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Abstract

By applying an iterative technique, a necessary and sufficient condition is obtained
for the existence of the unique solution of nonlinear fractional differential equations
involving two Riemann-Liouville derivatives of different fractional orders. Finally, an
example is also given to illustrate the availability of our main results.
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1 Introduction

Recently, the study of fractional differential equations has acquired popularity, see books
[1-5] for more information. In this paper, we consider the following nonlinear fractional
differential equations:

Du(t) = f(t, D*u(t), DPu(t), u(t)), 1)
DPu(0)=0, u(0)=0, '
where t € ] = [0,T] (0 < T < 00), f € C(J x R3,R), D is the standard Riemann-Liouville
fractional derivative, 1 <o <2,0< 8 <1land 0 <o — 8 < 1. It is worthwhile to indicate
that the nonlinear term f involves the unknown function’s Riemann-Liouville fractional
derivatives with different orders.

The method of upper and lower solutions coupled with the monotone iterative tech-
nique is an interesting and powerful mechanism. The importance and advantage of the
method needs no special emphasis [6, 7]. There have appeared some papers dealing
with the existence of the solution of nonlinear Riemann-Liouville-type fractional differ-
ential equations [8-18] or nonlinear Caputo-type fractional differential equations [19—
22] by using the method. For example, by employing the method of lower and upper so-
lutions combined with the monotone iterative technique, Lakshmikanthan and Vatsala
[13], McRae [14] and Zhang [17] successfully investigated the initial value problems of
Riemann-Liouville fractional differential equation D*u(t) = f(¢, u(t)), where 0 < o <1.

However, in the existing literature [8—18], only one case when « € (0,1] is considered.
The research, involving Riemann-Liouville fractional derivative of order 1 < & < 2, pro-
ceeds slowly and there appear some new difficulties in employing the monotone iterative
method. To overcome these difficulties, we apply a substitution D*u(¢) = y(¢). Note that
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the technique has been discussed for fractional problems in papers [10, 11]. To the best of
our knowledge, it is the first paper, in which the monotone iterative method is applied to
nonlinear Riemann-Liouville-type fractional differential equations, involving two differ-
ent fractional derivatives D* and D,

We organize the rest of this paper as follows. In Section 2, by using the monotone iter-
ative technique and the method of upper and lower solutions, the minimal and maximal
solutions of an equivalent problem of (1.1) are investigated and two explicit monotone it-
erative sequences, converging to the corresponding minimal and maximal solution, are
given. In addition, the uniqueness of the solution for fractional differential equations (1.1)

is discussed. In Section 3, an example is given to illustrate our results.

2 Existence results
Lemma 2.1 For a given function y € C(J,R), the following problem

Du(t) = (), 1)
DPu(0) = u(0) = 0,
has a unique solution u(t) = I*y(t), where I is the fractional integral and I*y(t) =

Sy e y(s)ds, 1< <2,0<f<land0<a—p<1.

Proof One can reduce equation D*u(¢) = y(t) to an equivalent integral equation
u(t) = Iy(t) + 1% + ¢yt 2 (2.2)

for some ¢, ¢y € R.

By u(0) = 0, it follows ¢, = 0. Consequently, the general solution of (2.2) is
u(t) = Iy(t) + et . (2.3)
Thus, we have

r
DPu(t) =I""Py(t) + ¢ &to‘_ﬁ_1

['(a-pB)
t(+_ )a-p-1 r
S e LT e ey

By the condition D?u(0) = 0, it follows that ¢; = 0. Therefore, we have u(t) = I*y(t).
Conversely, by a direct computation, we can get D*u(t) = y(t) and DPu(t) = I*Py(¢). It is
easy to verify u(f) = Iy(t) satisfies (2.1).
This completes the proof. g

Combined with Lemma 2.1, we see that (1.1) can be translated into the following system

() = f (650, 1 Py(), I¥(2)), (2.5)

where y(t) = D*u(t), ¥t € ] and I*, I are the standard fractional integrals.
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Now, we list for convenience the following condition:

(Hi) There exist yo,20 € C(J,R) satisfying yo < zo such that

Y0 (2) <f (& y0(8), 1% Pyo(2), Iy0 (2)),
20(8) > f(t,20(2), I* P20 (£), I 20 (2)).

(Hy) There exists a function M € C(J, (-1, +00)) such that
F(&u@), 7P u(e), I"u(t)) £ (& v(£), I Pv(e), I*V(t)) = -M(t)(u - v)(®),

where yo <v<u<zy, Vte].
(H3) There exist functions N, K, L € C(/, [0, +o0)) such that

F(&u@), 1P u(t), I“u(t)) — f (& v(£), I Pv(t), I*v(t))
< N(©)(u - v)(®) + KO P (u = v)(£) + LI (u - v)(2),

where yo <v<u<zy,Vte].

Theorem 2.1 Assume that (Hy) and (Hy) hold. Then problem (2.5) has the minimal
and maximal solution y*, z* in the ordered interval [yy,zo]. Moreover, there exist ex-
plicit monotone iterative sequences {y,},{z,} C [y0,20] such that lim,_, y,(t) = y*(¢t) and
lim,,—, o0 2, (£) = 2*(¢), where y,(t), z,(t) are defined as

1
Yult) = 730 [ (& 31 (), 1P yucs (6, 1y ua () + M()yaa (1)),
Vtel,n=12,...,
(2.6)
() = 7 D [f (£, 201 (8), 1P 201 (8), 121 (8)) + M(8)2-1(8)]
Vtel,n=12,...,
and
Yo<n<- Sy <--<y'<Z<---<z,<--- <z =< 2. (2.7)

Proof Define an operator Q : [yo,2z0] — C(J,R) by x = Qn, where x is the unique solution

of the corresponding linear problem corresponding to 1 € [yo,zo] and

Qn [f (&0, 1 Pn(e), 1“0 (2)) + MO0 (0)]. (2.8)

1+ M)

Then, the operator Q has the following properties:

(@) o = Qyo, Qz < zo;
(b) Qh1 <Qhy, VYhi,hy € [y0,20],m < hy.

(2.9)
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Firstly, we show that (a) holds. Let y; = Qyo, p = 1 — ¥o. By (H;) and the definition of Q,
we know that

1
p(t) = 1T M0 [£(&:50®, 1% Pyo (), 190 (2)) + M(£)y0(t)] = y0(2)

=

T340 [y0(8) + M(®)yo(2)] - yo(2)

=0.

Thus, we can obtain p(£) > 0, V¢t € J. That is, yo < Qyp. Similarly, we can prove that
Qzo < zp. Then, (a) holds.
Secondly, let g = Qhy — Qhy, by (2.8) and (H;), we have

1
TM(t)[f(t’ hz(t),l"“ﬁhz(t),lahz(t)) + M(t)hz(t)]

1
1+ M@

q(t) =

[f (& (), 1P Iy (£), I () + M)y (8)]

e

T+ M0 [-M(@)(h2 = m)(@) + M()(hy — ) (2)]

=0.

Hence, we have g(t) > 0, Vt € . That is, Qh; > Qhy. Then, (b) holds.
Now, put

Vi = QYn-1, 2,=Qz,_1, n=12,.... (2.10)
By (2.9), we can get

YO=SN="""=Y=-""=2,=--=21 = 2.
Obviously, y,, z, satisfy

Iu(®) = f (& Yn1 (), 1Py (£), 1 Yua () = M) (s — Y1) (2),

(2.11)
2u(8) = f (£:20-1(6), 1P 2,1 (£), 19 201 (£)) = M(8) (20 — 201 (E).

Employing the same arguments used in Ref. [17], we see that {y,}, {z,} converge to their
limit functions y*, z*, respectively. That is, lim,_,« ¥,(t) = ¥*(¢) and lim,_, o z,(£) = 2*(£).
Moreover, y*(t), z*(¢) are solutions of (2.5) in [yg,20]. (2.7) is true.

Finally, we prove that y*(t), z*(¢) are the minimal and the maximal solution of (2.5) in
[%0,20]. Let w € [y0,20] be any solution of (2.5), then Qw = w. By y9 < w < z¢, (2.9) and
(2.10), we can obtain

yp<w<z, n=L2,.... (2.12)
Thus, taking limit in (2.12) as n — +oo, we have y* < w < z*. That is, y*, z* are the

minimal and maximal solution of (2.5) in the ordered interval [yo, zo], respectively.
This completes the proof. O
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Theorem 2.2 Let N(t) > —M(t). Assume conditions (Hy)-(Hs) hold. If

K@) P L(£)t®
MO=NO+ 507D " Tarn <"

then problem (2.5) has a unique solution x(t) € [yo, zo].

Proof By Theorem 2.1, we have proved that y*, z* are the minimal and maximal solution
of (2.5) and

Yo(t) <y*(8) <2°(t) < zo(t), Vee].
Now, we are going to show that problem (2.5) has a unique solution x, i.e., y*(£) = z*(¢) =
x().

Let p(t) = z*(t) — y*(t), by (Hs3), we have

0 <p(t) <f(t, "), 1°Pz* (1), I"2* (1)) — f (& y* (), I* P y*(2), I"y* (1))
<N@O(-y")@) + K@Ie* (z" = y*) () + L(OI* (z* - y*)(t)

a B —
=N(@t)p(t) + K(t)/ )lp(s) ds + L(t)/ ¢ p(s) ds
K(t)eeP L(t)t”
= [N(t) " IMNoa-pB+1) * IN'a + 1)] tSJXP(t)

£ A (t) max p(t),
te]

which implies that max.; p(t) < 0. Since p(£) > 0, then it holds p(¢) = 0. That is, y*(¢) =
z*(t). Therefore, problem (2.5) has a unique solution x € [y, zo]. (]

Let x(t) be the unique solution of (2.5). Noting that x € [y, 20] and u(t) = [*x(t), we can
easily obtain the following theorem.

Theorem 2.3 Let all conditions of Theorem 2.2 hold. Then problem (1.1) has a unique
solution u € [1°yy,1%zo], Vt € ].

3 Example

Consider the following problem:

Diu(t) = £[1-D2u(®)]> + 5D3ult) + & [1- Dru(e)]® + L u(®),
D3u(0)=0, u(0)=0,

where ¢ € [0,1].
Let D3 u(t) = y(t), then D3 u(t) = I'y(t), u(t) = I%y(t). So, (3.1) can be translated into the

following problem

©= LT -y + Sy + L1 - 190 + £ (1 y00)? (32)
¥ = =20 + 2@+ Z[1-TH@O] + 5 (120)", :
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: 3 1
Noting that @ = 3, 8 = 7, then

2 3

t 2t 3 312
o—pf o _ _ 2 _ R _ 1 [
f(ty, 1Py, 1%) = 0 1-y"+ A 15[1 I'y]" + 20 (I29)".

Take yo(£) = 0, z9(t) = 1, we have

yo(£) =0 < 15 % = (300, 1 50(2), 130 0),
20(8) = 1> Sy + (1= 1) + 22 = £(t, 20(0), 1" P 2o (8), 2o (£)).

Hence, condition (H;) holds.

For yo <y <z <z, we have

f(t, 2,17z, Iaz) —f(t,y,[“‘ﬂy,l"‘y)

2
1O[(l 22— (1—y)2]+%(z—y>

2 £ 3 3
+ E[(l —Ilz)3 - (1 —Ily)3] + %[(ﬁz)z - (12y)2]
2
> St (z-)

and

2 2
f(t,z,la_ﬂz,l"‘z) —f(t,y,l“‘ﬁy,l"‘y) < —%(z—y) + %Il(z—y) +

15\/_12(2 7).

Take M(t) = tT, N@t)=K(t) = % L(t) = % Through a simple calculation, we have

2 B 82
=S B0
5 5 457

Then, all conditions of Theorem 2.3 are satisfied. In consequence, the problem (3.1) has a

unique solution u* € [0, 4f/2—]
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