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Abstract

This paper is concerned with the regularity properties of weak solutions to the
obstacle problem for Clifford-valued functions. Our main results are a global reverse
Holder inequality and stability of the weak solutions to the obstacle problem.
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1 Introduction

Let ej,ey,...,e, be the standard basis of R” with the relation e;e; + eje; = —26;;. For k =
0,1,...,n, we denote by C¢X = C¢X(R") the linear space of all k-multivectors, spanned
by the reduced products e; = ¢;e;, - - -e;,, corresponding to all ordered k-tuples I =
(1,05 050k), 1 <y < ip < -+ < g < n. Thus, Clifford algebra C¢, = B, CZ’,; is a graded
algebra, especially C¢% =R and C¢, =R". R C CCHC C¢3 C--- is an increasing chain,
where H is the Hamilton’s algebra of quaternions. For u € C¢,,, u can be written as

u:E urer = E Uj,..,ix €~ Cigs
I

1<ij<--<ix<n

wherel <k <n.
The norm of u € C¢, is given by |u| = (3, u?)"%. Clifford conjugation ey, -~ g, =
(—1)keak -eq.Foru=3)  ue; e Cl,,v=>  vie € Cl,,

(M, V) = <Z ures, Z V]€]> = Z Uurvy
I J 1

defines the corresponding inner product on C¢,, . Denote by Sc(u) the scalar part of i, the
coefficient of the element ey, and we also have (u,v) = Sc(uv).

The Dirac operator used in this paper is given by

"9
D:Zeja_xj' (1)

j=i

Throughout this paper, we write D’'(2, C¢,) for the space of Clifford-valued functions
whose coefficients are Schwartz distributions on . For p > 0, we write L?($2, C¢X) for the
space of Clifford-valued functions u, whose coefficients belong to the usual L?(2) space.
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It is a reflexive Banach space endowed with the norm

%
IIullp=(/ Iul”dx> .
Q

Also, WP (Q, CE’;) is the Sobolev space of Clifford-valued functions u, whose coefficients

belong to W'#(Q). It is a reflexive Banach space endowed with the norm

latllp = lleellp + 11Vt ps

du Quy du _ dur ,
B’ dwy )? Ox; L= B; CA*
Let © be a bounded domain. This paper is concerned with the A-Dirac equation

where Vu = (

DA, (x,Du) = 0, (2)

where 1<p <00, 4,:Q x Cl, — Ct, preserves the grading of the Clifford algebra and
satisfies the following conditions for some constants 0 < a < b < oo:
(i) The mappingx — A,(x,&) is measurable for all £ € CZ],‘,.
(ii) The mapping & — A,(x,&) is continuous for a.e. x € Q.
(i) |A,(x, &) < blEP.
(iv) (Ap(x,&)—A,(x,n),&E —n) > alé —nl? forallx € Q with & # 1.

Definition 1.1 [1] A Clifford-valued function u € W/(, Cﬂﬁ) fork=0,1,...,n,isaweak
solution to equation (2) if for all ¢ € W?($2, C£X) with compact support, we have

/ Ap(x,Du)Dy = 0. (3)
Q
In [1, 2], Nolder explained how quasi-linear elliptic equations

~divA,(x, Vu) =0 (4)

arise as components of Dirac systems (2) and discussed some properties of the weak so-
lutions to the scalar parts of equations, such as the Caccioppoli estimate and the remov-
ability theorem. In [3], Heinonen et al. studied the quasi-linear elliptic equations (4) by
means of potential theory systematically. Many other mathematicians also work on prop-
erties of solutions to equations (4), such as the regularity, stability, convergence and so on,
see [4-9].

This paper is organized as follows. In Section 2, some preliminary results about Clifford-
valued functions are presented. In Section 3, higher integrability of weak solutions to ob-
stacle problem for Clifford-valued functions are obtained. Section 4 is concerned with the
stability of the weak solutions to obstacle problem. For other works about Clifford analysis

and Dirac equations, see [1, 2, 10-12].

2 Preliminary results
Lemma 2.1 C{°(£2, CZ’;) is dense in Wol’p(Q, Cﬁln()for l1<p<oo.
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Proof Let u = ), ui(x)e; € W/é’p(Q, CZ’;), then u; € Wg‘p(Q). Since C§°(2) is dense in
Wé’p(Q), we can find a sequence {uﬁ‘} C C§°(S2) converges to uy in Wé’p(Q). Let uy =
> uker, then {u} C CP (82, Cek).

/|uk—u|pdx+/|Vuk—Vu|pdx
Q Q
4 n 2\ &
S/(Z|u'f—u1|2) dx+/<z ) dx
QN 2N\ a1
<cn )Z/‘uk—u |pdx+/ XH:Z(%—BMI)Z gdx
=P ' Ja = o\ G\ 0w O
§c1(n,p)Z/!u/;_u1|1’dx+c2(n,p)2/!Vuf—vuli”dx.
1 Je 1 Je

dur Ju

8xi axi

Since {uf} converges to u; in Wé’p(Q). Then [, [uf —w|? dx — 0, [, |Vuf — Vus|dx — 0.
Thus,

/Iuk—ulpdx+/|Vuk—Vu|pdx—>0 (k — 00).
Q Q

This means u; converges to u in Wé’p (%2, Cﬂﬁ). (I

Here, we denote the Grassmann algebra A\ = @, /\k, d is the exterior derivative opera-
tor, and d* is the formal adjoint operator. For more details about differential form, see [1].
From [13], we know that the linear mapping

Aieg Ao Ney —>ey---e (k>0)
to all of A (R”) defines a linear isomorphism form /\(R”) onto C¢,(R”) independently of
the choice of orthonormal basis {e;} for R".
For a Clifford-valued function u, we write u* for A~'u. Via A, the operator d + d* is

mapped to D, it means
(Du)* = du® + d*u*. (5)

Then, if u € D'(Q, CeX), there exists a constant C, such that

max{’du”, d*ut‘} < C|Duj. (6)

In [4], Iwaniec gave the following Poincaré inequality for differential forms.
Theorem 2.2 Foreach u* € CP (L, /\k), there exits a constant C(n, p), 1 < p < 0o such that
[V, = Conp) (||, + | u?]],). @)

Combining (6), (7) and Lemma 2.1, we have the following Poincaré-Sobolev inequality.

Page3of 11
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Proposition 2.3 Foreachu W/é’p(Q, CtK), 1 < p < 00, there exists a constant C, such that

[ vt <ctnp) [ 1Duraz ®)
Q Q
Using the Poincaré inequality of the real function and |V|u|| < c¢(n)|Vu|, we have

Corollary 2.4 Foreach u € Wé’p(Q, Cek), 1< p < n, there exists a constant C such that

(/ﬂ|u|ndx) §C</Q|Du|”dx> . 9)

Similar to the process of the Ponicaré inequality for differential forms in [14], the fol-
lowing inequalities for Clifford-valued function can be obtained.

Corollary 2.5 Letu € WS'S(Q, CZ’;), 1 < s < 00, then, there exists a constant C such that

1 n+s—1
(7[ |u|de> < C|sz|%<][ |Du| 75T dx) . (10)
Q Q

Proof 1f1<s < -5, then ;%5 > {s, %5 }. From the Holder inequality and Corollary 2.4, we

(f1ee)

have

n-1

< (f ] dx)
Q
n+s—1
< C|Q|»1«<7[ = dx) .
JQ

=

If s> 2, then
n-1

([

n+s

< C(/ |Du| s dx)
Q
n+s—1
§C|Q|”Jf(/ |Du| s dx) .
Q

=

Thus, we have
n+s—1

1
(7[ |u|sdx> 5C|sz|%<][ |Dug| 75T dx) . 0
Q Q

3 Higher integrability

In this section, we will prove the higher integrability of the weak solutions to the obstacle
problem IC{/,'p (2, CZ’;). Here, we assume that the complement of 2 satisfies the measure
density condition, it means that there exists a positive constant C > 0 such that

|Q°NB| > C|B, (11)

where B is a ball in R”. In order to prove the higher integrability, we need the following
Gehring’s lemma, which appeared in [5].
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Lemma 3.1 Let By be a ball in R", and let g, h € L?(By) be a nonnegative function satisfy-

ing
p
]igpdxfc[(]i;gdx) +]£thdxi| (12)

for all balls B C 2B C By, 1 < p < o0. Then,foreach0<a<1,p<s<p+m, we
have

(e ()]
(ngogsdx> 50%(1_0)5 [(]iog dx| + ]ioh dx) |- (13)

Definition 3.2 For Clifford-valued functions a = ), a;(x)e; and b = ), b;(x)e;, we say
that a > b in Q if a;(x) > b;(x) for a.e. x € Q and all ordered tuple I.

Let ¥ = Y, ¥re; be a Clifford-valued function in W?(Q,CtX), where vy : Q —
[—00, +00). f € WP(Q, CE’;) is a function, which gives the boundary. We consider the
obstacle problem

K7 (Q,Cek) = [ve W (2,Ct8) :v—f € Wo(2,Cl8),v= v ae. Q) (14)

for Clifford-valued functions. To avoid trivialities, we always assume that the set IC{/,’p (€2,
C¢¥) is not empty.

Definition 3.3 We say that a function u € Wltf (%, CZ’,;) is a weak solution to the obstacle
problem lC{f(Q, cek), if

/(Ap(x,Du),Dv - Du) dx >0, (15)
Q

whenever v € ICJ;;p(Q, cek)y.

Remark 3.4 If u is a weak solution to obstacle problem (15), then u holds for the scalar
part of (3), i.e.,

/ Sc(A(x, Du)Dg) dx = 0. (16)
Q

Remark 3.5 We assume f >  in Q. Indeed, denote f = )", fre;, = D, Yre;. Then, since
u—fe Wy (,Ceh),

0= —f) =-fi)"

Thus, we have (; —f;)* € W,”(Q) and f} = (¥, — fi)* +fi = ¥, in Q. Let f = Y, fle, then
f=vin Q.

Theorem 3.6 Suppose that the complement of 2 satisfies the measure density condition
(11), and let u € W (2, Cﬂ’;) be a weak solution to the obstacle problem (14), where f €

loc
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Wl (Q, CE’,‘,)for some & > 0. Then, there exists a positive number gy > 0 and a constant

C, independent of u, such that |Du| € LP**(2), whenever 0 < ¢ < &y, and

1+£
/ |Du|1’+£dx§C[< / |Du|1’dx> " / |Df|1’+8dx}. (17)
Q Q Q

Proof First, let By be a ball with 2 C %Bo, 2B C Bg be a ball such that 2 N B # @ and

n € C5°(2B) be the cut-off function such that |z =1, 0 <n <1, |Vy| < %. Denote by

D =2BNQ, now we test (15) with v = u — n? (i — f). Since u—f € W? (R, Ce*), thenv—f €
Wé’p(Q, C¢tX). For any I, we get

vi— = (1=n07)(ur =) + P (fi = Y1) = 0
a.e. Q. Thus, v is an admissible test function, and we have

0< /Q(Ap(x,Du),Dv—Du>dx

< /(Ap(x,Du), —n*Du + 0’ Df — pn” ' Dn(u —f))dx. (18)
D

Since A satisfies (iii), (iv), combining the Holder inequality and the Young inequality, it
follows from (18) that

a / W \Dul? dx < b / 2 \Dup|Df | dx + p / \DuP ! Dyl f | dx
D D D

b P ?d v L7 }7
< </Dn|Du| x) (/Dn”IDfI x)
b P\Dul? d 7 Plu—fIPd ’
+ P(/Dn [Du| x) </Dn lu —f] x)

bey (p -1
< L)/;7P|Du|pdx+b6(p,€1)/’7p|Df|pdx
p D b
bey (p—1
+ M/np|Dulpdx+hc(P,€2)/ \DnPlu—f P dx.
JZ D b

Choose €1, €5 such that

bei(p-1) bey(p-1)
+ <
p p

(SRR

Sinceu—f € Wé’p(Q, Ct¥), using Lemma 2.5, we have

2

/ |Du|”dx§c1/ IDf 1P dx + — / |t —fIP dx
BNQ 2BNQ |B|# J2BnQ

0
gcl/ \Df P dix + — |2Bmsz|’n’(/ |Du—Df|’5dx), (19)
2BNQ |B|# 2BNQ
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where 0 = %;;1 > 1. By means of condition (11), we have |[2B N Q| < (1 — C)|2B|, then (19)

becomes
1 1 1 p v\
— |Dulf dx < c3—— |Df1P dx + c4 5 / |Du|? + |Df|e dx | .(20)
|B| Jane 12B| Japna 12B|7 \ Japne
Let
" |Du|?, ifxeQ,
gx) =
0, otherwise,
and
” IDf|&, ifxeQ,
X) =
0, otherwise.

Then, the following reverse Holder estimate

. . 6
]lggdquj[ hedx+c4(]l g+hdx>
B 2B 2B
6
Scs(][ gdx) +c6][ W dx (21)
2B 2B

holds when 2B C Bj. According to Lemma 3.1, (21) becomes

1 ) B
(][ |g|9(1+;)dx>m_) < C[(][ |g|9dx)9 . <][ h9(1+;)dx) 9(1+;>i|
B g [
; .
: C|:( g1’ dx) + (][ he(“%)dx) 9<1+p)i|‘
@ Q

That is,

1+£
/|Du|’”5dx§C[</ |Du|”dx) ' +/ |Df|”“dx:|.
B Q Q

Since 2 is a bounded domain, Q can be covered by a finite number of balls such that the

previous inequality holds, then the estimates (17) follows immediately. O

4 Stability
In this section, we will show that the weak solutions to obstacle problem are stable under
some suitable assumptions.

Suppose that {p;} is a sequence such that p; — p and for each i = 0,1,..., there is an
operator A, satisfying (i)-(iv) for p = p; and fora.e. x € ,

Ap;(x,8) —> Ap(x,§) (22)
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uniformly on compact subset of R”. We consider the obstacle problem
KPP, Cet) = {ve Wi(Q,C) v —f e WP (Q,CE8),v= ¢ ae. Q). (23)

Assume that A, preserves the grading of the Clifford algebra and converges to A,(x, &)
uniformly on compact subset of R”. Suppose that u; € Wi(Q, Ce¥) is the weak solution
to the following K{/}p '(Q, Ctk)-obstacle problem

/ (Ap,(x,Du;), Dv — Du;)dx > 0 (24)
Q
for each v e IC{/;pi(Q, Cﬁﬁ) and uy € W?(Q, Cﬁfl) is the weak solution to
/ (Ap(x, Dug), Dv — Dug)dx > 0 (25)
Q

for all v € K”(R, CL).

Definition 4.1 We call a sequence u; € L7(€2, C{,,) converges weakly in L7(2, C¢,) to u if

/vu,dxﬁ/vudx, (26)
Q Q

whenever v € LI% (2, Ct,). Denote it by u; — u.

Remark 4.2 Suppose that u; weakly converges to u in L7(Q2, C¢¥), then

/ (v,u;) dx — / (v,u) dx, (27)
Q Q
whenever v € W(Q, CeK).

Now, we start with the main result of this section.

Theorem 4.3 Suppose that the complement of Q2 satisfies the measure density condition
(11). Let p;, Ap, (%, €), Ap(x, &) be defined as described above. Let the boundary value func-
tion f be in WP (Q, Cﬁ’;)for some t > 0. Then, there is a small number 8o such that the
sequence {u;} of weak solutions to the obstacle problem (24) has a subsequence, which con-
verges to the weak solution uq of (25) in WP+(Q, Cﬁﬁ)for any § < 8y.

Before proving Theorem 4.3, we need the following lemmas.

Lemma 4.4 [6] Suppose that a bounded open set Q satisfies (11). Let p; > 1 and u; €
WPi(Q), i = 0,1,..., and suppose that p; — p and u; — uy a.e in Q. If € WHP(Q),
€>0andifu; -0 ¢ W/é’p"(Q) with

/Q|V(u,v—0)

i=1,2,..., where M < 0o is independent of i, then u, € WS’”(Q).

Plax <M (28)
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Lemma 4.5 Let u; be described in Theorem 4.3. There exists a constant vy > 0 such that
foreach y €[0,y0],

/ |Du;|P* % dx < C, (29)
Q

where i is sufficiently large and C is independent of i.

Proof By virtue of Remark 3.5, we can use f as a test function in (24), so that
/(Apl.(x,Dui),Df - Dui)dx > 0.
Q

From the structure conditions on A; and the Holder inequality, it follows

pi-l 1
a/ |Du; [P dxgb(/ |Du; P dx) " (/ | Df P dx)Pt,
Q Q Q
Then we have
/|Dui|pi deC/ |Df P! dx. (30)
Q Q

By the Holder inequality and Young’s inequality, (30) becomes

/ \Du;|Pi dx < c(|sz| + / \Df | dx), (31)
Q Q

when i is sufficiently large and o > 0. According to Theorem 3.6, there exists a constant
Yo > 0 such that for each y € [0, yo],

Pi

pity
( / \Du, [P dx)
Q
_pi_
pity
< C[/ |Du; |Pi dx + (/ |Df 1Pty dx) ] (32)
Q Q

Since p; — p, choose i sufficiently large such that p — £ <p;<p+ 5. Thenp+ 2 <p+y.

So, there exists a constant C, such that

/ |Du;|P*% dx < C. 0
Q

Proof of Theorem 4.3 Let k = -=. Since u; — f € W&'p(Q, CtX), we choose i so large that

n-1
p+ %5 <kp;and p; < p+ &, using Lemma 2.4, we get

i =fllpey < Clltti = fllip;
< Cllu —fII%
=< ClDu; = Df ||,

< C(IDuill. g + I1Df 1l ).

2
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Implied by the Minkowski inequality that

”ui”er% S ”ul _f”er% + ”f”er%

< C(||Dui||p+g + ||Df||p+g + |[f||p+g)~
Then it follows from Lemma 4.5 that

; <
”ul ” Wl,p+% (Q,C@ln() — C‘ (33)

Write § = %, u=y, ufe,, according to (33), we have u; € W+ (Q, CZ’;,). So, we can ex-

tract a subsequence, still denote by uﬁ, such that

uh =y,  in WhPH(Q),
uh— uy,  in LPY(Q), (34)

uy; — uy, pointwise a.e. in Q.

Then Vu! — Vu;. Let u =Y, user, then u; — u in LP**(Q); u; — u pointwise a.e. in .
Since Vuj — Vuyy, foreachj=1,2,...,n, we have

dul B
/ya uldxe/yaﬂdx,

whenever y, € W"(Q). Then, [, yDu;dx — [,yDudx for each y € W'?(,Ct,,). This
yields Du; — Du in L#(2, C¢,,).
The next stage is to extract a further subsequence, so that Du; — Du pointwise almost

everywhere in Q.
Because of u; — f € Wy (Q, Ce¥) and u; — f — u—f, we get u—f € W' (Q,Ctr) a.e. in
Q, that is to say, u € K{/}p"(Q, Ctk). So,

/(Api (x, Du;), Du — Du;)dx > 0. (35)
Q
Moreover, by the convergence assumption, we obtain
A, (x,Du) - A,(x, Du)
almost everywhere in .
From this, if follows that u; — u in WP+ (, CZ’;) forall 8’ <4.
At last, we will show that u = uy. Using Lemma (4.4), we get u — f € Wé’p(Q, CZ’;), then
u € K7 (2, Ce}). This yields
/ (Ap(x, Duy), Du — Dug)dx > 0. (36)
Q

On the other hand,

/(Apl.(x, Du;), Duy —Du,-)dx > 0.
Q
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Let i — oo, since u; — u in W(Q, CtX), we get

/Q(Ap(x,Du),Duo —Du) dx > 0. (37)
Combining (36) and (37), we have

0< /Q(Ap(x,Du) —A,(x, Duyg), Du — Duo>dx <0.

It follows that u = ug. This proof is completed. d
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