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Abstract

In this work, we establish strong convergence theorems for solving the fixed point
problem of nonexpansive semigroups and strict pseudocontractions, and the
zero-finding problem of maximal monotone operators in a Hilbert space. We further
apply our result to the convex minimization problem and commutative semigroups.
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1 Introduction
Let H be a real Hilbert space and K a nonempty, closed, and convex subset of H. Let T :
K — K be a nonlinear mapping. Then T is said to be nonexpansive if | Tx — Ty|| < ||x - y||
for all x,y € K. The fixed points set of T is denoted by F(T).

In 1953, Mann [21] introduced the following classical iteration for a nonexpansive map-
ping T': K — K in a real Hilbert space: x; € K and

K1 = Ay + (L—ay)Txy, n>1, (1.1)

where {«,} C (0,1).
In 1967, Halpern [13] introduced another classical iteration for a nonexpansive mapping
T : K — K in a real Hilbert space: x; € K and

Xner =t + (1 —aty)Txy, n>1,

where {a,} C (0,1) and u« € K is fixed.

Letf : K — K bea contraction (i.e., |[f(x) = f(»)|| < a|lx—y| forallx,y € Kand & € [0,1)).
In 2000, Moudafi [25] introduced the viscosity approximation method for a nonexpansive
mapping T as follows: x; € K and

KXn+l = anf(xn) +(1-a,)Tx, n=>1, (1.2)

where {a,,} C (0,1). It was proved, in a Hilbert space that the sequence {x,} generated by
(1.2) strongly converges to a fixed point of T under suitable conditions.
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Let A be a strongly positive bounded linear operator on H: that is, there is a constant y
with property

(Ax,x) > 7|x||*> VxeH.

A typical problem is to minimize a quadratic function over the set of the fixed points of
a nonexpansive mapping on a real Hilbert space H:

;réiI?(Ax,x) —{x,b),
where K is the fixed point set of a nonexpansive mapping 7 on H and b is a given point
in H.
Recently, Marino-Xu [22] introduced the following general iterative method for a non-
expansive mapping 7 in a Hilbert space: x; € H and

KXntl = anyf(xn) +( -a,A)Tx,, n=>1,

where {o,} C (0,1),f is a contraction and A is a strongly positive bounded linear operator.
Since then, there have been a number of modified viscosity approximation methods for
nonexpansive mappings or nonexpansive semigroups (see, for example, [6,7, 9, 26, 32, 35,
38, 42, 43)).
Recall that T : K — K is called a k-strict pseudocontraction if there exists a constant
0 <k <1 such that

1T~ TyI? <l - yI1? + x| (1 = Thx— (1 = T)y|* (1.3)
for all x,y € K. It is known that (1.3) is equivalent to the following:
s 1-k 2
(Tx=Tyx =) < e =yI” = —= [ (I = T)x = (I = T)y|

forallx,y e K.

The class of strict pseudocontractions was introduced, in 1967, by Browder-Petryshyn
[3]. The existence and weak convergence theorems were proved in a real Hilbert space by
using Mann iterative algorithm (1.1) with a constant sequence «,, = « for all # > 1. Recently,
Marino-Xu [23] and Zhou [44] extended the results of Browder-Petryshyn [3] to Mann’s
iteration process (1.1). Since 1967, the study of fixed points for strict pseudocontractions
has been investigated by many authors (see, e.g,, [1, 28]).

A set-valued mapping M : H — 2 is called monotone if for all x,y € H, f € M(x),
and g € M(y) imply (x — y,f — g) > 0. A monotone mapping M is maximal if its graph
G(M) :={(f,x) € Hx H : f € M(x)} of M is not properly contained in the graph of any other
monotone mapping. It is known that a monotone mapping M is maximal if and only if for
(v.f) €H x H, (x—y,f —g) > 0 for all (y,g) € G(M) imply f € M(x). Let J/ = (I + AM)7},

A > 0 be the resolvent of M. It is well known that J/ is single-valued and D(J}) = H for any
1M1

-2~. We know

A > 0. For each A > 0, the Yosida approximation of M is defined by A; =
that (JMx, A;x) € G(M) forall A >0 and x € H.

A fundamental problem of monotone operators is that of finding an element x such
that 0 € Mx. Such a problem is called the zero-finding problem (denoted by M~1(0) the
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set of solutions) and also includes many concrete examples, such as convex programming
and monotone variational inequalities. It is known that if g : H — (—00,00] is a proper
lower semicontinuous convex function, then dg is maximal monotone and the equation
0 € dg(x) is reduced to g(x) = min{g(y) : y € H} (see [29, 30]).

Initiated by Martinet [24], Rockafellar [30] introduced the following iterative scheme:
x1 € H and

Xn+1 :])[L\me n>1, (1.4)

where {),} C (0,00) and M is a maximal monotone operator on H. Such an algorithm is
called the proximal point algorithm. It was proved that the sequence {x,} generated by
(1.4) converges weakly to an element in M~1(0) if liminf,_, o A, > O.

The convergence of the zero-finding problem of monotone operators has been studied
by many authors in several setting (see, for example, [8, 10, 14, 15, 27, 34]).

In this work, motivated by Lau et al. [16—20], Marino-Xu [22], and Saeidi [32], we intro-
duce a new general iterative scheme for solving the fixed- point problem of a nonexpansive
semigroup involving a strict pseudocontraction and the zero-finding problem of a maxi-
mal monotone operator in the framework of a Hilbert space. Some applications concern-
ing the convex minimization problem and commutative semigroups are also presented.

2 Preliminaries and lemmas

In this section, we state some preliminaries and lemmas which will be used in the sequel.
Let S be a semigroup. We denote by £°°(S) the Banach space of all bounded real-valued

functionals on S with supremum norm. For each s € S, we define the left and right trans-

lation operators I(s) and r(s) on £°°(S) by

(Us)) @) =f(st) and  (r(s)f )(2) = £ (2s)

for each t € S and f € £°°(S), respectively. Let X be a subspace of £*°(S) containing 1. An
element p in the dual space X* of X is said to be a mean on X if ||| = (1) = 1. It is well
known that y is a mean on X if and only if

irgf(s) <uff) < sugf (s)

for each f € X. We often write u:(f(¢)) instead of j(f) for u € X" and f € X.

Let X be a translation invariant subspace of £°°(S) (i.e., [(s)X C X and r(s)X C X for each
s € S) containing 1. Then a mean pu on X is said to be left invariant (resp. right invari-
ant) if p(l(s)f) = u(f) (resp. u(r(s)f) = n(f)) for each s € S and f € X. A mean p on X is
said to be invariant if u is both left and right invariant [16-18]. S is said to be left (resp.
right) amenable if X has a left (resp. right) invariant mean. S is a amenable if S is left and
right amenable. In this case, £°°(S) also has an invariant mean. It is known that £°°(S) is
amenable when S is commutative semigroup or solvable group. However, the free group
or semigroup of two generators is not left or right amenable (see [11, 20]). A net {1t} of
means on X is said to be left regular [11] if

fim| e — | =0

for each s € S, where [, is the adjoint operator of ;.
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Let K be a nonempty, closed, and convex subset of H. A family S = {T'(s) : s € S} is
called a nonexpansive semigroup on K if for each s € S, the mapping T(s) : K — K is
nonexpansive and T'(st) = T(s)T(¢) for each s, ¢ € S. We denote by F(S) the set of common
fixed points of S, i.e.,

F(S) = ﬂF(T(s)) = ﬂ{x eK:T(s)x =x}.

seS seS

Throughout this article, we denote the open ball of radius r centered at 0 by B, and also
denote the closed and convex hull of A C H by coA. For ¢ > 0 and a mapping T: D — H,
the set of e-approximate fixed points of T will be denoted by F.(T,D), i.e. F.(T,D) = {x €
D:|x-Tx| <e}.

The following lemmas are important in order to prove our main theorem.

Lemma 2.1 [20, 31, 39] Let f be a function of a semigroup S into a Banach space E such
that the weak closure of {f(¢t) : t € S} is weakly compact and let X be a subspace of £*°(S)
containing all the functions t — (f(t),x") with x” € E". Then, for any i € X', there exists a
unique element f,, in E such that

i) = el (0),)

forall x" € E". Moreover, if |1 is a mean on X then
/f(t)dpt(t) ecolf(t):te S}

We can write f, by [ f(t) du(t).

Lemma 2.2 [20, 31, 39] Let K be a closed and convex subset of a Hilbert space H, S =
{T(s) : s € S} be a nonexpansive semigroup from K into K such that F(S) # ¥ and X be a
subspace of £>°(S) containing 1 and the mapping t — (T (t)x,y) be an element of X for each
x € K and y € H, and |1 be a mean on X.
If we write T(w)x instead of [ Tyx du(t), then the following hold:
(i) T(n) is a nonexpansive mapping from K into K;
(i) T(u)x =« for each x € F(S);
(iii)) T(u)x € co{Twx:t € S} for each x € K;
(iv) if w is left invariant, then T(u) is a nonexpansive retraction from K onto F(S).

Let K be a nonempty, closed, and convex subset of a real Hilbert space H. Then, for any
x € H, there exists a unique nearest point in K, denoted by Pxx, such that

llx = Prxll < [l =yl

for all y € K. Such a projection Px is called the metric projection of H onto K. We also
know that for x € H and z € K, z = Pgx if and only if

x-—2z,y-2) <0, Vyek.

We know the following subdifferential inequality.
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Lemma 2.3 For all x,y € H, there holds the inequality
ll+ yI* < lll® + 20y, + ).

Lemma 2.4 [22] Let A be a strongly positive bounded linear operator on a Hilbert space
H with coefficient y and 0 < p < ||A||™L. Then |I - pA|| <1- py.

In the sequel, we need the following crucial lemmas.

Lemma 2.5 [41] Assume {a,} is a sequence of nonnegative real numbers such that
Aps1 = (1 - pn)ﬂn + pnsm n>1,

where {p,} is a sequence in (0,1) and {8,,} is a sequence in R such that
(@) Y 21 P =00
(b) limsup,,_, ., 8, <0 0r Y o2 |pudul < 00.

Then lim,,_, o a,, = 0.

Lemma 2.6 [36] Let {x,} and {y,} be bounded sequences in a Banach space E such that

Xn+l = (1 - ,Bn)yn + ﬁnxm Vn > 1;

where {B,} is a real sequence in (0,1) with 0 < liminf,_. 8, < limsup,_, ., B <L If

hm Supn_>oo(||yn+l _yn” - ||xn+1 _xn”) = O: then hmn%oo ”yn - xn” =0.
The following crucial results can be found in [1].

Lemma 2.7 [1] Let K be a nonempty, closed, and convex subset of a real Hilbert space
Handlet T : K — K be a «k-strict pseudocontraction such that F(T) # ), then [ — T is
demiclosed at zero, that is, for all sequence {x,} C K with x, — y and ||x, — Tx,|| — 0 it
follows that y = Ty.

Lemma 2.8 [1] Let K be a nonempty, closed, and convex subset of a real Hilbert space
Handlet T;: K — K (i=1,2,...,N) be a family of «;-strict pseudocontractions for some
0 < k; < 1. Assume {m}ﬁ\i1 is a positive sequence such that Zf\il n; = 1. Then Zfil n;T;isa
Kk -strict pseudocontraction with k = max{x; :1 < i < N}. Moreover, Lf{Ti}fil has a common
fixed point, then F(Z?:[1 n,T;) = ﬂf\il F(T;).

Lemma 2.9 [40] Let the resolvent J) be defined by J)! = (I + AM)™, A > 0. Then the fol-
lowing holds:

e = 7] = | ==l = 7"+

s—1t
t

foralls,t>0andxe H.
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3 Main result
In this section, we are now ready to prove our main theorem.

Theorem 3.1 Let H be a real Hilbert space and S = {T(t) : t € S} a nonexpansive semi-
group on H. Let M : H — 2H be a maximal monotone operator and T : H — H a «-strict
pseudocontraction such that F := F(S) N M~ (0) N F(T) # @. Let X be a left invariant sub-
space of £°(S) such that 1 € X, and the function t — (T (t)x,y) is an element of X for each
x,y € H. Let {u,,} be a left regular sequence of means on X such thatlim,,_, o || ftys1— iyl = 0.
Let f be an a-contraction on H and A a strongly positive bounded linear operator with co-
efficient y. Let B and y be real numbers such that 0 < B <1 and 0 <y < y/a. Let {x,} be
generated by x, € H and

Yn :]ﬁ(anxn +(1-8,)Tx,),
Xns1 = W Vf () + By + (L= B) =, A)T ()yn, n>1,
where {a,,} C (0,1), {8,} C (k,1) and {X,} C (0,00) satisfying the conditions:
(C1) lim,— o0ty =0 and Y oo, oty = 00;
(CZ) lim,,_, o 1841 — 8| = 0;
(C3) k <liminf,_, 8, <limsup,_, 8, <L
(C4) liminf,_, o Ay > 0 and lim,_, o |Ays1 — Au| = 0.
Then {x,} converges strongly to p € F which also solves the following variational inequal-
ity:

((vf -Ap,g-p)<0, VqeF. 3.1)

Proof Since a,, — 0, we shall assume that o, < (1- 8)||A[| ™! and 1 -, (¥ —ay) > 0. So by
Lemma 2.4, we have ||[(1- 8)] —a, Al <1-8 —a,y.
First, we show that {x,} is bounded. Let w € F. Put z,, = §,,x, + (1 - §,)) Tx, for all n € N.
Then
2
Iz — W||2 = H(Snxn +(1-68,)Tx, - W”
2
= Hsn(xn - w) + (1= 8,)(Tx, —w) ”
= 3;1”96,,, - W||2 + (1 - ‘Sn)” Txn - W”2 - (Sn(l - (Sn)”xn - Txn”2
< 8ulln = wi* + (1= 8) ltn — wlI* + (1 = 8,)xc || — T >
- (Sn(]- - 8n)||xn - Txn||2
= ”xn - W||2 + (1 - 871)(’( - 5,,)”96,, - Txn”2

< llxn = wl%, (32)
which yields
lzn = wll < Il — wll.
Moreover, since ]i‘f is firmly nonexpansive,

Iy = wll = |J2zn = w| < llzw = wil < [l = wl. (3.3)
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From (3.3), we have

”xn+1 - W” S || [(1 - ,3)] - anA][T(,un)yn - W] || + ||Oln)/ [f(xn) —f(W)] ||
+ flenvf ) = Aw]| + | B, - w)]

< [1-au@ —ay)]%. — wll + ou | yf(w) — Aw|

lvf(w) - Aw|| }

= maX{Hxn—WHy (J7 —)/Ol)

By an induction, we can show that

n>1.

lvf(w) - Aw|| } v

o, —wll < max{ g = wll, ==
(v —ya)

Therefore, {x,} is bounded. So are {f(x,)}, {y.}, {z.}, and {T(11,1)yn}-
We next show that

lim %41 — x4 = 0.
Observe that
nhenolo” T(1ns1)yn — T(n)yn ” =0. (3.4)

Indeed,

”SI‘/‘IEKT(MM-I)J’H - T(/’L”)y”’ Z)|

” T(ns1)yn = T(n)yn ”

Sup | (ns1)s( TSy 2) = (1n)s(T(S)yms 2)|

llzll=1

< Nl tnst = ol sup|| T(s)yu -
seS

Since {y,} is bounded and lim,,, » || ftns1 — il = 0, (3.4) holds.
For each n € N, define T,x = §,x + (1 — 8,) Tx. Then T, is nonexpansive, and hence

”Zn+1 - Zn” = ” Tn+1xn+1 - Tnxn”
= ” Tn+1xn+1 - Tn+1xn” + ” Tn+1xn - Tnxn”

< 1 = Zull + 1851 = 8ul My 3.5)

for some big enough constant M; > 0.

On the other hand, since y, = ]i\;[zn and Y41 = ]ﬁ‘:ﬂznﬂ,

Wy =3l = [V, 2w = T3 2|
=< ”]}/\\:{Hznﬂ —]{\;Izwrl ” + ”]ﬁznﬂ _]i\:zn H

= ”]i\:ilznﬂ _]){\gznﬂ ” + ||Zn+l - Zn”- (36)
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Putw, = x”%}‘fx” Then

Wil — Wy = ﬁ [(enaz = Bonar) — (K1 — Bxn)]
_ ﬁ[am(yﬂxm) AT(r)pa) + (L= BTGt}
- ﬁ[an(yf(xn) AT(un)y) + (= BT ()]
= la "73 (Vf 1) = AT (tns1)yne1) + T(ins1)ymet
- 5 () = AT (1) = TGty
- 1"‘}3 (1 Gonet) = ATti)9ner) + (Tt = T(tne)yi)
- 5 () = ATGun) = (TGt = TGtns)
which implies
W =wall < paia || Y @ns1) = AT (i)Yo | + 1t = vl

)y” ” + ” T(/'Ln)yn - T(Mnﬂ)yn ”

Substituting (3.5) and (3.6) into (3.7), we obtain

(07788}

Wps1 = wyll <

=1-p

+ ||xn+1 _xn” + |8n+1 - 5n|M1 +

v f ®ner) = AT (ne)yuer | + |22 Zuis = Tir 2z |

15 |7 = AT |

+ H T(pn)yn = T(ns1)yn “

Using Lemma 2.9, (3.4), (C1), (C2), and (C4), we have
lim sup ([ = Wall = %1 = %ull) <O
n—o0
From Lemma 2.6, we derive
lim ||w, —x,]| =0
n—oQ
It also follows that
lim %1 —x4] =0
n—0o0

We next show that

lim ||x, - T(O)xq| =0, Vtes.

(3.7)

(3.8)

Page 8 of 16
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Put

K= max{”xl -w, M}

(Y —ya)

Set D={y e H: ||y —w| < K}. Then D is a nonempty bounded closed convex set. More-
over, {x,}, {y»}, and {z,} are in D. To complete our proof, we follow the proof line as in [2]
(see also [19, 20, 33]). Let &£ > 0. From [5], there exists § > 0 such that

coFs(T(t);D) + Bs C Fo(T(¢);D), VteS. (3.9)

From Corollary 1.1 in [5], there exists a natural number N such that

<3, (3.10)

” N1+ I i T(t's)y-T(t) (Nl I i T(t’&)y)

i=0

forall,s € Sand y € D. Let t € S. Since {u,} is left regular, there exists ny € N such that

)
”Mn _lti“'n” = 73(1(+ i)

forallm >ngandi=1,2,...,N. So we have for all n > n,

1
sup T(Mn)y—/m;;T(tS)ydun(s)

= sup sup
yeD |iz]|=1

1
(Mn)s<T(S)y7 Z) - (:u“n)s<ﬁ ; T(t S)_)/, Z>

WT6)2) = (Liren) (T ()2

= 7D llzl=1
)
=, max [ = Lo | (K +lIwl) < 5. (311)
Observe, by Lemma 2.2
N+1 t )yd,un(s)eco{N 1 ZT(t) s)y) seS}. (3.12)

Combining (3.10)-(3.12), we derive

N
T(n)y fN 1Z:Ttsyaiuns)+< Un)y /N+IZ tsydu,, >

i=0
R ‘
S CO{N+ 1 l2=0: T(t) (T(S)y) s E S} +B§/3
C coF;s(T(¢); D) + By3, (3.13)
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for all y € D and n > ny. Let t € S and ¢ > 0. Then there exists § > 0 which satisfies (3.9).
Observe

Xns1 = T (W) yn + %(xnﬂ — %) + 1Oin13 (Vf(xn) _AT(/Ln)yn)'

Since ||x,;1 — %, || = 0 and &, — 0, there exists k € N such that

%(‘xn _xn+l) + 101—}1/3 (Vf(xn) _AT(//Ln)yn)

€ ¢oFs(T(¢); D) + Byj3 + Bsy3 + Byjs

Xn+l = T(//«n)yn +

C coFs(T(1); D) + Bs  F(T(2); D),
for all n > k. Hence, limsup,,_, ., |x, — T(¢)x,|| <. Since ¢ > 0 is arbitrary,
lim |2, — T(t)xa | = 0. (3.14)
We next show that
lim ||y, —zyll = 0. (3.15)
n=00
Since ]f\‘;[ is firmly nonexpansive and y,, = ]{‘fzn,

lyn =i = |7z, — Mw]
< (Mzy - w2, — w)

Y —Wrzy — W)

1
E(Hyn = Wi + |2y = wI* = 2 = yull?),

which implies
2 2 2
Y0 = wI* < llzn = wII" = ll2n = yull -
Therefore,

s =l = | [0 = BY(T(n)yn = w) + B — )] + @[ (@) = AT (11)74] |
< @~ AT (ea)yn —w) + Bloxn—w)|*
+ 200(yf (%) = AT (ten) Y Xns1 — W)
< (1= B)lyu = wl* + Bli, — w]?
+ 200 (yf (%) = AT (ten) Vs Xns1 — W)
< (1= B)(llzn = wI* = 120 = ull?) + Bllu = wl®
+ 200 (y.f (%) = AT (ten) Y Xns1 — W)
< lloew = wl* = (1= B)l12w — yull®

+ 20‘n<yf(xn) = AT (n)Y s X1 = W)¢
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which yields
1= B)lzn __yn”2 <a,M; + (”xn - WH2 = [1%n41 = W||2)

for some M, > 0. Thus, (3.15) holds by (3.8) and «,, — 0.
We next show that

lim ||x, — Tx,|| = 0. (3.16)
n—o0

From (3.2), we have
Iy = Wi < llzn = wii* < 1% = wii* + (1= 8,)(k = 8,) 1% — T ||

So, we obtain

%1 = wl* < (L= B)llyu — wli* + Bllx, — wl®
+ 2an<yf(x,,) = AT (Un)Yn> Xns1 = W)
<(1- ﬂ)(”xn - W”2 + (1= 8,)(k = 8u) | — Txn||2) + Bllxy — W||2
+ Zan<yf(xn) _AT(/'Ln)ynr X+l — W)
< s = wil* + (1= B)(L = 8,k = ) 1% = x| + 0w M.
It follows that
(1= B)L = 8,)(8n = 1) 1%n = Txn|I* < 0uMs + 120 = WII* = l|01 = Wil
From (C1) and (C3), we conclude that (3.16) holds. Moreover, we get that

lim ||, —z,| = 0. (3.17)
n—00

It is easy to see that Pr(yf + (I — A)) is a contraction. So, by Banach’s contraction principle,
there exists a unique point p which satisfies the following variational inequality:

((vf-Ap,g-p)<0, VqeF.

We next show that

lim sup((yf — A)p, %, — p) < 0.

n—00

To this end, we choose a subsequence {x,, } of {x,} such that

limsup{(yf — A)p,x, —p) = lim ((vf = A)p,%n, = p)
Since {x,} is bounded and H is reflexive, there exists a point z € H such that x,, — z. From
(3.15) and (3.17), there exists a corresponding subsequence {y,, } of {y,} (resp. {z,, } of {z,})
such that y,, — z (resp. z,, — 2).
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We next show that z € M~1(0). Since y, = ]){\:,Izm

1Az, znll = %ﬂllyn = Zyl|.
From (3.15) and liminf,_, o, A,, > 0, we have
lim [|4;, 2| = 0. (3.18)
n=>00
Noting that (z,,A4,,2,) € G(M), by the monotonicity of M, we have
(s — 2,8 —A)\nz,,) >0
for all (s,s") € G(M). So we obtain
(s -z, s) >0

for all (s,s") € G(M). Hence, z € M~}(0) by the maximality of M.

On the other hand, from (3.14), we get that z € F(S) by the demiclosedness of a non-
expansive mapping [4, 12]. Applying Lemma 2.7 to (3.16), we also get that z € F(T'). This
shows that z € F, and hence

limsup{(yf — A)p,x, - p) = ((vf - A)p,z - p) < 0. (3.19)

n—0oQ

We finally show that x,, — p as n — co. From Lemmas 2.3 and 2.4, we have

s =212 = | [(AL = B = wA) (T (1) — p) + Btn — )] + a7 (x) — Ap) |
< (@ = B = ) (T(1n)yu — p) + Bn - p)|*
+ 20, (v f (%) — Ap, X1 — p)
(1-B) - a,A 2
(1-8)
+ 20,y (f () = f () %1 — ) + 20u(y.f (P) = AP, X1 — )
(1- B - a,A
(1-B)
+ 2,y al|x, = pllllxna — Pl + 20a{yf (0) — Ap, %1 — )
1-8)I -w,A|?
e ;31)_ - I
+apya (|, = pllI* + % = pII*) + 20(vf (0) — AP, %1 — )
- <((1 - B) - 7o)

= H(l—ﬁ) (T(wn)yn —p) + Blxn —p)

2

= (1_,3)‘ (T(Mn)yn —P) +/3||xn_p”2

1 TGen)yn —p|” + Bllxs - pII?

1-8
+ 20‘n<)’f(p) —Ap, %na _p>

+ ﬁ + Ol,,)/Ol) ”xn —P||2 + anya”xnﬂ —P||2

=>2.,2

- Yo
= (1 — Q27 —ay)on+ _g)llxn - plP + py g, - pl?

+ 2an<yf(p) —Ap, X1 —p).
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It follows that
2a,(y —ay)
%41 — pII* < <1— = |l% - pI?
l-ayo,
20, (7 —ay) 1
+ ln = <Vf(p) —Ap, Xn1 _p)
—oydy, Yy —ay

et
2-PG-ap) ")

From (3.19) and (C1), we can apply Lemma 2.5 to conclude that x, — p as n — oo. This
completes the proof. O

From Rockafellar’s theorem [29, 30], we next apply our result to the convex minimiza-
tion problem in a Hilbert space.

Corollary 3.2 Let H be a real Hilbert space and S = {T(¢t) : t € S} a nonexpansive semi-
group on H. Let g : H — (—00,00] be a proper lower semi-continuous convex function and
T :H — H a k-strict pseudocontraction such that F := F(S) N dg~1(0) N F(T) # . Let X
be a left invariant subspace of £>°(S) such that 1 € X, and the function t — (T (t)x,y) is an
element of X for each x,y € H. Let {i,} be a left regular sequence of means on X such that
limy— o0 [|4n+1 — Ul = 0. Let f be an a-contraction on H and A a strongly positive bounded
linear operator with coefficient y. Let {a,}, B, ¥, {8,} and {1} be as in Theorem 3.1. Then
the sequence {x,} generated by x; € H and

Zyn = 8%y + (1 — 8,) Ty,
Y = argmin, ., {g() + 5~ llzu - 11},

Xna1 = QY f(xn) + B + (L= B) = ay A)T (in)yn, n=1,
converges strongly to p € F which also solves the variational inequality (3.1).

Using Lemma 2.8, we next apply our result to a finite family of strict pseudocontractions
in a Hilbert space.

Corollary 3.3 Let H be a real Hilbert space and S = {T(¢t) : t € S} a nonexpansive semi-
group on H. Let M : H — 2" be a maximal monotone operator and {T;}Y, : H — H a fam-
ily of k;-strict pseudocontractions such that F := F(S) "M (0)NF(Ty) N ---NF(Tw) # 9.
Let k = max{k;:1 <i < N}. Let X be a left invariant subspace of ¢>°(S) such that 1 € X, and
the function t +— (T(t)x,y) is an element of X for each x,y € H. Let {{1,,} be a left regular
sequence of means on X such that lim,_, || fty+1 — ull = 0. Let f be an a-contraction on H
and A a strongly positive bounded linear operator with coefficient y. Let {o,}, B, v, {8,} and
{A,} be as in Theorem 3.1 and n; € (0,1) with Zfil n; = 1. Then the sequence {x,} generated
by x, € H and

Yn = ]){\:,[(Snxn + (1 - 871) Zi\il niTixn):
Xptl = anyf(xn) +Bx, + (- B - anA)T(ﬂn)ym n>1,

converges strongly to p € F which also solves the variational inequality (3.1).
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Using the results proved in [37] (see also [19]), we obtain the following corollaries.

Corollary 3.4 Let H be a real Hilbert space. Let S and S, be nonexpansive mappings on H
with 818, = $,S,. Let M : H — 2" be a maximal monotone operator and let T : H — H be
a k-strict pseudocontraction such that F := F(S;) N F(Sy) NM™(0) N F(T) # . Let f be an
a-contraction on H and A a strongly positive bounded linear operator with coefficient y.
Let {ay,}, B, v, {8n}, and {A,} be as in Theorem 3.1. Then the sequence {x,} generated by
x1 € H and

In :];\\/I(‘Snxn +(1=6,)Txy,),
Xn+l = Olnyf(xn) + Bx, + (- /3)1 OlnA)( Z Zn ! Sl 2yn n>1,

converges strongly to p € F which also solves the variational inequality (3.1).

Corollary 3.5 Let H be areal Hilbert space. Let S = {T(t) : t € R, } be a strongly continuous
nonexpansive semigroup on H. Let M : H — 2! be a maximal monotone operator and
T :H — H a k-strict pseudocontraction such that F := F(S) NM™(0) N F(T) # 0. Let f be
an o-contraction on H and A a strongly positive bounded linear operator with coefficient y.
Let {a,}, B, v, {84}, and {1,} be as in Theorem 3.1. Then the sequence {x,} generated by
x1 € H and

In =]i\;[(8nxn +(1=38,)Txy),
X1 = QY f (%) + By + (L= B) — Ol,,A)(é Otn T(s)ynd(s)), n=1,

where {t,} is an increasing sequence in (0,00) such that lim,_,« t, = 00 and lim,_, « t,/
tue1 = 1, converges strongly to p € F which also solves the variational inequality (3.1).

Corollary 3.6 Let H beareal Hilbert space. Let S = {T(t) : t € R, } be a strongly continuous
nonexpansive semigroup on H. Let M : H — 2" be a maximal monotone operator and
T :H — H a k-strict pseudocontraction such that F := F(S) "NM™(0) N F(T) # 0. Let f be
an a-contraction on H and A a strongly positive bounded linear operator with coefficient y .
Let {a,}, B, v, {84} and {A,} be as in Theorem 3.1. Then the sequence {x,} generated by
x1 € H and

Yn :]){\;I((Snxn + (1 - Sn)Txn);
K1 = Y (6) + By + (L= B — 0t A) @ [y exp(-=ans)T(s)ynd(s)), n>1,

where {a,} is a decreasing sequence in (0,00) such that lim,,_, », a, = 0, converges strongly
to p € F which also solves the variational inequality (3.1).
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