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Abstract

In this paper, we study a stochastic non-autonomous logistic system with feedback
control. Sufficient conditions for stochastic asymptotically bounded, extinction,
non-persistence in the mean, weak persistence, and persistence in the mean are
established. The critical number between weak persistence and extinction is
obtained. A very important fact is found in our results, that is, the feedback control is
harmless to the permanence of species under the randomized environment.
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1 Introduction
The classical non-autonomous logistic equation can be expressed as follows:

x(2) = x(£)(r(2) — a(t)x(t)), (1.1)

where x(t) denotes the population size at time ¢, r(¢) is the intrinsic growth rate and
r(t)/a(t) is the carrying capacity at time ¢. It has been studied extensively and many impor-
tant results on the global dynamics of solutions have been found (see [1-5] and references
therein). On the other hand, sometimes we should search for certain schemes (such as a
harvesting procedure or biological control) to ensure the system still have the same dy-
namic property as system (1.1) under the same conditions. For this reason, many authors
considered the controlled system. In [6], Gopalsamy and Weng motivated by control the-
ory and studied the global asymptotic stability of positive equilibrium of a regulated logis-
tic growth with a delay in the state feedback of the control model. In [7], by constructing a
suitable Lyapunov functional, the global stability of a single species model with feedback
control and distributed time delay were studied. By using coincidence degree theory, some
excellent results (see [8—10]) which were concerned with the existence of periodic solu-
tion of single species with feedback control are obtained. In many works (see [11-13]), the
authors obtained the result that the feedback controls are harmless to the permanence for
the deterministic systems.

However, population systems in the real world are often affected by environmental noise.
It is important to discover whether the presence of a such noise affects these results (see

© 2016 Hu and Zhu. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13662-016-0904-5
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-016-0904-5&domain=pdf
http://orcid.org/0000-0003-4196-2508
mailto:hhxiao1@126.com

Hu and Zhu Advances in Difference Equations (2016) 2016:192 Page 2 of 21

[14-16]). Recently many authors have discussed population systems subject to white noise
(see [14—22]). Recall that r(¢) represents the intrinsic growth rate at time ¢. In practice we
usually estimate it by an average value plus an error term. In general, by the well-known
central limit theorem, the error term follows a normal distribution. Thus, for a short cor-
relation time, we may replace r(¢) by

r(t) — r(t) + o (£)B(¢),

where B(t) is white noise and o (£) is a positive number representing the intensity of the

noise at time ¢. Then (1.1) becomes a stochastic differential equation
dx(t) = x(t)(r(t) - a(t)x(t)) dt + o (t)x(t) dB(¢). (1.2)

In [23], the authors considered the case that the coefficients of (1.2) are all periodic func-
tions with period T. They obtained the stochastic permanence of (1.2) and global attrac-
tivity of one positive solution x”(¢) satisfying E[1/x”(¢)] = E[1/x”(¢ + T)]. In [22], Liu and
Wang improved the permanence results in [23], and obtained the critical number between
weak persistence and extinction. However, to the best of the authors’ knowledge, to this
day, still few scholars consider the stochastic perturbation logistic system with feedback
controls. In fact, we have known very little about how feedback controls affect the survival
of species which is under the randomized environment.

So, motivated by the above analysis, we will study the following non-autonomous ran-
domized logistic system with feedback control:

i dx(¢) = x(t)(r(t) — a(t)x(t) — c(t)u(t)) dt + o (t)x(¢) dB;, (1.3)

du(t) = (—e(®)u(?) + f(£)x(2)) dt,

where r(t) is a continuous bounded function on [0, +00) and a(¢), c(¢), o (¢), e(t), and f (£) are
nonnegative continuous bounded function on [0, +00). Throughout this paper, for system
(1.3) we introduce the following hypotheses:

(H1) There is a positive constant A such that
t+A
lim inf/ a(s)ds > 0.
t—>00 ¢
(Hy) There is a positive constant y; such that

t+y1
lim inf/ e(s)ds > 0.
L

—>0o0

(H3) There is a positive constant y;, such that

t+yo
litm inf/ f(s)ds>o0.
— 00 t

In this work, our purpose is to establish the sufficient conditions for asymptotically
bounded, extinction, non-persistence in the mean, weak persistence and persistence in
the mean of system (1.3). We will find that, in our results, the feedback control is harmless
to the permanence of species with stochastic perturbation.
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2 Preliminaries

Throughout this paper, unless otherwise specified, let (2, F, {F;};>0,P) be a complete
probability space with a filtration {F;};>¢ satisfying the usual conditions (i.e. it is right
continuous and Fy contains all P-null set). Let B(¢), t > 0, be 1-dimension standard Brow-
nian motion defined on this probability space. We also denote by R, the interval [0, +00),
and denote by R? the set {(x,y)|x > 0,y > 0}. For convenience and simplicity in the follow-

ing discussion, define

fu=supf©),  fi=inf 16, {f0)=; [ 0 ds

SER

t t
" :limsupE/ f(s)ds and ({f). :liminflff(s)ds,
tJo t—oo £t Jy

t—00

where f(s) is a continuous bounded function on R,.
Now, we introduce several lemmas which will be very useful in the proofs of the main
results. We consider the following randomized non-autonomous logistic equation:

dN () = N(t)((m(t) - n()N(9)) dt + a(2) dB(2)). 2.1)
We have the following results which can be found in [24].

Lemma 2.1 Suppose m(t), n(t), and o(t) are continuous bounded functions on R, and n(t)
is nonnegative on R, . Then there exists a unique continuous positive solution N(t) to system
(2.1) for any positive initial value N(0) = Ny, which is global and represented by

NG - exp{fot(m(s) - @) ds + f(fa(s) dB(s)}

- 1/Ny + fot n(s) eXp{fOS(Wl(‘L') - ”‘22(1))dr + f(foz(r)dB(r)} ds’

Remark 2.1 In [24], the authors obtained the same results as Lemma 2.1 with conditions
m(t), n(t), «(z) > 0. But checking the proof in Theorem 2.2 in [24], we can obtain the same
results in Lemma 2.1, only #(£) needs to be nonnegative.

We consider the following non-autonomous differential equation:

d
% =y () (m(t) - n()y* (1)), (2:2)

where m(t) and n(t) are continuous bounded function on R, . We have the following results

for system (2.2).

Lemma 2.2 Suppose that there are positive constants 6 and y such that

£+0 t+y
lim inf/ m(s)ds >0 and litm inf/ n(s)ds > 0. (2.3)
t t

t—>00 — 00

Assume B > 0 and one of the following conditions is satisfied:
(a) a =1and n(t) is nonnegative;
(b) a+ B =1, >0, and m(t) is nonnegative.
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Then we have
(i) for any given initial value yo > 0, there is a unique solution y(t) of (2.2) which is
global positive;
(ii) there exist positive constants | and L such that

< litminfy(t) <limsupy(¢) <L
—00

t—>o00

for any positive solution y(t) of equation (2.2);
(ili) for any two positive solutions x(t) and y(t) of system (2.2) we have

tlirgo(x(t) —y(t)) =0.

Proof If o =1, it is obviously that system (2.2) has a unique global positive solution for
any positive initial value. And we can prove the conclusion (ii) of this lemma similar to
Lemma 1 in [25]. Now, we prove the conclusion (iii) for this case. Let x(¢) and y(¢) be
any two solutions of equation (2.2). By conclusion (ii), there are positive constants / and
L such that [ < x(z),y(t) < L for all ¢ > t,. We can choose the Lyapunov function V(¢) =
[Inx(t) — Iny(¢)|. By calculating the upper derivative of V(¢) and using the mean value
theorem of differential, we have

D'V (t) < -n(0)|x* (1) -y (8)]
= B (1) |x(e) - (2)|
<—qn(t)V(t) forallt>t,

where &(t) is between x(£) and y(¢), and

8P, ifg=1,
1= BILFL, ifB<1.

Since fooo n(s) ds = +oo, we have V(¢£) — 0 as t — 00. Therefore,
tl;r&(x(t) —y(t)) =0.

This completes the proof of the case (a).
Now, we prove the case (b). From system (2.2) we have

d

— B = _ B
Pl = B(m(t) — n()y” (1)).

We denote z(t) = y#(t), and this yields

dz(t)

ek B(m(t) — n(t)z(2)).

Let w(¢) = 1/z(t), we obtain

d
% = Bw(t) (n(t) - mOW(D)). (2.4)
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Consequently, (i) of this lemma holds. By Lemma 1 of [25], we can find that system (2.4)
has the following results:
(i) there exist positive constants [ and L such that

[ <liminfw(t) <limsupw(t) <L
t—00 t—00

for any positive solution w(t) of equation (2.4);
(ii) for any two positive solutions wy(£) and ws () of system (2.4) we have

tlilglo(wl(t) - Wz(t)) =0.

Therefore, the conclusions (ii) and (iii) of this lemma hold if (b) arises. This completes the
proof of the lemma. 0

Remark 2.2 In [25], the authors considered the case « = 8 =1 of system (2.2), and ob-
tained the same conclusions with this lemma. Hence, their results are generalized by
Lemma 2.2.

Remark 2.3 If m; and #; are positive, it is easy to find that

" Yiminfy? (£) < limsupy? (£) < 2
ny t—>00 t— 00 ny

for any positive solution y(¢) of equation (2.2).

Now, we consider the following non-autonomous linear equation:

dy(t)
% = m(t) = n(O)y(®) + p(), (2.5)
where functions m(t), n(t), and p(t) are bounded continuous defined on R, and m(¢) and

n(t) are nonnegative forall £ > 0. Suppose that v(¢) is the solution of the following equation:

dv(z)
dt

=m(t) — n(t)v(t)

with initial condition v(0) = 1. We have the following useful result which can be found
in [26].

Lemma 2.3 Suppose that there exists a constant w > 0 such that
t+w
liminf/ n(s)ds > 0.
t—00 ¢

Then, for any constants ¢ > 0 and M > 0 there exist constants § = §(¢) > 0 and Ty = To(M) >
0 such that for any ty € R, vo € R, and |yo| < M, when |p(t)| < 8 for all t > ty, one has

|y(t, t0,Y0) — v(t)| <e forallt>ty+ Ty,

where y(t, to, yo) is the solution of equation (2.5) with initial condition y(to) = yo.
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Further, we consider the following non-autonomous equation:

5 =V O - n®y @) + p(), (2.6)

where « > 0, 8 >0, a + 8 =1, the functions m(t), n(¢), and p(t) are bounded continuous
defined on R, and m(¢) and n(t) are nonnegative for all £ > 0. Suppose that v(¢) is the
solution of the following equation:

d
;(tt) = v (6) (m(8) - (O (1) (2.7)

with initial condition v(0) = 1. We have the following result.

Lemma 2.4 Suppose that there exists a constant y > 0 such that
t+y
liminff n(s)ds > 0. (2.8)
t—00 t

Then, for any constants € > 0 and M > 0 there exist constants § = §(¢) > 0 and Ty = To(M) >
0 such that for any to € R, and 0 < yo < M, when |p(t)| < & for all t > t,, one has

|yﬂ(t,t0,yo) - V’B(t)| <& forallt>ty+ Ty,
where y(t, ty, yo) is the solution of system (2.6) with initial condition y(to) = 0.

Proof Ifa = 0,we have 8 = 1. This case is the same as Lemma 2.3. If o # 0, welet 5(¢) = y#(¢)
and 7(¢) = v#(¢), from (2.6) and (2.7) we have

% = B(m(t) - n(6)y(t) + p(t)) (2.9)
and

dz(tt) = B(m(t) - n(e)¥(0)). (2.10)
Then, using Lemma 2.3, we can obtain the conclusion of this lemma. g

Remark 2.4 In Lemma 2.3, the authors discussed the case « = 0 and 8 =1 of this lemma.
Hence, their results are extended by this lemma.

3 Asymptotically bounded of the global positive solution

In system (1.3), x(¢) is the size of the species and u(¢) is the regulator, thus we are only
interested in the positive solutions. Moreover, in order for a stochastic differential equa-
tion to have a unique global (i.e. no explosion in a finite time) solution for any given initial
value, the coefficients of the equation are generally required to satisfy the linear growth
condition and local Lipschitz condition (¢f Mao [27]). However, the coefficients of system
(1.3) do not satisfy the linear growth condition, though they are locally Lipschitz contin-
uous. In this section, using the comparison theorem of stochastic equations (see [28]) we
will show there is a unique positive solution with positive initial value of system (1.3).
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Theorem 3.1 For any given initial value (xo, uo) € R?, there is a unique solution (x(t), u(t))
to system (1.3) on t > 0 and the solution will remain in Rf with probability one, namely
(x(2), u(t)) € R? for all t > 0 almost surely.

Proof Since the coefficients of the equation are locally Lipschtiz continuous, it is known
that for any given initial value (xo,uo) € R? there is a unique maximal local solution
(x(2), u(2)) for all ¢ € [0, 7,) where t, is the explosion time. Furthermore, by Lemma 2.1,
we have

exp{ [y [b(s) — c(s)u(s)]ds + [y o'(s) dB(s)}

= s JEals)expl 3 1b(0) — cu@) dr + [y o (1) dB(D)}ds

and
t
u(t) > ug exp{—/ e(s) ds} >0 foralltel0,1.),
0

where b(t) = r(t) — 0.50%(¢). Hence, to show this solution is globally positive, we only to
show that 7, = oo a.s. By the first equation of (1.3) we have

dx() < x(2)(r(8) — a(t)x(2)) dt + o ())x(¢) dB(2). (3.1)

Consider the following auxiliary equation:

(3.2)

dy(t) = y(&)(r(£) — a@)y(t)) dt + o (£)y(¢) dB(2),
¥(0) = xo.

From Lemma 2.1, we know that there exists a unique continuous positive solution y(£) of
system (3.2) for any positive initial value xo, which will remain in R, with probability one.
Consequently, by the comparison theorem of stochastic differential equation we have

x(t) <y(t) forallt>0as.

Therefore, x(t) < oo for all £ > 0 a.s. By the second equation of (1.3) we can represent u(t)

by
u(t) = (/tf(s)x(s) exp{/s e(t)dr} + uo) exp{—/te(s) ds}.
0 0 0

From this we can find that if x(¢) is global, then u(¢) also is a global solution, i.e. T, = co a.s.
This complete the proof of the theorem. d

Now, we will discuss the asymptotically bounded property of the unique global positive
solution of system (1.3). To be precise, let us now give the definition of asymptotically
bounded.

Definition 3.1 Letp > 0, system (1.3) is said to be asymptotically bounded in pth moment
if there are positive constants H = H(p) and K = K(p) such that

limsupE[|x(t; to,xo,u0)|p] <H and 1imsupE[|u(t; to,xo,uo)|p] <K
t—00 t—00

for all (xo, o) € R2.
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Theorem 3.2 Suppose (Hy)-(Hs) hold, for any p > 1 there is a positive constant | such
that

t—00

t+p 1
lim inf/ (r(s) + E(p - 1)02(5)> ds > 0. (3.3)
t
Then system (1.3) is asymptotically bounded in pth moment. Furthermore, we have

limsupE[#”(¢)] <limsupy*(t) and limsupE[u”(£)] <limsupv*(s),

t—00 t—00 t—00 t—00

where y*(t) is the solution of the equation

d 1
B =m0 (01+ 50-10%0)) - at0t ) 64

with initial value y*(0) = 1, and v*(t) is the solution of the equation

d p-1 1 1
MO 7 O 0 £y 0)

with initial value v*(0) = 1.

Proof Applying It0’s formula to x”(t), we have

dx? (t) = pa®(t) <(r(t) + %(p —1)o?(t) — a(t)x(t) - c(t)u(t)> dt+o(t) dB(t)).
For every integer n > 1, define the stopping time

T, = inf{t >0: |x(t)’ > n}

Clearly, 7, 1 0o a.s. Integrating from 0 to ¢ A 7, and taking expectations yield

E[«”(t ATa)]—E[ 5] :p/:mn E[xp(s)<<r(s)+ %(p—l)gz(s)—a(s)x(s)—c(s)u(s)))] ds.

Letting n — 00, and by the well-known Hélder inequality,

dE[+*(2)]

el p((r(t) + %(p - 1)02(t)>E[xp(t)] —a(E[x""' ()] - c(t)E[u(t)xP(t)])

)

By the assumption (H;) and (3.3), considering the auxiliary equation (3.4) and using the

=

< pE[2 ()] (r(t) - 2(p-10%0) - al)(E[#0))

standard comparison theorem and (a) of Lemma 2.2, we can obtain

lim sup E[xp(t)] <limsupy*(¢) := H(p).

—>00 t—00

Furthermore, for any «o > 0 there exists a constant 77 > 0 such that

E[x”(t)] <y"(t) +ag forallt>ty+ T7.
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By the second equation of system (1.3) we have

du?(t)
dt

= p[-e(Ou? (t) + f(Ox(O)u? (1) ].

Integrating from O to ¢ and taking expectations, we have

E[up(t)] - E[ug] =p/0 (—e(s)E[u”(s)] +f(s)E[x(s)u”_1(s)]) ds.

So,

dE[w ()] _

P p(—eE[# ()] + fOE[x)u’ ™ (2)])

< p(E®)) 7 [~ E[O]) +FOE[©])]

< p(E[WO]) 7 [~ E[O)? + 00O + a0)?] (3.5)
for all £ > ¢y + T;. Consider the following comparison equation:
d Pl 1 1
% =pz 7 ()[-e(O)z? () +f () (y*(£) + ap) 7 ] (3.6)

By the assumptions (H;) and (H3) and (b) of Lemma 2.2 we can find that for the so-
lution z(¢) of equation (3.6) with initial value z(¢y + T7) = E[t#(fp + T1)] is bounded.
Hence, we can denote M = SUPycr, z(t). By Lemma 2.4, for any ¢ > 0 and M there ex-
ist positive constants 8¢ = 8o(¢) and Ty = To(M) > T; such that for any ¢, € R,, when
(O () + ao)? — D)y (£)] < 8 for all £ > o, we have

|27 (£) - v'r ()] <e. (3.7)
By the comparison theorem of differential equation, we can obtain from (3.5) and (3.7)
E[u(t)] < (V*}’ @) +e)
for all £ > £, + T5. Since ¢ is arbitrary, we can obtain

lim sup E[up(t)] <limsupv*(¢) := K(p).
t—00

t—>00

This completes the proof of the theorem. O
In the following, we denote g(t) = r(¢) + 0.5(p — 1)o(t).

Remark 3.1 If g, a;, and ¢; are positive, we can choose
&
a

l

fiH(p)
ep )

1

H(p) = and K(p) =

which will be discussed in the following corollary.
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Corollary 3.1 Suppose q,, a;, and e; are positive. Then system (1.3) is asymptotically
bounded in the pth moment for any p > 1. Furthermore,

: : , fidu
limsupE(#”(¢)| < = and limsupE|u”(2)| <—.
Remark 3.2 If ¢(t) = 0, we can obtain a randomized logistic equation without feedback

control
dx(t) = x(t) (r(t) — a(t)x(2)) dt + o (£)x(t) dB(2). (3.8)

From Theorem 3.2, if (H;) and (3.3) hold, then system (3.8) is asymptotically bounded in
pth moment. In [23], the authors studied the stochastic bounded of system (3.8) with the
assumptions r; > 0 and a; > 0. Hence, our conditions in Theorem 3.2 are weaker than that
in [23].

Definition 3.2 System (1.3) is said to be stochastically ultimately bounded, if for any ¢ €
(0,1) there is a positive constant x (= x(¢)) such that the solution of SDE (1.3) with any

positive initial value has the property that

limsupP(x(¢) > x) <& and limsupP(u(t) > x) <e.

t—00 t—00

Theorem 3.3 Suppose assumptions (Hy)-(Hs) hold, and for some p > 1 and 11 > 0 such
that

t+u 1
liminf / <r(s) +=(p- 1)(72(5)> ds>0.
t—oo J, 2

Then system (1.3) is stochastically ultimately bounded.

Proof This can easily be verified by Chebyshev’s inequality and Theorem 3.2. O

Corollary 3.2 Suppose a; and e; are positive, and for some p > 1 such that q, > 0. Then
solution of system (1.3) are stochastically ultimately bounded.

Remark 3.3 From Theorems 3.2 and 3.3, we can find that the asymptotically bounded
property of system (1.3) cannot be changed by the feedback control even though the sys-

tem is randomized by the environment.

4 Extinction and persistence in time average
Now, we will discuss extinction and persistence of system (1.3). For any positive solution
(x(2), u(2)) of system (1.3) we first introduce some useful definitions.

Definition 4.1 System (1.3) is said to be extinction almost surely, if

limx(#) =0 and lim u(f)=0 a.s.;

t—00 t—00
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non-persistence in the mean, if
lim (x(1))=0 and lim(u(t))=0 as,;
t—>00 t—00

uniform persistence in the mean, if there are positive constants m and M such that
m=< (%), <®)"<M and m<(u), <(u)*<M as.

For convenience and simplicity in the following discussion, we denote b(t) = r(z) —
0.502(¢) and (x(¢), u(t)) = (x(t,0,x0, uo), u(t, 0, %0, o)) for any (xo, uo) € R>. Applying Itd’s
formula to Inx(), we have

dInx(t) = (b() - a(t)x(t) - c(H)u(t)) dt + o (£) dB(2). (4.1)
Then we have
t
Inx(t) = Inxg + f (b(s) — a(s)x(s) — c(s)u(s)) ds + M(2), (4.2)
0

where M(¢) = fot o (s) dB(s). By the second equation of system (1.3) we have

u(t) —ug = —/Ote(s)u(s) ds + /:f(s)x(s) ds. (4.3)

Note that M(t) is a local martingale. Making use of the strong law of large numbers for
local martingales (see Mao [27]), we have

. M(t)
lim —= =

t—00 t

0 as. (4.4)
We denote Q¢ = {lim;_, o, M(t)/t = 0}, obviously, P(Q2¢) = 1.

Theorem 4.1 If (Hy) holds and (b)* < 0, then system (1.3) will go to extinction almost

surely.

Proof For any w € Qo, from (4.2) we have

Inx(t, 1 1/t M(t,
na(t, @) < % + —f b(s)ds + ( w)' (4.5)
t t ottt ¢

Making use of (4.4) we obtain

Inx(t, w)

< (b)*.

lim sup

t—00

That is to say, lim;_, 5 x(t, w) = 0 for (b)* < 0. Now, we will prove lim;_, » u(t,w) = 0. Since
lim;_, o %(¢, ) = 0, then for any &g > 0, there is a positive constant T such that

|x(t, w)| < %o forall t > Ty.
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Consequently, from (4.3) we have

du(t, w)
dt

< —e(®)u(t,w) +ag forallt > T,.

We consider the comparison equation

dv(t)
T —e(t)v(t) + ag. (4.6)

By (H;) and Lemma 2.3 with m(t) = 0 and v(0) = 0, we see for any positive constant ¢ that
there are constants § = 8(¢) and T; = T1(u(Tp)) > T such that when |ag]| < §, we have

|V(t)| <g forallt>Tj,

where v(¢) is the solution of system (4.6) with initial condition v(T) = u(T, w). Therefore,
by the comparison theorem, we obtain

u(t,w)<e forallt>T.

Since ¢ is arbitrary, we have lim;_, o u(¢, w) = 0. This complete the proof of the theorem,
for P(2) = 1. O

Remark 4.1 If ¢(¢) = 0, we can obtain system (3.8). In Theorem 7 in [22], the authors ob-
tained the extinction of system (3.8) under the same conditions with Theorem 4.1. Hence,
if (b)* < 0, the feedback control cannot change the extinction of the species x.

Theorem 4.2 Suppose (b)* = 0, we have
(i) if (@)« >0, (c)« >0, and (Hy) hold, then liminf,_, .o x(¢) = 0 and liminf;_, » u(t) =0
as.;
(ii) if as, e; >0, then system (1.3) will be non-persistent in the mean a.s.

Proof (i) First of all, we will prove liminf;_, o x(f, w) = 0 for all w € Q4. Otherwise, there is
a positive constant gy such that

liminfx(¢, wg) > &9 for some wg € Q.

t—00

Hence, by (a), > 0 and (b)* = 0, for any positive constant ¢ < g there is a positive constant
T, such that

Mt @0)l _ (a)

. g e forallt> Ty. (4.7)

x(t,wp) > ¢ and

And there is a positive constant 77 = T1(g) > Ty such that

t
% ‘/T (b(s) - aa(s)) ds < —%8 forall t > Tj. (4.8)

Then from (4.2), (4.7), and (4.8) we have

yWo) — ’ = - ’ - )
Inx(¢, wg) — Inx(Ty, wo) </ (b(s) a(s)g) ds + M(t, wg) — M(Ty, wg)
To

(@)«

< - ) t forallt>Ti.
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Consequently, we have

a
x(t, wo) < %(To, wo) CXP{— < 4>* t}~
Letting ¢t — oo we have limsup,_, ., #(¢, wo) < 0, which is a contradiction. Therefore,
litm infx(t,w) =0 forallw e Q.
—00

Now, we will prove liminf;_, o, u(¢, w) = 0 for all w € . Otherwise, there is a o > 0 such
that

liminfu(t, wg) > 21y for some wy € Q.
t—00
Consequently, we see that there is a positive constant Ty such that
u(t,wg) >no forallt> Ty.

From (4.2) we can obtain

Inx(t, wg) — Inx(Ty, wp) < /Tt (b(s) - noc(s)) ds + M(t, wo) — M (T, wyp)

for all t > Tj. Dividing the two side of above equation by ¢ and letting ¢ — 0o, we can get

Inx(¢, wg) -

lim sup (b)* —no{c)s <0 for {(c), > 0.

t—>00

This leads to lim;_, o #(t, wo) = 0. By the proof of Theorem 4.1 we can obtain lim,_, » u(Z,
o) = 0. This is a contradiction. Therefore, the proof of (i) is completed.

(ii) (b)* = 0 and (4.4) imply that, for any ¢ > 0 and w € Q, there is a positive constant
T, such that

et

t
t
f b(s)dsg% and  M(tw) <5 forallt=To.
0

Then it follows from (4.2) that
t
Inx(¢,w) <Inxgy + st — aI/ x(s, w) ds.
0
Let /(¢) = fot x(s, ) ds, then we deduce that

"0 dn(t) < xpet dt.

Integrating this inequality from T > T to ¢ results in

Xod]
e“lh(t) < ealh(T) + (est _ee‘T).
&
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It follows that

h(t) < L ln<e‘”hm 2ot (e - eeT)).
aj &

Using L'Hospital’s rule we get

h(t
lim sup Q < i.
t>oo L a;

Since ¢ is arbitrary and x(¢, ) > 0 (¢ > 0), we can obtain lim,_, o (x(¢, w)) = 0.
Now, we will prove lim;_, » (¢#(¢, w)) = 0. Dividing both sides of equation (4.3) by ¢, we
get

1t [ t,
_/ u(s,a))dsgf—/ x(s,a))ds_u( w)+@
tJo eit Jo

et et
t
u
< f—uf x(s, ) ds + iy
et Jo et

From lim;_, o (x(f, w)) = 0, letting £ — oo we obtain lim;_, o (u(¢, w)) = 0. Since P(29) =1,

this completes the proof of the theorem. d

Theorem 4.3 Ife; > 0 and (b)* > 0, then species x will be weakly persistent in the mean

as.,ie (x)*>0a.s.

Proof We claim that Q¢ C {(x)* > 0}. If the claim is not true, then {{(x)* = 0} N Q( # &. By
the proof of (ii) in Theorem 4.2, if ¢; > 0, we have (u(t, w))* = 0 for any w € {(x)* = 0} N Q.

It is easy to see that
(a(t)x(t, w)>* < au(x(t, a)))* =0 and (c(t)u(t, a))>* < cu(u(t, a))>>k =0. (4.9)

From (4.2) we get

Inx(¢, w) B Inxg 1

; p + Z/Otb(s)ds—%/Ota(s)x(s,w)ds

_ % /:c(s)u(s, w)ds + M(? a))'

Combining this equation with (4.4) and (4.9) we have

Inx(t,w)

lim sup (b)*.

t—00

Hence, there are a positive constant T, and a time sequence {t,} with ¢, > Tp and £,,,1 — £, >
1 for all #n > 1 such that

Inx(,0) (B M)l (b

forall t > Ty. 4.10
3 ) . orallt> T, ( )
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Leth = sup,o{|b(s)|}. For any positive constant At < min{1, (b)*t,/(8b)} from (4.2) we have

Inx(t,, ) — Inx(t o) < / " bs) ds + Mty ) — Mz, o)

_ by
< bAt+ <4> t, forallte (t,— At t,].
Combining with (4.10) we obtain
- (b)*
Inx(t, w) > Inx(¢,, w) — bAL — 2 t,
b)* -
> ) t, — bAt
4
(b)*
> 3 t, foralltet,— At,t,]andn>1.
Consequently,
1 [ 1 b
—/ x(s,w)ds > — Z / x(s,w) ds
tn Jy 1 gy ity  tn= At
1 (b)*
= E Z Atexp{ 3 t,,,}
U<tm=tn
At . (b)* ;
—ex .
¢, P17g ™

Since (b)* > 0, lim,,_, i f;" x(s, w) ds = +00, which contradicts with w € {{x)* = 0} N Q.
Therefore, Q¢ C {{x)* > 0}, i.e. (x)* >0 a.s. O

Remark 4.2 In Theorem 9 in [22], the authors studied the weakly persistent in the mean
of system (3.8) with the conditions 4; > 0 and (b)* > 0. Obviously, from Theorem 4.3 we
can obtain the same result with [22] only under the condition (b)* > 0. Therefore, the
result in [22] is improved by Theorem 4.3.

Remark 4.3 In this theorem, due to shortage of the analysis techniques on the stochastic
model, the weakly persistent in the mean of u case has not been studied. But we can see
that the feedback control does not affect the persistence property of the species x under
the conditions in this theorem.

Theorem 4.4 Assume a;>0,¢;> 0, f; >0, and (b), > 0. Then system (1.3) will be uniform
permanent in the mean a.s. Moreover,

x< (X <)'<x and u<u),<wu*<u as,

where x = (b)ei/(ayer+cufu), u = fie)(b) /e (aver + cufy), x = ((b)*e,(aye; + cufy) — cifier(b) )/
ae,(age; + cufy), and u = f,((bY*e,(ae; + c,fu) — cifier(b) ) aiee (ayer + cufy).

Proof From equation (4.3) we have

/te(s)u(s)ds: /tf(s)x(s)ds—u(t) +uo <fy /tx(s)ds+ Uo.
0 0 0
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Consequently, we have

/u(s)ds<f“/ x(s)ds + 22,
0 0

e
For any ¢ > 0 and w € Qo, there is a T such that

(b(t)) > (D), — % and @ > —g forallt>T.

Substituting these inequalities and (4.11) into equation (4.2) we get

Inx(t) — Inxy > vt — (ﬂu + %) / x(s)ds — Cullo forallt> T,
) 0 )

where v = (b), —¢e. Let g(¢£) = fot x(s) ds, then we have

In dg—()—lnxo> t—%—( ufu) (®).
]

det
Consequently,
u d u
exp{( CJ) (t)}£>xoexp{vt—c MO}.
el

Integrating this inequality from 7T to ¢ we have

cufu

Page 16 of 21

(4.11)

exp{ (au + Ceﬁ)g(t)} > exp{ <au + %>g( )} M(exp{vt} - exp{vT}).
1

vexp{¢}
Taking the logarithm of both sides yields

Cufu

1
g(t) > (du + %) In <exp{ (d,,, + %)g(T)} + xO(ai”l)(exp{vt} exp{vT}))
e e vexp{=g¢}

That is to say,

a1
(%) > liminf [( + i ) t}
t—00 el

Cufu

X ln<exp{ (au + i)g(T)} + %(L-:,?)(exp{vt} - exp{vT})).
vexp{"e—lo}

Using L'Hospital’s rule, we can obtain

v ve;

()5 = = .
R

Since ¢ is arbitrary, we obtain

b).
(%) > & :=x forallwe Q.
age + ¢ fy
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Now, we will prove (u), also has a lower bound. From the above proof, we can see for

any € > 0 and w € Qq that there is a positive constant 7" such that
t
/ x(s)ds> (x—¢)t forallt>T.
0
Substituting the above inequality into (4.3), we have
t
u(t) > —eu/ u(s)ds + filx—e)t forallt>T.
0

Let h(t) = fot u(s) ds, then we have

dh(t
% > —e,h(t) +filx—e)t foralle>T.

Consider the following comparison equation:

)

5 - e +fila et

with initial value y(T) = h(T). By the well-known variation-of-constants formula, we have

y(t) = filx - e)/T sexp{—eu(t—s)} ds + h(T) exp{—eu(t— T)}

1 1
= f—l(g— £)<(t— —) - (T— —) exp{—eu(t— T)}) +h(T) exp{—eu(t— T)}.
eu u eu
By the comparison theorem, we have
h(t t
liminfﬁ > limianL) = f—l(x —8).
t—oo t—oo [ e,
Since ¢ is arbitrary, we obtain
h(t
(u)y = litminf¥ > f—la_c:: u. (4.12)
—00 ey

In the following, we will prove the upper bound of (x)* and ()*. From (4.4) and (4.12),
for any ¢ > 0 and w € 2 there exists a positive constant Ty such that

/ob(s)dss<(b)*+%)t, /ou(s)dsz@—g)t and M(t)g%t (4.13)

for all £ > Ty. Substituting (4.13) into equation (4.2) we have

t
Inx(¢) —Inxy < ((b)* + %)t—m/ x(s)ds—cl(g— E>t+ %t
3 A 3 3

t
= ((b)* —cl(g—e))t—m/ x(s)ds forallt > Tj.
0
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Let k(¢) = fot x(s) ds, then we have

dk(?)

In

—Inxg < pt —a;k(t) forallt> Ty,
where p = (b)* — ¢;(u — €). Consequently,
dk(t
exp{alk(t)} % <xgexp{pt} forallt=> Tj.
Integrating this inequality from T to ¢ we have
aixo
exp{aik(t)} < exp{ak(To)} + e (exp{pt} —exp{pTo}).

Taking the logarithm of both sides yields

1
k(t) < a—lln{exp{dlk(To)} + %(eXP{pt} CXP{PTO})}

That is to say,
. 1 aixo
(x)* < limsup p” In exp{a;k(To)} + 7 (exp{pt} - exp{pTO})
t—00 )

Using L'Hospital’s rule, we can obtain (x)* < p/a,. Since ¢ is arbitrary, we obtain

< Do o (4.14)
a

Rewriting equation (4.3) we have

/ s)ds<fu/ )ds—ﬂ+@
0 7} el ]

Ju Uo
— ds+ —.
< /0 x(s)ds + o

Combining this inequality with equation (4.14), we have (u)* < f,x/e; := u. This completes
the proof. d

Remark 4.4 From Theorems 4.1-4.4, we can find that the feedback control is harmless to
the permanence of the species under the randomized environment.

5 Numerical simulation
In this section we use the Milstein method mentioned in Higham [29] to substantiate the
analytical findings. For system (1.3), consider the discretization equation:

Kpe1 = X + Xk [F(kAL) — a(kAL)xy — c(kAL)ur | At + o (KAL) xi Atég
+0.502(kAt)xi (EF At — At),
Uk = Ui — e(kAug + f(kAL)xy,

where & is a Gaussian random variable that follows N(0,1).
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Figure 1 Extinction.
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Figure 3 Persistent in the mean of x (the left figure) and persistent in the mean of u (the right figure).

In Figure 1, we choose r(t) = 1 + sint, a(t) = 0.2 + 0.2sint, 02(¢£)/2 = 1.5 + 0.5sin¢, c(¢) =
1+sint, e(t) =1+ cost, and f(£) = 1 + cos +/3¢. Then it is easy to obtain (b)* = —0.5 < 0 and

t
this.

/. 7 g(s)ds =1 > 0. In view of Theorem 4.1, x and u will go to extinction. Figure 1 confirms

In Figure 2, we choose r(t) =1 +sint, a(t) = 0.2 + 0.2sin¢, 6%(¢)/2 = 0.5 + 0.5 sin¢, c(t) =
1+sint, e(t) =1+ 0.5cost, and f(£) = 1 + cos +/3t. Then the conditions (b)* = 0.5 > 0 and

e; = 0.5 > 0 are valid. By virtue of Theorem 4.3, x will be weakly persistent in the mean.

This can be seen from Figure 2.
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In Figure 3, we choose r(t) = 1 + sint, a(t) = 0.2 + 0.1sin¢, 0%(¢)/2 = 0.5 + 0.5sin¢,
c(t) = 0.15 + 0.05sint, e(t) = 0.75 + 0.25cos ¢, and f(£) = 0.2 + 0.1cos +/3¢. Then it is easy
to obtain (b)*=0.5>0,a,=0.1,a,=0.3,¢,=0.1,¢,=0.2,¢,=0.5,¢,=1,£,=0.1, f, =0.3.
Consequently, we have x = 1.1904, x = 4.8810, u = 0.1190, and u = 2.9286. Applying The-
orem 4.4, x and u will be persistent in the mean. Figure 3(a) and (b) confirms this.

6 Future directions

Recently, some scholars studied some interesting problems, such as model with jumps (see
[30, 31]) and model with time delay (see [32, 33]). It is an interesting question to investigate
the dynamics property of the stochastic species systems with feedback control, jumps, and
time delay. This will be our future work.
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