - 5), let {x;} be the net defined by

F(u,y) + %(y—u,,ut—(tf+(1—t)1—rA)xt) >0, Vye(C,
X = uSxe + (1= pug, Vte (0,1-5).

(3.2)

It is clear that if f = 0, then (3.2) reduces to (3.1). Next, we show that (3.2) is well defined.
From Lemma 2.1, we know that u, = T,[¢f(x;) + (1 — £)x; — rAx;]. We define a mapping
Wi = uS+ (1 - )T, [tf + 1 - ) - rA]. From Lemma 2.2, for 0 < £ <1 - 5-, the mapping

- 1A is nonexpansive. Also, note that the mappings S and 7, are nonexpansive, then
we have

[Wix — Wyl

= | u(Sx - Sy) + @ = (T, [tf %) + (1 - ) — rAx] = T, [t () + (1 - t)y — rAy]) |

T, [tf(x) +(1-1) (x - ﬁm)]

-1 [yora-o(r- )|
< pla =yl + @ =Wt f) -£0)|
(-5 b )

= ullx=yl+ Q= wipllx -yl + 1 -pw)A-1)llx-yl

=[1-@-wA@-p)t]lx-yl.

< ullSx - Syl + (l—u)’

+(1—M)(1—f)‘

This indicates that W, is a contraction. Using the Banach contraction principle, there exists
a unique fixed point x, of W; in C. Hence, (3.2) is well defined.

In the sequel, we assume:

(1) Cisanonempty closed convex subset of a real Hilbert space H;

(2) §:C — Cisanonexpansive mapping, A : C — H is an a-inverse strongly

monotone mapping and f : C — H is a p-contraction;
(3) F:C x C — R is a bifunction which satisfies conditions (H1)-(H4);
4) T #0.
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In order to prove our first main result, we need the following propositions.
Proposition 3.1 The net {x;} generated by the implicit method (3.2) is bounded.

Proof Take z € T. It is clear that Sz = z = T,(z - rAz) = T;[tz + (1 - £)(z — {5Az2)] for all
t € (0,1- 57). Since T, and I — ;A are nonexpansive, we have

T, [tf(xt) +(1-1) <xt - ﬁm)] -7, |:tz +(1-t) (z - IL_tAz)} H
= Ht(f(xt) —2)+ [(1 1) (xt - l—itA%) <z - —Az)] H

= t|Lf(xt) - Z” +(1-1) (xt - ﬁAM) — (z - l—itAz) ‘

<t||[f(x) —f@)| +t|f(@) — 2| + 1 = B)l|x — 2l
<tpllx. —zll + A = O)llx -zl +t]|f(2) - 2|

=[1-1 - p)t]llw —zll + t[f(2) - 2] (3.3)

llot — 2|l =

It follows from (3.2) that

oy —zll = | w(Swe = 2) + (1= W) (e — 2) | < pull Sy — 2l + (1 = ) | — 2|l

< ullx =zl + (X = p)llo; — 2.

Hence,

(3.4)

e =2l < lluz = 2]l < [L= (1= p)e]llxe — 2l + £

that is,

Ilf(Z) z||
—

ley — 2zl < ———

So, {x;} is bounded. Hence {u;}, {Sx;}, {Ax;} and {f(x;)} are also bounded. This completes
the proof. d

Proposition 3.2 The net {x,} generated by the implicit method (3.2) is relatively norm
compact as t — 0.

Proof From (3.3) and Lemma 2.2, we have

r r
X — —Ax, | - z—- —Az
1-t¢ 1-t¢

r r
<t|fee) -2+ - t)[nxt —z)? + I—_t(: - 2a> | Ax, —Az||2]

2
e — 2l < t|fx) - 2> + A —2)

r
<Q=1)lx, -z + r(l—_t - 2a> 1A%, — Az|® + t|[f () — 2||”. (3.5)

Page 6 of 17
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From (3.4) and (3.5), we have
e — 2II1* < llue — 21|
r 2
<@-t)|x-zI*+ r(m - Za) A%, — Az|)* + ¢ | f(x,) — 2| .

Thus,

r 2
r<2a - m) I|Ax, — Azl|> < t(|[f(xe) — 2|" = llxe — 2]1*) — 0.
Since liminf, o, r(2x — ) > 0, we derive
lim ||Ax; — Az| = 0. (3.6)
t—0+
From Lemma 2.1 and Lemma 2.2, we obtain

e = zI* = | T, (tf () + (1 = ), - rAx,) = T, (z ~ rA2) |

<(tf(x0) + (1= ), — rAx; — (2 — rAZ),u; - 2)
- %(Htf(xt) + (1= 0)x; — rAx, — (z - rAZ)|* + g — 211
— |t Ger) + (A = ), — (A% — A2) — e |*). (37)
It follows that

e = 2% < | () + (L= E)x, — rAx, — (2 - rA2) |

— || tf () + (L= t)xy — r(Ax; — Az) — uy H2

By the nonexpansivity of I — ;= A, we have

H tf (x) + (L — t)x; — rAx, — (z — rAz) H2

= H a- t)((xt - l—itAxt> - <z— l—itAz>> + t(f(xt) —z)
r r
X — —Ax; | - |z— —Az

< (A=l — 2l + t|[f () — 2|

2

2
s(l—t)‘ +t|fe) ~ 2|

Thus

e — 201% < g — 21> < (1= 8)lle — 20> + 2| f ) - 2
—||tf @) + (A = ), — r(Ax; — AZ) — |

Hence

|6(FGe) — x0) = (A = A2) = (= )| > < (| f () - 2||* = lIx - 211%) — O.
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Since ||Ax; — Az|| — 0 (by (3.6)), we deduce

lim ||x¢ — I/lt” =0.
t—0+

So
lim |la; — S|l = lim (1 — w)||lx; — ue|| = 0. (3.8)
t—0+ t—0+

Next we show that {x,} is relatively norm compactas ¢t — 0+. Let {¢,,} C (0,1) be asequence

such that t, — 0 as n — oco. Put %, := &, and u,, := u;,. From (3.8), we get
[l — S« || — 0. (3.9)
By (3.7), we deduce

llue — 211 < t{f (%) = f (2), s — 2) + t{f (2) — 2, u; — 2)
r r
+(1- t)<xt - ——Ax; - (z - —Az), U — z>
1-t¢ 1-¢

< [1-Q-p)t]llx: - zllllue — 2 + tf (2) — 2, u; — 2)

<1—(1—,0)t
- 2

1

llx; — )| + 3 e = 201> + t{f (2) — 2z, u, — 2),
that is,

g — 201> < [1 = (1 - p)e]llx: — 2l|* + 2¢{f (2) - 2, u — 2).
Hence,

llo; — 2% < llug — 211> < [1 - A = p)t]llxe — zI|* + 26{f (2) — 2, u; — 2).
It follows that

llx — 2|12 < i(f(z)—z U —z)

t = l—p y Ut .

In particular,

[l —zl|* < 2 () -z, 4y — 2). (3.10)
1-p
Since {x,} is bounded, without loss of generality, we may assume that {x,} converges
weakly to a pointx* € C. Also Sx,, — x* and u,, — x*. Noticing (3.9) we can use Lemma 2.3
to get x* € Fix(S).
Now we show x* € EPA. Since u,, = T (t,f (x,) + (1 — t,)x, — rAx,) for any y € C, we have

F(unry) + (Axn:y - Mn) + %(y — Up, Uy — (tr(f(xn) + (1 - tn)xn)> Z O
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From (H2), we have
(Axy,y —uy) + ;(y — Uy, Uy — (tnf(xn) +(1- tn)x,,)) > F(y, uy). (3.11)

Putz; =ty + (1 —t)x* forall £ € (0,1 - ﬁ) and y € C. Then we have z; € C. So, from (3.11),
we have

(Zt - un,AZt> Z (Zt - un;Azt) - (Zt - MnxAxn)
1
- ;<Zt =ty iy — (E0f %) + (1= £)%n)) + F (20, t4)
= (2t — Un, Az — Aty) + (2t — Un, Atty — AXy)
1
(20 = vty 1t — % — b0 (f () = 20)) + F (21, ).

r

Since A is Lipschitz continuous and | u, — x,|| — 0, we have ||Au, — Ax,|| — 0. Further,

from the monotonicity of A, we have (z; — u,, Az; — Au,) > 0. So, from (H4), we have
(2 —x",Aze) > F(z,%") asn— oo. (3.12)
From (H1), (H4) and (3.12), we also have

0= F(Z,;, Zt)
<tF(z;,y)+ (1 - t)F(zt,x*)
< tF(zi,y) + (1 - ){ze — %, Az;)

=tF(z,y)+ (1 - t)t(y - x*,Azt)
and hence
0 < F(zs,y) + (1 - D)y — &*, Az).
Letting ¢ — 0, we have, for each y € C,
0 <F(x%y) + (y - x*,Ax*>,

This implies x* € EPA. Therefore we can substitute x* for z in (3.10) to get

2
o — x* ||2 < I—(f(x*) - x*,u, —x"), z€Fix(S) N EPA.
-p
Consequently, the weak convergence of {x,} (and {u,}) to x* actually implies that x,, — x*.
This has proved the relative norm-compactness of the net {x;} as £ — 0+. This completes
the proof. O

Now we show our first main result.
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Theorem 3.3 The net {x;} generated by the implicit method (3.2) converges in norm, as
t — 0+, to the unique solution x* of the following variational inequality:

x*el, (I-flx*,x-x")>0, xeT. (3.13)

In particular, if we take f = 0, then the net {x,} converges in norm, as t — 0+, to a solution
of the minimization problem (1.1).

Proof Now we return to (3.10) and take the limit as # — oo to get

(B —z||2 < i<z ~f(2),z-x*), zeTl. (3.14)
1-p

In particular, x* solves the following variational inequality
x*eTl, <(1—f)z,z—x*> >0, zeTl

or the equivalent dual variational inequality
el (I-flx"z-x")>0, zeTl.

Therefore, x* = (Pr.f)x*. That is, x* is the unique fixed point in I" of the contraction Prf.
Clearly, this is sufficient to conclude that the entire net {x;} converges in norm to x* as
t— 0.

Finally, if we take f = 0, then (3.14) is reduced to

“—z|?<(zz-a%), zel.

|
Equivalently,

|| < (x*,2), zeT.
This clearly implies that

|« <llzl, zeT.

Therefore, x* is a solution of the minimization problem (1.1). This completes the proof. [

Next, we introduce an explicit algorithm for finding a solution of the minimization prob-
lem (1.1).

Algorithm 3.4 For given x, € C arbitrarily, let the sequence {x,} be generated iteratively
by

F(Mn,_)/) + %()’ —Up, Uy — (anf + (1 - 0[,,)1 - rA)xn> 2 0; Vy S C; (3 15)

Xnil = USxy + (1 — pu,, n>0,

where {,} is a real number sequence in [0, 1].
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Next, we give our second main result.

Theorem 3.5 Assume that the sequence {«,} satisfies the conditions: lim,_ o, = 0,
Yoy = 00 and lim,,_, o "‘g;l = 1. Then the sequence {x,} generated by (3.15) converges
strongly to x which is the unique solution of the variational inequality (3.13). In particular,

iff =0, then the sequence {x,} converges strongly to a solution of the minimization problem
(1.1).

Proof Pick z € I'. From Lemma 2.2, we know that u, = T, [e,f (x,,) + (1 — oty)x,, — rAx,]. Set
zy = opf (%) + (1 — )%, — rAx,, for all n. From (3.15), we get
lu, - 2|
= || Tz, — Th(z - rAz)H

< |z - (z-rA2)|

= ‘ <a,‘f(x,,) + (l—oc,,)(x,, - lri‘f: )) - (anz+ (l—oc,,)(z— 17‘:42 )) H
= H(l—an)(<xn_ 1"‘:";: ) _ (z— lrj\; )) + oty (f (%) — 2)

<@ =ap)lxn =zl +ay Hf(xn) -f(2) ” + oy “f(Z) - Z”

<[1- - p)an]llxn -zl +u | (2) - 2], (3.16)

Hence,

%ne1 = 2l < llSxy = 2ll + A = ) |l u, — 2|l
< plxn =zl + A= w1 = 1= p)a]lln =zl + A = e ||f(2) — 2|

= [1- =)A= plaa]lln = 2l + (1 = )ty [ f (2) - 2.

By induction, we have

11 — 2l < maX{ llo — zIl,

IIf(2) -zl
4 I
Therefore, {x,} is bounded. Hence, {Ax,}, {#,}, {Sx,} are also bounded.

From (3.16), we obtain
rAx, rAz
Xy — —|z-
l-o, l-o,

Since A is a-inverse strongly monotone, we know from Lemma 2.3 that

rAx, rAz
Xy — -l z-
1-ao, 1-a,

It follows that

2

+ oy |[f(x,,)—z||2‘

”un _Z||2 E (1 _an)

2

r(r—2(1-o,)o
< ||xn—zllz+M

(1-ay,)?

|Ax, — Az|*.

r(r-201 - a,)ax)

gy — 211> < (1= o) s — 211> +
(1—0[,,)

1A%, - Az|)* + @, |f(2) - 2|>.  (3.17)
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Note that

”un+1 - un” = ” Trzn+1 - Trzn” = ||Zn+1 - Zn”' (318)

From Lemma 2.3, we know that I — LA is nonexpansive for all A € (0,2«). Thus, we have

I _ Antl
1-ap41

A is nonexpansive for all # due to the fact that ﬁ € (0,2¢). Then we get

1Zns1 = zall

= [l tnstf Genar) + (1= 0ts1)Xs1 — rAxe1 — (tnf () + (1 = o), — rA, ) |

r r
(L= ap)| Hp1 — ——— A% | — L — )| %, — Axy,
1-oayn 1-ay

+ 0y ”f(xnﬂ) _f(xn) || + |an+1 - anl ”f(xn) ||

r r
(1_ A)x,,+1 _ (1_ A)x,,
11—y 1-aun

(1 - Oln+l) Xn — i Axn - (1 - an) Xn — : Axn
1-aun 1-ay,

+ an+1p”xn+l —Xn ” + |an+1 - an| “f(xn) ”

=

= (1 - an+1)

+

< [1- Q= plawa]llna = 2all + lwr = @l ([fGn) | + I1xa1)- (319)
From (3.15), (3.18) and (3.19), we obtain

%2 = Xpa1ll <l Sxpe1 = Sxull + (1 = ) |1 — 1l
= e =%ull + (1 = p)lltber — sl
< wllxna = xall + (= )[1 = (1= p)eta ] Ime1 =l
+ (1= p)letr = el ([ fGen) | + Nl

= [1 -1-pw)a- P)Oln+1] %41 — %l

[Qns1 = 0ty
+(1- )1~ P)an+1m(|lf(xn)” + [lall).

By Lemma 2.4, we get
lim %41 — x4 = 0.
H—0Q
From (3.15) and (3.17), we have

%41 = 2I|* < pellSxn — 211 + (1 = w)llusy, — 2|

<l — 212 + (1= ) (A = )12 — 2112 + (1= e ||f (2) - 2
r(r-2(01 —a,)ax)

+(1—p) T—a)

A%, — Az||*.
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Then we obtain

r(2(1 - ay)a —r)
- M)—(l ")

<l = 2l1% = 121 — 212 + (1 = e |f(2) - 2

A%, — Az|®

< (116 = 20l = 1 = 21 1 =l + (1 = e |[f (2) — 2] .

r2l-an)a=r) o () e have
(1-ap) ’

Since lim,,_, oo @, = 0, lim,,_, o0 |[X141 =%, ]| = 0 and liminf,_, oo (1 — )
lim ||Ax, — Az| = 0. (3.20)
n—00

Next, we show ||x,, — u,, || — 0. By using the firm nonexpansivity of T}, we have

it = 2112 = | Tz = Tz - ra2)|?
<(zn - (z - rA2),u, - 2)
_ %(HZn — (2= rAD)| + s — 211
2w~ (2~ rAZ) — (g - 2)|)
_ %(“zn — (2= rAD)|” + I - 211

— el (o) = ) + (60 = 1) = r(As — 42) ).
From (3.16) and (3.17), we have
|2 = (2= rA2)[|* < (1= et = 2117 + | f () 2.
Thus,

ot —201% < = (0 = @) 1%, — 202 + @ | f () = 2| + N1, — 217

N

- ”an (f(xn) - xn) + (% — ty) — r(Ax, — Az) ”2)

That is,

g — 201 < (1= )12 — 2I1 + @ | (%) — 2|
[l (f ) = ) + G — ) = r(Ax,, — A2) |
= (1= o)l = 2> + e £ Go) = 2] = 1o = 202
+ 27 (% — U, Ay — AZ) — 20, (f (%) — K0 X — 1)
~ lle(f Ga) = ) = (A%, AZ)|)®

< (1 -a,)llx, —Z”2 + oy Hf(xn) —2”2 = llxn - un||2

+ 2710 — ||| A%y — Azl + 200, | f () — 2 || 160 = 28I

Page 13 of 17
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It follows that

I = 202 < sl — 202 + (= )L = en) s — 2117 + (1= wer [ f () — 2|
— (U= 1) 16 = 1> + 27 36 — 14, || | A — Az
+ 20t || () = % ]| 1961 —
= [1- @ - waa]lan -2l + (@ = ewn|[f @) — 2] * = (@ = )16 = 21>

+ 271 — || | Ay — Azl| + 200, | f (1) = || 1960 = 28 .

Hence,

12 < 120 — 2% = s — 2% + (1= ) |f(x) — 2|

(1 - M)”xn — Uy
+ 27'||xn - M,,H ||Axn _AZ” + 20[,, “f(xn) —Xn “ ”xn - Mn”
< (% = 2l + %01 = 20) (%1 = 2all + (1 = ) |[f (%) — 2]

+ 2706 — th ||| A% — Azl + 200, || () — 200 | 12 = sl

Since ||x,1 — x| = 0, @, — 0 and ||Ax,, — Az|| — 0, we deduce

lim ||x, — u,|| = 0. (3.21)
n—00

This together with ||x,.,1 — x| — 0 implies that

lim ||Sx, —x,| = 0. (3.22)
n—0o0

Put x = lim;_, ¢, x;, where {x;} is the net defined by (3.2). We will finally show that x,, — x.
Setv, =x, — li\—gn(Axn — Ax) for all n. Take z = % in (3.17) to get ||Ax, — AX|| — 0. First,

we prove limsup,,_, . (X — f(%¥),x, — %) > 0. We take a subsequence {v,,} of {v,} such that

lim sup(ic —f(x),x, — 56) = lim <5c —f(X), %4, — 56)

n—00

It is clear that {x,,} is bounded due to the boundedness of {x,}. Then there exists a sub-

sequence {x,, } of {x,,} which converges weakly to some point w € C. Hence, {x,, } also
7 7

converges weakly to w. From (3.22), we have

lim ||, — Sxp, || = 0. (3.23)
j—>00 7 7

By the demi-closedness principle of the nonexpansive mapping (see Lemma 2.3) and
(3.23), we deduce w € Fix(S). Furthermore, by a similar argument as that of Theorem 3.3,

we can show that w is also in EPA. Hence, we have w € Fix(S) N EPA. This implies that

lim sup(ic —f(®),x, — 56) = lim (56 —f(®), %, — 56)
n— 00 Jj—>00 U

= & -f@),w-7)=>0.
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From (3.15), we have

%1 — %))
< pllxy =% + @ = p)luy — %)
< el = EI + (1= )| Tyzn — T - rAR) |
< o, — %2 + (1—m||zn —@-rAR)|’

= 1l = EI% + (1= ) ornf (o) + (1= )iy — AR, — (% — rAD)|

oy (f(xn ) a- an)<<xn - 1 _ranAxn> - <~ - 1 _ranA;C)>

+ llx, — %[
r 4 - r i
Xy — X, ) — | x— X
" lew, 1-o,
r ~ r ~
Ax, | - | x - Ax
1-a, 1-q,

+ a2 |f(x) —fcuz> + pullx, — %

2

2

=(1 —M)<(1 —an)z‘

+ 20, (1 - otn)<f(xn) - X, <xn -

<l = 1% + (1= ) (0 = ) 196, = Z1% + 205 (1 = @) {f () = f (&), 20 — %)

+ 20, (1 — ) {f (8) = %%, — &) — 2re,{f (%) — %, A, — AZ) + &2 ||f (x,) — 7| °)
<l = 1% + (1= ) (A = @) 12, = Z)* + 200, (1 - @) ol — E1?

420, (1 — ) {f (8) = %, — &) + 2ra, | f (%) — &[] 1A, — AZI| + 02| f(x,) - %)
< [1-20~ )1~ Pty = Z1* + (1 = pe)or? (Il — FI2 + | f () — &[] )

+2(1 = wWan(l — an)[f (R) = &%, — &) + 2r(1 — o | f () — X| | A, — AZ||

= [1-20 - W - p)es]llxn = ZII?

+2(1- (1 - p)an{ 1 (o =31 + o) =)

l—ay, ... . 5 r . .
T, {f®) - % x, - &)+ =7 If () = %[ 1A, —Ax||}.

+

Itis clear that ), 2(1 - u)(1 - p)a,, = 00 and

1a,,

hmsup{ (11 = 11> + || (%) 5c||2) (f(x) X, %, — X)

—A5c||} <0.

We can therefore apply Lemma 2.4 to conclude that x, — x.
Finally, if we take f = 0, by a similar argument as that in Theorem 3.3, we deduce imme-

diately that ¥ is a minimum norm element in I". This completes the proof. g
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