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Abstract

By considering the Dirichlet boundary condition x(0) = x(1) = 0, we say that

g € L'[0,1]is a non-degenerate potential if the ordinary differential equation

x" 4+ q(t)x = 0 has only the trivial solution x(t) = 0 which verifies the boundary
condition. Starting with a non-degenerate positive constant potential B, in this paper,
we will apply the Pontryagin maximum principle (PMP) in optimal control theory to
find the optimal bound r = r(A, B) for any A € [-00, B) such that any potential

g € L'[0,1] satisfying A < g < Band f[o,u q(t) dt > r(A, B) is necessarily non-degenerate.
Such a non-degeneracy problem can be considered as the dual problem in a series of
papers by Lietal.

Keywords: non-degenerate potential; eigenvalue; optimal control; Pontryagin
maximum principle; boundary value problem

1 Introduction
Let us introduce the notion of non-degenerate potentials by considering the Dirichlet
boundary condition.

Definition 1 Let g € L'[0,1] be an integrable potential. If the following problem

x"+qt)x=0, tel0,1], 1)
x(0) =x(1) =0, (2)

has only the trivial solution x = 0, we say that q(t) is a non-degenerate potential, or problem
(1)-(2) is non-degenerate.

If problem (1)-(2) is non-degenerate, then, for any 4 € L![0,1], by the Fredholm alterna-
tive principle, the inhomogeneous equation

£ +q(t)x=h(t), tel0,1],

has a unique solution x(¢) verifying boundary condition (2). Thus one can also say that

problem (1)-(2) is non-resonant or invertible, as seen from different literature sources.
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Non-degenerate potentials are very important in many problems. For example, it is well
known that non-degenerate potentials play an important role in the solvability of bound-
ary value problems of semilinear differential equations [1-8]. The maximum and anti-
maximum principles for various boundary value problems are also related with non-
degenerate potentials [9-12]. More importantly, in recent years, it was found that the
solvability, the exact multiplicity and the stability of solutions of several interesting classes
of superlinear differential equations of the Landesman-Lazer type or of the Ambrosetti-
Prodi type can be obtained from the characterization of non-degenerate potentials [1, 2,
13-16].

All of these applications are based on explicit construction of non-degenerate potentials.
To describe some known classes of non-degenerate potentials, let us use

Mg <A@ <+ <Amlg) <+

to denote all eigenvalues of
i+ (A+q@)x=0 (3)

with boundary condition (2). Then the non-degeneracy can be explained using eigenvalues
as follows.

Lemma 2 For q € L'[0,1], problem (1)-(2) is non-degenerate if and only if 1,(q) # O for all
m e N.

Throughout this paper, denote
U = A(0) = mm)?, meN,

the eigenvalues of problem (3)-(2) with zero potential g = 0. Then a constant potential g =
¢ € Ris non-degenerate if and only if ¢ # u,, for all m € N. Moreover, by the comparison
results for eigenvalues, it is well known that if g satisfies

M1 < g < [hn (4)

for some n € N, then g is non-degenerate. This is a trivial, but frequently used, class of non-
degenerate potentials. Here 4 is understood as —00, and q; < ¢, means that q; (t) < g»(¢)
for all £ € [0,1] and ¢;(¢) < g2(¢) on some subset of [0, 1] of positive measure.

Because of Lemma 2, it is not an easy task to explicitly characterize non-trivial classes of
non-degenerate potentials. However, in the study of semilinear ordinary differential equa-
tions, Li and his collaborators have applied the Pontryagin maximum principle (PMP) in
the optimal control theory to construct several useful classes of non-degenerate potentials
of (1) with respect to various boundary conditions like the Dirichlet, the Neumann, and the
periodic boundary conditions. See [3, 4, 6, 7]. Their main results, by taking the Dirichlet
boundary condition as an example, are as follows. For —oo < A < B < +00, denote

Qup:={q€L'0,1]: A <q(t) <Bae.t€[0,1]}.
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Starting with a non-degenerate constant potential g = A € (w,, jt441) for some n € N, for
any B € [p,,1, +00), the optimal bound R(A, B) has been found so that any g € Q4 p satis-

fying
1
/ q(t)dt < R(A,B)
0

is a non-degenerate potential of problem (1)-(2). In fact, the bound R := R(A, B) € (A, tty41]

is uniquely determined by the following equation:

1 VBR-A 1t VA B-R

t~— = = .
VB oM B-A Ja " mB-A

(5)

Moreover, by letting

A
R(A, +00) := Blim R(A,B) = A +2ntan 2£,
— +00 n

R(A, +00) is the corresponding optimal bound so that potentials g € 4, satisfying

fl q(t)dt < R(A, +00)
0

are also non-degenerate.

In [17], the second author of this paper has used some Sobolev inequalities to char-
acterize another important class of non-constant non-degenerate potentials for problem
(1)-(2) and its p-Laplacian counterpart. This class of non-degenerate potentials is used in
[9, 10]. It is worth mentioning that papers [18—20] on the Lyapunov-type inequalities are
also related with non-degenerate potentials.

In this paper, we study the following problem which can be considered as a dual problem

to that in (3, 4, 6, 7]. Given an upper bound
B € (i, fins1) for some n € N, i.e,n=[vB/7] €N. (6)

In case A € (u,, B), any g € Q45 is always non-degenerate. See condition (4). In the fol-

lowing we assume that
A € [~00, ] 7)

and consider potentials in €24 5. We aim at finding the optimal value r = r(A, B) such that

any q € Qg4 satisfying

/1 q(t)dt > r(A,B) (8)
0

is necessarily non-degenerate. The final results are as follows.

Theorem 3 Let B and A be as in (6) and (7).
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o For A € (0, u,], let
ri=1(A,B) € [wn A + n (B - A)/vB] C [1tn, B) 9)

be the unique solution of the following equation:

Vet Y2IA _ fian YA D (10
o For A € [-00,0], let
(A, B) := n /B = n~/B[v/B/n]. 11)
Then, for any q € Q4 p satisfying condition (8), we have
Mn(q) <0 < Anin(q), (12)

which implies that problem (1)-(2) is non-degenerate. Moreover, the bound r(A, B) is opti-
mal in the sense that there exists q € Q4 p such that

1
[ awae-ran
0

and q is degenerate.

One may compare equation (10) with (5). The results of Theorem 3 are obtained mainly
using the PMP. However, different from the arguments in [3, 4, 6, 7], we will extensively
apply the eigenvalue theory for problem (3). In fact, the non-degeneracy of potentials is
a consequence of the estimates (12) on eigenvalues which are also optimal in a certain
sense. Moreover, in order to prove the existence of the optimal control potentials for the
optimal control problems deduced from the non-degenerate potential problems, we find
that the (strong) continuous dependence of solutions and eigenvalues of (3) in potentials
(with weak topology) in [21] can simplify the arguments significantly. In these senses, the
present paper has given some simpler approach to the non-degeneracy problem.

The paper is organized as follows. At first, we introduce the Pontryagin maximum prin-
ciple in optimal control theory and establish the connection between non-degeneracy
problems and optimal control problems. Secondly, Theorem 3 is proved by solving equa-
tions in the PMP. Finally, we briefly consider non-degenerate potentials of (1) with the
Neumann boundary condition and point out that the class of potentials in Theorem 3 is
also non-degenerate with respect to the Neumann problem. As seen from applications
of non-degenerate potentials to nonlinear differential equations mentioned above, it can
be expected that the new class of non-degenerate potentials in Theorem 3 can lead to
interesting applications to semilinear and superlinear differential equations.

2 Control systems and the Pontryagin maximum principle

For our purpose, let us introduce the following class of optimal control problems [22].
A control system consists of four elements: state-control trajectory, final state, set of ad-
missible controls and cost functional.
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« the state-control trajectory (x, u) is characterized by a first-order ordinary differential
system

x=f(x,u(t),t), telto,t], (13)
with a known initial state
x(to) = xo, (14)

where x,xy € R”, u € R”;
« the final state is usually described by

g(x(tp) = 0, (15)

where g : R” — R¥ is a known function;
+ the set of admissible controls is described by

Uttty 1= {u(t) :u(-) is a piecewise continuous function on [fo, t]
such that u(¢) € U,, for all £ € [y, ] and

problem (13)-(14)-(15) has solutions x(t)}, (16)

where U,, C R™ is a known domain; and

+ the cost functional is a functional of u(-) € Uy, taking the following form:

J[u()] = / " L(x(t)u(e), ) db, (17)

to
where L(x,u, t) is a known function.
The optimal control problem is to find an admissible control u(-) € Uy, that max-
imizes the cost functional J[u(-)]. Suppose that the optimal control problem is solvable

and (x*,u*) is the optimal state-control trajectory . Then u* and x* can be characterized

by the Pontryagin maximum principle [22].

Theorem 4 (Pontryagin maximum principle) Consider the optimal control problem (13)-
(17), where Uy, C R™ is a closed bounded set. Suppose that

o f(x,u,2), fx(x, 14, 2), L(x,u,£), g(x), g«(X) are continuous; and

o f(x,u,t), fy(x,w, 1), Ly(X,,t) are bounded.

Let us introduce the Hamiltonian H by

Hx,w,t) =Lx,wt) + ¢y f(x,u,z), (18)

where € R”. If (w*,x*) is the optimal solution of the problem, then there exist a vector-
valued function r : [t, tr] — R" and a constant vector p € R" such that (x*(t), V (t)) satis-
fies the following Hamiltonian system:

{x*(n = S (0, w0,y (1), 1),
() = =6 @, w (0, v (0, 0),
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and boundary conditions

X*(t) =x0,  g(x*(%)) =0, (20)
T _ T ag(X*(tf))
V() =—p —ax (21)

Moreover, one has
H(x*(),u*(2), ¥ (¢)) = const.  Vt € [to, 1], (22)
and, at any t € [ty, ty] such that w*(-) is continuous at t, there holds

H(x*(),u*(0), ¥ (t)) = max H(x*(2),,v(2)). (23)

aely,

For problem (1)-(2), the construction of non-degenerate potentials g € 45 can be
stated as the following optimal control problem. By setting (x1,%2) = (x,%), equation (1)
is equivalent to the following system:

X1 = %, %9 = —q(t)x1, (24)

the initial condition can be taken as

(#1(0),%2(0)) = (0,1). (25)
The final state is
x1(1) = 0. (26)

The set of admissible controls is
SAZA,B = {q € Q4 g : problem (1)-(2) has nontrivial solutions}.

Finally, the cost functional on €2, 5 is

1 A
Tlql = /0 g0 dt, qeQup 27)

In the following we consider the case that A € (oo, u,,] is finite.

Lemma 5 The optimal control problem (24)-(27) associated with problem (1)-(2) has an

optimal control potential g* € Q4 p.

Proof Asq=p, € fZA,B, ScZA,B #{. Define

ri= sup Jlq] € [A, B].

qER4,8
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One has g; € Q 4,5 such that limy_, o J[gk] = 7. It is well known that the order-interval Q4 5
is a compact subset of L}[0,1] when the weak topology w; is considered. Since {gx} C
fZA,B C Q4 p, without loss of generality, let us assume that gy — g* in (L1[0,1], w;). Thus
q" € Q4.

Let x4 (¢), k € N, be solutions of

X+ qr(B)xe =0 in[0,1],

satisfying (x4(0), %%(0)) = (0,1). By the continuity dependence results of solutions on po-
tentials in [21], as k — 00, x converges in (C[0,1], || - || co) to x which is the unique solution
of

X+q"(t)x=0 1in[0,1],

satisfying (x(0),x(0)) = (0,1). Since xx(1) = O for all k, one has x(1) = 0. Since x # 0, we see
that g* € fZA,B. Finally, gx — ¢* in (L}[0, 1], w;) implies that J[g¢] — J[g*]. Hence J[g*] = 7,
i.e., g* is an optimal control. d

Lemma 6 Let g* € Q3 be the optimal control in Lemma 5. Define
rmm:f 4 (6)dt € (11,0 B) (28)
[0,1]

Then any potential q € Q4 p satisfying (8) is non-degenerate with respect to problem (1)-(2).

Proof Suppose that g € Q45 satisfies (8). If problem (1)-(2) has non-trivial solutions, one
would have g € fZA,B and J[g*] = Uy, 5 Jg] = J[q), a contradiction with (8).

Since g = B € Q4,5 is non-degenerate, one has g* < Band r(4, B) < B. On the other hand,
as g = W, € Q4,5 is degenerate, one has r(A, B) > J[i1,] = i, These have given the bounds
(28) for r(A, B). O

3 Construction of non-degenerate potentials for the Dirichlet problem

In this section, we apply the PMP to find the optimal control g* and complete the proof of
Theorem 3. To this end, we need only to take n = 2, m = k = 1. From the settings (24)-(27),
let us take

fm%n=(”),
—qx1

< ()

0 = 1 )

g(x) = X1,
L(X, 9, t) =q,
U, =[A,B]CR.

Then the Hamiltonian (18) in the PMP is

H=q+ wa(x, q,t) = q + Yxy — Yogxy, where ¢ € R2. (29)
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Let g* € Q4,5 and (x],%3) be the optimal solutions. Then (19)-(21) in the PMP read as

=, k=g (Ox, (30)

1 = q" ()Y, Yo =Y, (31)

x*(0) = (0) L x)= (°> , (32)
1 v
N
v - < ! ) (33)

where u, v € R are some constants.
Note that system (31) is essentially the same as (30). In fact, both x{(¢) and ¥ (¢) are
solutions of the following equation:
j+q*(t)y=0, tel0,1]. (34)
Moreover, from (32) and (33), one has
(%11, (1)) = (0,v) and  (Y2(1),¥>(1)) = (0, ).
Thus there exists a constant ¢ such that

Vo) =cxf(t) and yYi(f) =-cx5(t), t<][0,1]. (35)

Recall that eigenvalues 2,,(q) of problem (3)-(2) have the following comparison proper-
ties:

7;€L'0,1], q1<q2 = Iwm(q)>Arm(g2) forallmeN,
and
i €L'01], qu<q = (@) >ru(q) forallmeN,

where ¢q; < ¢, means that q; < ¢, and ¢;(£) < g2(£) on some subset of [0,1] of positive
measure. It is trivial that

MA@ +¥)=Am(q@) -y
for any constant y, we see that condition B € (i, t,41) is equivalent to

An(B) <0 < Api1(B). (36)
As for the optimal potential 4* in Lemma 5, one has the following results.
Lemma 7 The optimal control potential q* in Lemma 5 must satisfy r,(q*) = 0. Conse-

quently, as an eigenfunction, x;(t) has precisely (n + 1) zeros in [0,1],say 0 =ty <t; <--- <
t,=1.
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Proof Since g* € QA,B, one has %,,(g*) = 0 for some m € N. As g* < B, by the comparison
results for eigenvalues, one has X,,,1(¢*) > X,41(B) > 0. Thus m < n.

We assert that m = n and hence one has A,(g*) = 0. Otherwise, assume that m <n - 1.
Denote

q. =(1-1)g" +tBeQup 1€[0,1].

One has A,(q0) = Au(q") > Am(q*) = 0 and A,(q1) = A,(B) < 0. By the continuity of X,(q.)
in 7, there exists 7y € (0,1) such that A,(g,,) = 0. Since g, € fZA,B and

f qro(t)dt>/ q*(t) dt,
[0,1] [0,1]

it is a contradiction with the optimality of g*. O

In order to deduce the optimal potential g*, we will use properties (22) and (23) in the
PMP. For simplicity, we write

y(8)=x1(2), te(0,1],

which is a solution of problem (34)-(2) and satisfies (y(0),7(0)) = (0,1).
By (29) and (35), H takes the following form:

H(x*(£),q,¥(8)) = q + Y (6)x5(8) — gy ()} () = (1 - cy*(8))g - ¢ (2) =: G(t, q),

where g € [A, B]. When ¢ is fixed, as a function of g € [A, B], G(¢, g) attains its maximum
at

B if 1 —cy?(t) > 0,
g=14 if 1—cy?(t) <0,
€[A,B] ifl-c¢)*(t)=0.

From (23), we conclude that, at any ¢ € [0,1] such that g*(-) is continuous at £, there holds

B if 1—cy?(t) > 0,
qgt)=14 if 1—cy(t) <0,
€[A,B] ifl-cy*(t)=0.

If ¢ < 0, we would have g* = B, which is impossible. Hence ¢ > 0. Let us denote
¢x = 1/4/c > 0. Then, at any ¢ € [0,1] such that g*(-) is continuous at ¢, one has

B if [y(8)] < ¢4,
gt =1A if [y()] > c., (37)
€ [A,B] if |y(2)]| = c..

Moreover, from (22), one has

H = (1-y*(8)/c?)q*(t) - 7 (¢)/c? = const. (38)
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Foreachi=0,1,...,n, as y(t;) = 0, one has |y(¢)| < ¢, on some (maximal) interval I; con-
taining #. By (37), ¢*(t) = B on I;. Thus (38) implies that B — y?(t;)/c? = const. Hence
(tis1) = —y(t;). Since y(to) is assumed to be 1, we conclude

(), 3(8)) = (0,(-1)), i=0,1,...,n. (39)
Moreover, on [;, y(t) satisfies

y+By=0.
Using conditions (39), we know that, on ;, y(¢) is given by

sin(v/B(t - t;))

75 (40)

y(8) = (-1)
Let us introduce

Ji={te(0,1): [y(t)] = c.}.

Then J is a closed set contained in (0,1). Note that ¢g*(¢) = B on [0,1]\J and ¢* # B. Thus

J # @ and J consists of closed intervals
7= (41)

where J; = [£;, ;] C (0,1) may shrink into a single point. However, as g* # B, at least one of

Ji’s is a non-trivial closed interval.

Lemma 8 The number of intervals J;’s in (41), including the degenerate ones, is precisely n.
Moreover, by labeling J; according to the order in R, one has J; C (t;i_1,t;) fori =1,2,...,n,
where t;’s are as in Lemma 7.

Proof Note thatt; ¢ J foralli=0,1,...,n. Thus
JC U(ti—bti)~
i=1

Step 1. Foreach i =1,2,..., n, we assert that (¢;_1, ;) contains at most one interval /; from
(41).

Otherwise, we would have two neighboring intervals [£, 7] and [£,7] from Ji’s such
that ;1 <& <n<& <#H <t and ly(£)| < cx on (n, ). Since y(¢) does not change sign in
(¢i-1,t;), let us assume that y(n) = y(é) =¢, and 0 < y(¢) < ¢, on (n,€). Then, on (1,€),
y(t) = —q*(£)y(t) = —By(t) < 0 and y(¢) is strictly concave. Hence we would have y(£) > ¢,
on (1, €), a contradiction.

Step 2. Let J; = [, n] be any interval from (41) such that J; = [, 5] C (¢-1, ). For £ € [n, t],
y(2) is given by (40). Thus ¢, = |y(n)| < 1/+/B.

Step 3. For each i = 1,2,...,n, we assert that (¢;_1,#;) contains precisely one interval J;
from (41).
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Otherwise, from Step 1, let us assume that (¢;_1, ¢;) contains no J; from (41). Thus [y(¢)| <
¢« on (ti_1,t;). On [t;_1,¢], y(¢) is given by (40). As y(t;_1) = 0, we have from (40) that ¢; —
tiq = w/~/B. Thus ¢, > ly((tie + £)/2)] = 1/+/B, a contradiction with the result on ¢, in
Step 2. g

Fori=1,2,...,n, denote J; = [§;, n;] C (ti_1,¢;). We have obtained the following formulas:

g (t)=B forte(tii,&U[nitl, (42)

(1Bt for e [1,8)

() = (-1 sn/Be-i) "
B

fort e [7’],‘, ti].

These give g*(t) and y(£) on [0,1]\/. Moreover, as |y(&;)| = [y(n;)| = ¢+, we have from (43)
%-i_ti—lzti_niffx i=1,2,,..,l’1, (44)

where 7 = arcsin(c,~/B)/+/B > 0 is a constant. Note that T < 7/2+/B.

In order to construct g*(£) and y(¢) on J, we need to distinguish two cases.

Case 0 < A < . Let us first consider a non-trivial interval from Js, say /1 = [&,m],
where & < n;. Since g* > A > 0, equation (34) implies that y(¢) is strictly concave on [to, t1].
Thus y(t) > c. = y(61) = y(m) on (&1, m). By (37), one has

q*(t) = A’ te (gl’ 771)~ (45)
Since y(¢) satisfies

y+Ay=0
on (&1, m), y(t) is symmetric with respect to ¢ = (£, + m1)/2 and

y(t) = Ceos(VA(t - (& +m)/2)), teELm), (46)

where C # 0 is some constant. In order for () to be C! on [f, #], it is necessary and
sufficient that

(&4, 3E1+) = (V&) 7(61-)).

By formulas (43) and (46), this is
VBeot(v/Br) = VA tan(«/zuz—ﬂ), (47)

where 7 is as in (44). Hence the length |/1| = 1 — & is uniquely determined by the param-
eter 7.

Next, for any i, it follows from (43) and (44) that J; = [§;, n;] has the same length with
|/1]. Hence t; — ¢,y = 1/nfor all i, i.e., t; = i/nfor i = 0,1,..., n. By using the parameter 7 in
(44), one has then |J;| =1/n - 2.
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Finally, let us introduce the following parameter:
o :=2nt € (0,n7/v/B] C (0,1). (48)

Then |J;| =1/n - 27 = (1 — «)/n and equation (47) reads as

V/Beot o/B = +/Atan w. (49)
2n 2n

When A and B are fixed, it is easy to verify that equation (49) has a unique solution
o = (A, B) in the interval (48) for «. In fact, one has 0 < «(4, B) < n7/+/B in this case.
Moreover, g*(t) is determined by (42) and (45).

Lemma 9 Suppose that B is as in (6) and A € (0, u,). Then the optimal control potential
q* € Qap is unique. Moreover, one has q*(¢t) = q*(¢ — (i — 1)/n) for all ¢t € [(i — 1)/n,i/n],
where i=1,2,...,n, and q*|[0,1/x) is given by

B forte[0,a/2n]U [1/n—a/2n,1/n],

(50)
A forte(al2nl/n-al2n),

q*(t) =

where o = a(A, B) € (0,n7/~/B) is the unique solution of equation (49).

Case A < 0. Denote J; = [£;,1;] C (ti_1,t;). At first, we assert that y(t) = (-1)"*!c, on J,.
This is trivial when &; = 5,. In the following, we assume that &; < »,. If y(¢) is not constant
on J;, one would have a non-trivial subinterval (&£, ) C [&;, ;] such that

(-)*'y(t)>c. on(&,n), and (-)*y(&) = (1)) = c,. (51)

Then, on (§,n), it follows from (37) that g*(£) = A < 0 and from equation (34) that
(-1)95(¢) = —A(-1)*1y(£) > 0. Thus (-1)*1j(¢) is non-decreasing. However, (51) implies
that (-1)*19(£) > 0 and (-1)"*'j(n) < 0. Therefore (-1)*j(¢) = 0 and y(¢) is constant on
(&;,n;), a contradiction with assumption (51).

Next we assert that

y&) =0 Vte];=I[&nl (52)

In fact, for any ¢ € J;, one has (—l)i*ly(t) = maxse(ti_l,ti)(—l)i*ly(s). Hence one has (52).
Finally, from (43), (44) and (52), one knows that t satisfies cos(v/Bt) = 0. Hence

= 7/2+/B. (53)
Moreover, as (-1)*1y(t) = ¢, on (§;,1;), we obtain from equation (34) that
q*(t) :01 te (gir ni),i:1,2,...,n. (54)

Lemma 10 Suppose that B is as in (6) and A € (—00,0]. Then the optimal control potential
q* € Q45 is not unique. By letting

o = a(A,B) :=2nt = n/VB € (0,1), (55)
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one optimal control potential q* can be chosen so that q*(t) = q*(t — (i — 1)/n) for all t €
[((G=1)/n,i/n], where i=1,2,...,n, and q* [0, is given by

0 - {B fort € [0,e/2n] U [1/n - a/2m1/n], 56)

0 forte(a/2nl/n—-al2n).
Here formulas (55) and (56) are deduced from (53) and from (42), (54), respectively.

Proof of Theorem 3 Case 1: A € (0, iu,,]. From Lemma 9 and formula (50), one has

1 1/n
r(A,B) = /0 q(t)dt = n/o q*(t)dt =(1-a)A +aB, (57)

where « = a(A, B) is the solution of equation (49). By letting r = r(A, B), one has from (57)
thata = (r— A)/(B—A) and 1 — & = (B —r)/(B — A). Substituting into (49), we know that
r = r(A, B) satisfies equation (10). Moreover, one has from Lemma 6 that r > u,, and from
(48) that r = A + (B — A) < A + n (B — A)/+/B. Hence r is inside the interval (9) in this
case.

Case 2: A € (—00,0]. From (55) and (56), one has

1/n
r(A,B) = n/ q*(t)dt = nB(a/n) = n~/B.
0

This is (11).
In these two cases, denote

1
SVZA,B = {q € L'0,1]:A < g(t) <Ba.e.t€[0,1], and / q(t)dt > r(A,B)}.
0

Lemma 6 asserts that any g € QA,B is non-degenerate. In fact, as QA,B is a convex set con-
taining B, for any g € QA,B, one has (1-s)g+sB € QA,B for s € [0,1]. By Lemma 2,

Am(s):=Am((1—5)g+sB) #0 Vse[0,1],YmeN.
As continuous functions of s, one has then
0<ALO0)A,Q) = Ap(@rn(B) VmeN.

Thus A,(g) and X,.,1(g) have the same signs as those of 1,,(B) and A,,1(B), respectively. Due
to (36), we obtain (12).

Moreover, the optimality of r(4,B) follows from Lemmas 5 and 6, by simply taking
a=q".

Case 3: A = —o0. In this case, one has Q_q, 5 D Q24,5 for any A € (—00, 0]. By the meaning
of (00, B), one has r(—o0, B) > r(0, B) = n+/B.

On the other hand, suppose that g € Q2_. 3 satisfies

1
£:= / q(t)dt > nm/B. (58)
0
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Since g < B, one has
)‘-n+1(q) = )\n+l(B) > 0. (59)
For any A € (-00,0), define

Ey:= {t € [0,1] : gq(2) <A},

q(t) forte[0,1]\E,,

t):=
44 (1) {0 fort e Ey4.

Then g4 > q and g4 € Q5. Let 0 < & < £ — nw+/B be a constant. See (58). Then g4 — ¢ €

QA—E,B and
1 1
/ (qA(t)—s)dtZ/ qt)dt —e =€ —¢ >nw/B.
0 0

Thus g4 — ¢ € QA_S,B. From inequality (12), for g4 — &, we know that

An(qa —€) =Ay(qa) + € <0. (60)

When A | —00, the measure of E4 tends to 0 and ||g4 — gl — 0. Therefore
)"n(q) = lim )‘«n(qA) <-e<0.
Al-oc0

See (60). Combining with (59), we know that g also satisfies (12). Thus r(—oo,B) <

nm+/B. O

Remark 11 Let B be as in (6). For the case A = —00, Theorem 3 means that any potential

in

v

Qcopi= {q €L'00,1] : q(¢t) <Ba.e. t € [0,1], and
1
/ q(t)dt > r(-00,B) = nn@}
0

is non-degenerate. Note that these non-degenerate potentials q(t) may be unbounded from

below.

Let us fix B as in (6) and consider r(A4, B) as a function of A € (-00, ,,]. From equation
(10), it is easy to prove that r = r(A, B) is continuous and non-increasing in A. Moreover,
one has (i, B) = i, = (nm)?. As a function of A, the graph of r(4, B) is as in Figures 1
and 2.

4 Non-degenerate potentials for the Neumann problem
For equation (1) with the Neumann boundary condition

#(0) = %(1) = 0, (61)
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Figure 1 The bound r(A, B) with the choice
B=20 € (p1, ;2). Solid: r =r(A,B), dashed: r = 8.

r(A,B)

Figure 2 The bound r(A, B) with the choice 70(B)F—-- T e T T T
B=70 € (pa, 13). Solid: r =r(A, B), dashed: r = 8. esl
60t
55t 1
50t - 1

40}

r(A,B)
|
|

5 . . . . . . . . .
3:'1 0 -5 0 5 10 15 20 25 30 35
A

the non-degenerate potentials can be defined similarly as in Definition 1. Given a potential

q € L'[0,1]. The eigenvalues of problem (3)-(61) are

~ A A A~

ho(q) <h(@) < <Aplg) <---, mlirgwkm(q) = +00. (62)
Note that
Qo = Am(0) = (mm)?, meZ" :={0}UN. (63)

One has [1,,, = u,, for m € N.
By the approach in the preceding sections, for the Neumann problem, the results are as

follows.

Theorem 12 Let B and A be as in (6) and (7), where n € N. By letting r(A, B) and QA,B
be as those for the Dirichlet problem, any q € S24 g is also non-degenerate with respect to
problem (1)-(61).

For the Neumann problem, one has the zeroth eigenvalue. See (62) and (63). This leads
to the following problem. Suppose that B and A are such that

0<B<u, A<O. (64)

What is the optimal lower bound r(A4,B) for fol q(t)dt so that any g € Q4 is non-

degenerate?
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Theorem 13 Let B and A be as in (64). Then r(A,B) = 0. That is, any q € Q4 g satisfying

/ 1 qt)dt >0 (65)
0

is a non-degenerate potential of problem (1)-(61). Moreover, the lower bound 0 in (65) is
optimal.

Proof This theorem is simply a restatement of some classical results. In fact, for any g €
L'0,1], it is well known that

1
folg) < - /0 4(t) dt.

See [17]. Under assumption (65), one has Xo(q) < 0. On the other hand, for any g € Q4 3, as
q < B, one has )Aq(q) > (B) = 1 —B > 0. See assumption (64). Thus g is a non-degenerate
potential of problem (1)-(61).

As for the optimality, one needs only to notice that the zero potential g = 0 € Q43 is
degenerate with respect to problem (1)-(61). O
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