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1 Introduction
In the recent years, fractional differential equations have played an important role in many
fields such as physics, electrical circuits, biology, control theory, etc. (see [1-9]). Recently,
many scholars have paid more attention to boundary value problems for fractional differ-
ential equations (see [10-25]).

In [10], by means of a fixed point theorem on a cone, Agarwal et al. considered a two-
point boundary value problem at nonresonance given by

D, x(t) + £ (¢,%(¢), Dy, x(£)) = 0,
x(0)=x(1) =0,

where 1 <o <2, u > 0 are real numbers, o — i > 1 and D, is the Riemann-Liouville frac-
tional derivative.

By using the coincidence degree theory, Bai (see [20]) considered m-point fractional
boundary value problems at resonance in the form

D& u(t) =f(t,u(t), Di u(t)) +e(), 0<t<l,
B u(®)lio =0, u(l)= Y7 Buulny),

where 1 < @ < 2 is a real number, B; € R, n; € (0,1) are given constants such that
Z:";Iz ,Bm{”’l =1, and D, I§, are the Riemann-Liouville differentiation and integration.
Moreover, the existence of solutions to a coupled system of fractional differential equa-
tions have been studied by many authors (see [26—33]).
In [28], relying on Schauder’s fixed point theorem, Ahmad et al. considered a three-
point boundary value problem for a coupled system of nonlinear fractional differential
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equations at nonresonance given by

D u(t) =f(¢, V(t),D€+ v(t)), O<t<l,
Db v(t) = g(t,u(t), DL u(t)), 0<t<1,
u(0)=0,  u(@)=yulm), v0)=0,  vQ1)=yv(n),

where 1<a,8<2, 9,4,y >0,0<n<l,a-g>1,B8-p>1,yn* <1, ynf1<1,Dis
the standard Riemann-Liouville differentiation and f,g : [0,1] x R x R — R are given
continuous functions.

In [33], by using the coincidence degree theory due to Mawhin, Jiang discussed the ex-
istence of solutions to a coupled system of fractional differential equations at resonance

Dg+ u(t) :f(t’ V(t):Dg+ V(t))’ ”(0) =0, Dg+ M(l) = Z?:l “iDg+ M(Si)’
DEv(t) = g(t,ut), Dl u®),  v(0)=0,  D)v(1) =" aD}v(n),

where t € [0,1], 1<, 8<2,0<y <a-1,0<8<B-1,0<& <& < <E,<,0<m <
Ny <--- <Ny <1l

The turbulent flow in a porous medium is a fundamental mechanics problem. For study-
ing this type of problems, Leibenson (see [34]) introduced the p-Laplacian equation as
follows:

(8 (x(2))) =£ (£, 5(2), x(2)),

where ¢,(s) = |s|?~2s, p > 1. Obviously, ¢, is invertible and its inverse operator is ¢,, where
q >1is a constant such that 1% + % =1

In the past few decades, many important results relative to a p-Laplacian equation with
certain boundary value conditions have been obtained. We refer the reader to [35-38] and
the references cited therein. We noticed that ¢, is a quasi-linear operator. So, Mawhin’s
continuation theorem is not suitable for a p-Laplacian operator. In [39], Ge and Ren ex-
tended Mawhin’s continuation theorem, which is used to deal with more general abstract
operator equations.

Motivated by all the works above, in this paper, we consider the following boundary
value problem (BVP for short) for a coupled system of fractional p-Laplacian equations

given by

D, ¢ (Dgu(t)) = £ (&, v(®), DY (1)), L€ (0,1),
Dy, ¢p(D). () = g(t, u(t), D% u(t)), te(0,1), 1.1)
D&, u(0) = D%, u(1) = D}, v(0) = D}, v(1) = 0,

where D3, D'gﬂ D}, D), are the standard Caputo fractional derivatives, 0 <@, 8,8,y <1,
l<a+B<2,1<8+y<2andf,g:[0,1] x R? — R is continuous.

The rest of this paper is organized as follows. Section 2 contains some necessary no-
tations, definitions and lemmas. In Section 3, we establish a theorem on the existence of
solutions for BVP (1.1) under nonlinear growth restriction of f and g, based on the ex-
tension of Mawhin’s continuation theorem due to Ge (see [39]). Finally, in Section 4, an
example is given to illustrate the main result.
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2 Preliminaries
In this section, we introduce some notations, definitions and preliminary facts which are
used throughout this paper.

Definition 2.1 Let X and Y be two Banach spaces with norms || - ||x and || - ||y, respectively.

A continuous operator
M:XNdomM — Y

is said to be quasi-linear if
(i) ImM := M(X NdomM) is a closed subset of Y,
(i) KerM :={X NdomM : Mu = 0} is linearly homeomorphic to R”, n < oco.

Definition 2.2 Let X be a real Banach space and X C X.The operator P: X — X is said to
be a projector provided P2 = P, P(Ayx; + Aaxo) = A P(x1) + Ay P(x) for x1, %5 € X, A, Ay €R.
The operator Q: X — X is said to be a semi-projector provided Q? = Q.

Definition 2.3 ([39]) Let X = KerM and X be the complement space of X in X, then
X =X ®X. On the other hand, suppose that Yisa subspace of Y and Y is the complement
space of YinYsothat Y=Y @ Y.Let P: X — X bea projectorand Q: Y — Y be a semi-
projector, and let Q C X be an open and bounded set with origin 6 € 2, where 0 is the
origin of a linear space.

Suppose that N, : @ — Y, A € [0,1] is a continuous operator. Denote N by N. Let X; =
{u € Q: Mu = Nyu}. N is said to be M-compact in Q if there is Y C Y withdimY =dimX
and an operator R :  x [0,1] — X continuous and compact such that for A € [0,1],

(I-QN,(Q) cImM C (I-Q)Y, (2.1)
QNx=6, 2e(0,1) & QNx=6, (2.2)
R(-,0) is the zero operator and R(-, A)|5, = (I - P)|s,, (2.3)
M[P+R(,1)] = - QN;. (2.4)

Lemma 2.1 ([39], Ge-Mawhin’s continuation theorem) Let X and Y be two Banach spaces
with norms || - ||x and || - ||y, respectively. Q C X is an open and bounded nonempty set.
Suppose that

M:XNdomM — Y
is a quasi-linear operator and
N, :Q—Y, rel0,1]

is M-compact in Q. In addition, if

(C1) Mx #Nyx,V(x,1) € (domM N IR) x (0,1),
(C2) QNx #0, forx € domM NI,
(C3) deg(JON,KerM N £,0) #0,
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where N =Ny and ] : Y - Xisa homeomorphism with J(0) = 0, then the equation Mu = Nu
has at least one solution in Q.

Definition 2.4 The Riemann-Liouville fractional integral operator of order « > 0 of a

function x is given by

Igox(t) = ﬁ /0 (t = )" tx(s) ds,

provided that the right-hand side integral is pointwise defined on (0, +00).

Definition 2.5 The Caputo fractional derivative of order « > 0 of a continuous function

x is given by

d"x(t)

D.x(¢) = Ig:a TR

— 1 ! _ n—a-1,,(n)
7F(n—a)/(;(t s) x"(s) ds,

where 7 is the smallest integer greater than or equal to «, provided that the right-hand

side integral is pointwise defined on (0, +00).
Lemma 2.2 [40] Assume that D,x € C[0,1], a > 0. Then

I§. DG x(t) = x(2) + co + a1t + Cot? + -+ 7

Do) . .
2O ;=0,1,2,...,n -1, here n is the smallest integer greater than or equal

il

where ¢; = —

to «.
Lemma 2.3 [40] Assume that a >0 and x € C[0,1]. Then
Dy I () = x(2).

In this paper, we denote Y = C[0,1] with the norm [|ylly = [¥llec, X1 = {x[%, D.x € Y}
with the norm |x|x; = max{[|x[lc, [D§+*llc} and X, = {x|x,Dg+x € Y} with the norm
ll%]lx, = max{[|%[loos D)+ ]loc}, Where [[x]|oo = max;ejo, [(£)|. Then we denote X = X; x X,
with the norm ||(«,v)|x = max{||u||x,, IVlx,} and Y = Y x Y with the norm ||(x,9)|y =
max{||x||y, [|y]ly}. Obviously, both X and Y are Banach spaces.

Define the operator M; : domM; C X; — Y by

Mlu = Dg+¢p(Dg+M),
where
domM, = {u € X|D}. ¢(D%.u) € Y, DG.u(0) = D§,u(1) = 0}.

Define the operator M, : dom M, C Xy — Y by

Mayv =D, ¢,(Dh.v),
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where
dom M, = {v € X,|D}y. ¢, (D)) v) € Y, D}, v(0) = D} v(1) = 0}.
Define the operator M : domM C X — Y by
M(u,v) = (Myu, M), (2.5)
where
domM = {(u,v) € X|u € domM,,v € domM,}.
Define the operator N : X — Y by
N(u,v) = (va,Nzu),
where N': X, - Y
N'w(t) = f (&, v(£), D). v(t))
and N?2:X; > Y
N?u(t) = g(t, u(t), D§. u(?)).
Then BVP (1.1) is equivalent to the operator equation
M(u,v) = N(u,v), (4,v) € domM.

3 Main result
In this section, a theorem on the existence of solutions for BVP (1.1) will be given.

Theorem 3.1 Letf,g:[0,1] x R? — R be continuous. Assume that

(Hi) there exist nonnegative functions p;, q;,r; € C[0,1] (i = 1,2) with

1 2071, 2°71Q,
T+ (y +1) ((r(a Ty Rl) ((F(a Ty R2> <1 3.1)

such that for all (u,v) € R%, t € [0,1],

f (&, u,v)| < pr() + u(O)[ul ™ + n (@) vl
and
gt w,v)| < pa®) + () |ul ™ + ra (D) VP,

where P; = ||pilloo, Qi = |qilloc, Ri = lIrilloo (i =1,2);

Page 5 of 14
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(Hy) there exists a constant B > 0 such that for all t € [0,1], |u| > B, v € R either
uf (t,u,v) >0, ug(t,u,v)>0
or
uf(t,u,v) <0, ug(t,u,v) < 0.
Then BVP (1.1) has at least one solution.

In order to prove Theorem 3.1, we need to prove some lemmas below.

Lemma 3.1 Let M be defined by (2.5), then

Ker M = (Ker M1, Ker M) = {(u, v) € X|(u,v) = (a,b),a,b € ]R}, (3.2)

ImM = (Im My, Im M)
S 1
= {(x,y) € Y’ / 1 -s)x(s)ds = 0,/ 1 —s) " y(s)ds = O}, (3.3)
0 0
and M is a quasi-linear operator.
Proof By Lemma 2.2, Myu = D§+ ¢»(D§. u) = 0 has the solution

dolco) .
s = a(Dh o),

u(t) = u(0) + Ig: ¢q(co) = u(0) +
which satisfies

Dieu(t) = ¢4(co)-
Combining with the boundary value condition D, #(0) = 0, we have

KerM; ={ueXjlu=a,a e R}.
For x € Im M;, there exists u € dom M; such that x = Mu € Y. By Lemma 2.2, we have

DS ult) = ¢y (I8 x(0) + co)

:¢q<%ﬁ)/(; (t—s)ﬁ‘lx(s)ds+co).

From the condition D, %(0) = 0, one has ¢y = 0. By the condition D{. u(1) = 0, we obtain
that

1
‘/0 (1-s)#x(s)ds = 0. (3.4)

Page 6 of 14
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On the other hand, suppose that x € Y and satisfies fol (1—s)Px(s)ds = 0. Let u(t) =
Ig. qbq(lgw(t)), then u € domM;. By Lemma 2.3, we have D, u(f) = x(¢). So that x € Im M.
Then we have

1
ImM; = {xe Y‘/ (1 —s)Px(s)ds = O}.
0

Then we have dim Ker M; =1 and M;(domM; N X;) C Y closed. Therefore, M; is a quasi-

linear operator. Similarly, we can get

KerM, ={ve X,|lv=>b,b e R},

1
ImM, = {y € Y’ / (1-3s)"y(s)ds = O},
0

and M, is a quasi-linear operator. Then the proof is complete. g
Lemma 3.2 Let Q C X be an open and bounded set, then N, is M-compact in Q.
Proof Define the continuous projector P: X — X and the semi-projector Q:Y — Y

P(u,v) = (Pyu, Pyv) = (u(0), v(0)),

1 1
Q) = (Qix, Qay) = (ﬁ [0 (1= 5P Lx(s) ds, y fo (1= 5" y(s) ds>,

where X = KerM and Y = Im Q.

Obviously, ImP = Ker M and P*(u,v) = P(u,v). It follows from («,v) = ((u,v) — P(u,v)) +
P(u,v) that X = Ker P + Ker M. By a simple calculation, we can get that Ker M N KerP =
{(0,0)}. Then we get

X =KerM @ KerP:)?@)?.
For (x,y) € Y, we have
Q*(x,7) = Q(Qwx, Q29) = (Q}x, Q).

By the definition of Q;, we can get

1
Qx=Qu-p /0 (L= ds = Qux.

Similar proof can show that Q%y = Qyy. Thus, we have Q*(x,y) = Q(x, 7).

Let (x,7) = ((x,5) — Q(x, %)) + Qx, y), where (x,y) — Q(x,y) € Ker Q =ImM, Q(x,y) € ImQ.
It follows from Ker Q = ImM and Q*(x,y) = Q(x,y) that ImQ NTm M = {(0,0)}. Then we
have

Y=ImQ@dImM=YaY.
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Thus
dimX = dimKerM = dimImQ = dim Y.

Let  C X be an open and bounded set with (§,6) € Q. For each (u,v) € , we can get
QI[( = Q)N,.(&,v)] = 0. Thus, (I - Q)N,.(u,v) € ImM = Ker Q. Take any (x,y) € ImM in the
type (x,%) = ((x,7) — Q(x,9)) + Q(x,y). Since Q(x,y) = 0, we can get (I - Q)(x,y) € Y. So (2.1)
holds. It is easy to verify (2.2).

Furthermore, define R = (R;,R;) : © x [0,1] — X by

Rela 1)(6) = ﬁ /0 (t—s)“*«pq(%ﬂ) /O (s— 0 (- QINI(D)) dr) ds,

1 £ 1 §
RZ(V, )\)(t) = m /0 (t — 5)5_1¢q<m /(; (S — T)y_l((l — Qz)NflA(f)) dT) dS.

By the continuity of f and g, it is easy to get that R(x,v,1) is continuous on £ x
[0,1]. Moreover, for all (#,v) € €, there exists a constant T > 0 such that
max{|1§+ (I = QUNM(T)|, I}, (I - Q)N?u(z)]} < T, so we can easily obtain that R(R, 1)
is uniformly bounded. By the Arzela-Ascoli theorem, we just need to prove that R :
Qx[0,1] = X is equicontinuous. Furthermore, for 0 <t <t <1, (u,v,1) € Q x [0,1] =
(€4, 2) x [0,1], we have

|R(u, v, M) (t2) — R(u, v, 1)(81)|
= | (12 g (I8, (I = QUNMU(2)), by (I (I = QN2 u(2)))
— (I8 (15 (T = QONIV(®)), I3 g (I (I = QN ultr))) |
= (18- 0 (I8, (I = QUNI(82)) — I8 g (1L, (1 - QN W(11)),
Iy g (LY. (I = QNFu(ts)) — Iys g (14 (I — Q)N u(tr))) |

By |10, (I - Q))NIv| < T, we have

|12, g (I8, (I = QUNIU(8)) — I8 b (15. (I = QNI v(ty) ) |

<
~ IN'a)

/0 (12 = 9, (2.1 = QUNIVs)) ds

- / (6= 9"y (I (1 = QN v(s)) dis
0

T f 2
< dl)j]((a)) [/0 (b —8)* = (1 —5)* Lds+ /tl (£ —5)*7! ds:|

o1
_F(a+1)(t2_t1)'

Since ¢* is uniformly continuous on [0,1], so R; (2, 1) is equicontinuous. Similarly, we
can get 163+ ((I = Qi)N}v(t)) C C[0,1] is equicontinuous. Considering that ¢4(s) is uniformly
continuous on [-7, T], we have D&, R (21, 1) = Ig+ ((I - Q)NL(R)) is also equicontinuous.

So, we can obtain that R; ($2;,1) — )N(l is compact.

Page 8 of 14
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Similarly, we can get that Ry(Q2,1) — X, is compact. So, we can obtain that R : Q x
[0,1] —» Xis compact.

For each (4,v) € =, = {(u,v) € Q : M(u,v) = Ny(u,v)}, we have (Dg+¢p(Dg+u(t)),
D}, ¢p(D3.v(2))) = Ny (u(t), v(£)) € Im M. Thus,

Ry(u, A)(2) = %/o (t—s)"“lqbq(%ﬂ)/o (s—t)ﬂ_l((l—QﬂNiv(f))dt) ds

- s [ (s [ 607Dl 0 e ) s,

which together with D, #(0) = 0 yields that
Ri1t,2)(8) = u(t) — u(0) = [( - P)u] 0.

It is easy to verify that R;(u,0)(¢) is the zero operator. Similarly, we can get Ry(v,A)(£) =
[(Z = Py)v](¢) and Ry (v, 0)(¢) is the zero operator. So (2.3) holds.
On the other hand,

M[Pyu+ Ry, 1)|(8)
M[ﬁ [ (t—S)a_1¢q<%,3) | =0 - Qontvee) df) ds + u<0>]
= [( - QN})v](®).

Similarly, we have M, [Pyv + Ry (v, A)](£) = [({ — Qz)Nf)u](t). So, (2.4) holds. Then we have
that N, is M-compact in Q. The proof is complete. d

Lemma 3.3 Suppose that (H,), (H,) hold, then the set
Q; = {(u,v) € domM \ Ker M | M(u,v) = AN(,v), . € (0,1)}

is bounded.

Proof Take (u,v) € Q, then N(u,v) € ImM. By (3.3), we have

1
/ (1 -5)f (s, v(s), D v(s)) ds =
0
1
/ a- s)y’lg(s, u(s), Dg. u(s)) ds=0.
0

Then, by the integral mean value theorem, there exist constants &,7 € (0,1) such that
S v(E),D}.v(&)) = 0 and g(n, u(n), D.u(n)) = 0. So, from (Hy), we get |v(§)| < B and
lu(n)| < B.

By Lemma 2.2,

v(t) = v(0) + 15+D5+v(t)

0)+W / (t —s)°7'D). v(s) ds.
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Take t = &, we have

YE) = v(0) + —— / (€ — D) ds
o) Jo o+ v(s) ds.

Then we have

1 5 §-1 S
|V(O)|§|V($)|+m/o (& —s)"! D). v(s)| ds

1
< |V(s)| + m”DngV

1
B R
SR TR

1
oo 3¢

|5 v]

o
So, we get

1

ro) /. (t- s)‘H|Dg+ v(s)| ds

’V(t)} < ‘V(O)’ +

1 1
< MO+ w5 1Povles - 52

2
B+ m ||Dg+v||00’ Vit S [O, 1]
That is,
IVllso < B+ 2 |D)v| (3.5)
T+ O e ’

Similarly, we can get

2 o
lulloo < B+ F(a—-l—l)HD(ﬁu”"o'

By M(u,v) = AN (u,v) and D{, u(0) = Dg+ v(0) = 0, we get
by (D3 u(t)) = ML N"W(D)

= %,3) /Ot(t - s)ﬂ*1f(5, v(s), D5, v(s)) ds.

So, from (H;), we have

’¢p(Dg+u(t))| < L/0 (t—s)ﬁ’1V(s,v(s),Dg+v(s))’ds

L
< %ﬁ) ; (-9 (pi(s) + q1(s)|v(s) |p71
+11(s)|[ Db vis)|" ) dis
= %ﬁ)(llplnw # oo IV + irallo [ DG v]2) étﬂ

=

1 -
e B+ @IV + RDg v,
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which together with |¢, (D, u(£))| = |D§. u(t) |P~L and (3.5) yields that

2 p-l _
Il = g [ (B g 106ol) +RIDRE] 62

Similarly, we can get

1 2 Pl
o6l = P (B g 1Pl ) Rl | @)

Then from (3.1), (3.7) and (3.8), we can see that there exists a constant M; > 0 such that

|G|

0+V|E>o SMI (3.9)

Thus, from (3.5) and (3.6), we get

(3.10)

2M1 2M1
l2£]lcos || V]l oo < maxyB + = M,

I« +1)’B+ I +1)

Combining (3.9) and (3.10), we have
9] < i, M) =

So, ©; is bounded. The proof is complete. d

Lemma 3.4 Suppose that (Hs) holds, then the set
Qs = {(u,v)|(,v) € Ker M,N(u,v) € ImM}
is bounded.

Proof For (u,v) € Q9, we have (i,v) = (a,b). Then, from N(u,v) € ImM, we get
1
/ (1 -s)P"Yf(s,b,0)ds = 0,
0

1
/ (1-s)""g(s,a,0)ds=0
0

which together with (Hy) implies |4|, |b| < B. Thus, we have

Hence, 2, is bounded. The proof is complete. d

Lemma 3.5 Suppose that the first part of (Hy) holds, then the set

Q3 = {(u,v) € Ker M|A\J " (,v) + (1 = A)QN (1, v) = (0,0), 1 € [0,1]}


http://www.advancesindifferenceequations.com/content/2013/1/312

Hu et al. Advances in Difference Equations 2013, 2013:312 Page 12 of 14
http://www.advancesindifferenceequations.com/content/2013/1/312
is bounded, where ]! : Ker M — Im Q is a homeomorphism defined by
J Y a,b) = (b,a), a,beR

Proof For (u,v) € Q3, we have (u,v) = (a,b) and

1
Ab+(1-2)B / (1 -s)P"1f(s,b,0)ds = 0, (3.11)
0
1
ra+(1-N)y / (1-s)""g(s,a,0)ds = 0. (3.12)
0

If A =1,thena=5b=0.For X € [0,1), we can obtain |a|, |b| < B. Otherwise, if |a| or |b| > B,
in view of the first part of (H,), one has

1
AbE+ (1-2)B / (1—s)P"1bf(s,b,0)ds >0,
0
or
1
rat+(1-A)y / (1-s)""ag(s,a,0)ds > 0,
0

which contradicts (3.11) or (3.12). Therefore, €23 is bounded. The proof is complete. [

Remark 3.1 If the second part of (H;) holds, then the set
Q;} = {(u, v) € Ker M|-AJ (i, v) + (1 = A)QN (&, v) = (0,0), 1 € [0,1]}

is bounded.

Proof of Theorem 3.1 Set Q = {(u,v) € X|||(u, V)|l < max{M, B} + 1}. It follows from Lem-
mas 3.1 and 3.2 that M is a quasi-linear operator and N, is M-compact on Q. By Lem-

mas 3.3 and 3.4, we get that the following two conditions are satisfied:

(C1) Mx #N,x,V(x,1) € (domMNaR) x (0,1),
(Cy) QNx #0, for x € domM N IL2.

Take
H((,v),1) = £A(u,v) + (1 - 1)JQN (1, v).

According to Lemma 3.5 (or Remark 3.1), we know that H((, v), A) # 0 for (u,v) € KerM N
0Q2. Therefore

deg(JQN [kerat, @ NKer M, (0,0)) = deg(H(-,0), 2 N Ker M, (0,0))
= deg(H(-,1), 2 N KerM, (0,0))

= deg(£1, 2 N KerM, (0,0)) #0.


http://www.advancesindifferenceequations.com/content/2013/1/312

Hu et al. Advances in Difference Equations 2013, 2013:312 Page 13 of 14
http://www.advancesindifferenceequations.com/content/2013/1/312

So, condition (C3) of Lemma 2.1 is satisfied. By Lemma 2.1, we can get that M(u,v) =
N(u,v) has at least one solution in dom M N Q. Therefore BVP (1.1) has at least one so-
lution. The proof is complete. d

4 Example
Example 4.1 Consider the following BVP:

4

3 1 5
DE,¢3(DL () = =2 + 12(1) + te PO, £ (0,1),
1 4 1
Di ¢3(Dg.v(®) = 2 + Lu2(¢) + si®(DL.u(t), te(0,1), (4-1)

4 4
5

1 1 4 4
Dg.u(0) = Dg. u(1) = Dy, v(0) = Dg.v(1) = 0.

Corresponding to BVP (1.1), we have thatp = 3, a = %, 8= %, B = %, Y =+ and

1
25 N
tr ) - - t |V|;
ft,u,v) 16+16u+e
30
gt,u,v) ' + ﬁuz +sin’v

Choose p;(t) = pa(t) =10, q1(t) = %, qo(t) = %, r1(¢) = ro(¢) = 0, B =5. Then we have P; =
Py, =10,Q; = %, Q= %, Ry(2) = Ry(t) = 0. By a simple calculation, we get

1 225 22L
reorcten (o) (g o) <
FE+DIG+) (T +1)2/\(T(5 +1)

Then (H;) and the first part of (H;) hold.
By Theorem 3.1, we obtain that BVP (4.1) has at least one solution.
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