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Abstract

We consider the following complementary Lidstone boundary value problem

(=1)"yPm (1) = AF(Ly(1), Y (), te(0,1)
y(0) =0, Y D0)=y*D(1)=0, 1<k<m

where 4 > 0. The values of A are characterized so that the boundary value problem
has a positive solution. Moreover, we derive explicit intervals of A such that for any A
in the interval, the existence of a positive solution of the boundary value problem is
guaranteed. Some examples are also included to illustrate the results obtained. Note
that the nonlinear term F depends on y' and this derivative dependence is seldom
investigated in the literature.
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1 Introduction
In this article, we shall consider the complementary Lidstone boundary value problem

(=12 () = AE(Ly(6), V' (1), te(0,1)

(1.1)
y(0)=0, D)=y N(1)=0, 1<k=m

where m > 1, 2 > 0, and F is continuous at least in the interior of the domain of
interest. Note that the nonlinear term F involves a derivative of the dependent vari-
able—this is seldom studied in the literature and most research articles on boundary
value problems consider nonlinear terms that involve y only.

We are interested in the existence of a positive solution of (1.1). By a positive solu-
tion y of (1.1), we mean a nontrivial y € c®m (o, 1) satisfying (1.1) and y(¢) = 0 for ¢
€ (0, 1). If, for a particular A the boundary value problem (1.1) has a positive solution
y, then A is called an eigenvalue and y is a corresponding eigenfunction of (1.1). We
shall denote the set of eigenvalues of (1.1) by E, ie.,

E = {X > 0](1.1) has a positive solution}.

The focus of this article is eigenvalue problem, as such we shall characterize the
values of A so that the boundary value problem (1.1) has a positive solution. To be spe-
cific, we shall establish criteria for E to contain an interval, and for E to be an interval
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(which may either be bounded or unbounded). In addition explicit subintervals of E are
derived.

The complementary Lidstone interpolation and boundary value problems are very
recently introduced in [1], and studied by Agarwal et. al. [2,3] where they consider an
odd order ((2m+ 1)th order) differential equation together with boundary data at the
odd order derivatives

y(0)=ao, YD) =ar, y*V1)=b,, 1<k<m (1.2)

The boundary conditions (1.2) are known as complementary Lidstone boundary con-
ditions, they naturally complement the Lidstone boundary conditions [4-7] which
involve even order derivatives. To be precise, the Lidstone boundary value problem
comprises an even order (2mth order) differential equation and the Lidstone boundary

conditions
y0)=ar, Y(1)=b, O0<k<m-—1. (1.3)

There is a vast literature on Lidstone interpolation and boundary value problems.
The Lidstone interpolation has a long history from 1929 when Lidstone [8] introduced
a generalization of Taylor’s series that approximates a given function in the neighbor-
hood of two points instead of one. Further characterization can be found in the study
of [9-16]. More research on Lidstone interpolation as well as Lidstone spline is seen in
[1,17-23]. On the other hand, the Lidstone boundary value problems and several of its
particular cases have been the subject matter of numerous investigations, see
[4,18,24-37] and the references cited therein. It is noted that in most of these studies
the nonlinear terms considered do not involve derivatives of the dependent variable,
only a handful of articles [30,31,34,35] tackle nonlinear terms that involve even order
derivatives. In the present study, our study of the complementary Lidstone boundary
value problem (1.1) where F depends on a derivative certainly extends and comple-
ments the rich literature on boundary value problems and in particular on Lidstone
boundary value problems.

The plan of the article is as follows. In Section 2, we shall state a fixed point theorem
due to Krasnosel’skii [38], and develop some inequalities for certain Green’s function
which are needed later. The characterization of the set E is presented in Section 3.
Finally, in Section 4, we establish explicit subintervals of E.

2 Preliminaries
Theorem 2.1. [38] Let B be a Banach space, and let C(S B) be a cone. Assume Qj, Q,
are open subsets of B with 0 € ©;,; C Qp and let S: CN (Q,\Q;) — C be a com-

pletely continuous operator such that, either

@ ISyl < lyll, y € CnoQy, and ISyl = llyl, y € C 0 9Ly, or
) ISyl = yll, y € CnoQs, and [ISyll < llyll, y € C 0 9.

Then, S has a fixed point in C N (2,\Q1)

To tackle the complementary Lidstone boundary value problem (1.1), let us review
certain attributes of the Lidstone boundary value problem. Let g,(t, s) be the Green’s
function of the Lidstone boundary value problem
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M)y =0, te(0,1)

(2.1)
x@0)=x(1)=0, 0<k<m—1.
The Green’s function g,,(t, s) can be expressed as [4,5]
1
gn(t,s) = /g(t, u)gm—1(u, s)du (2.2)
0
where
t(s—1),0<t<s<1
gl(t’s)zg(t’s)z{s((t—l)),0<s<t<1. (23)

Further, it is known that
g (t:5)| = (=1)"gm(t;s) and  gu(t,s) =gu(s 1), (t:s) € (0,1) x (0,1). (2.4)

We also have the inequality

2 1
,sinmt <¢(1—1) < _sinmt, te€][0,1]. (2.5)
b i1

The following two lemmas give the upper and lower bounds of |g,,(t, s)|, they play
an important role in subsequent development.
Lemma 2.1. For (¢ s) € [0, 1] x [0, 1], we have

1.
|gm(t,5)| < 2m—1 SIDTS. (2.6)

Proof. For (¢, s) € [0, 1] x [0, 1], it is clear from (2.3) that
l8(t,s)| <s(1—5). 2.7)

Using (2.7), (2.4), and (2.5) in (2.2) yields for (¢, s) € [0, 1] x [0, 1],

1 1
|gm(t5)| = / |g(t,u)] - |gm—1(u s)|du < / |gm—1(u, )| u(1 — u)du
0 0

. (2.8)
1
< / |gm—1(s, u)| sin 7w udu.
b/
0
By induction, we can show that
1
. .
/ |gm (1, 5)| sinrsds = o SINTL L€ [0, 1]. (2.9)
0

Now (2.6) is immediate by applying (2.9) to (2.8).
1
Lemma 2.2. Let § € (O, 2) be given. For (¢, s) € [J, 1-6] x [0, 1], we have

26
|gm(t, s)| > am sinzs. (2.10)

Page 3 of 21
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Proof. For (¢, s) € [0, 1-0] x [0, 1], from (2.3) we find

3(1—y5), 1<s

18(4,5)] = {[1_(1_8)]“& } > 8s(1 —s). (2.11)

Then, using (2.11), (2.4), and (2.5) in (2.2), we get for (¢, s) € [J, 1 - J ] x [0, 1],

|gm(t,s)| =/|g(t,u)| . |gm,1(u,s)|du > 6/ |gm,1(u,s)|u(1 —u)du
0 0

1
26
> 2/‘gm_l(s,u)]sinnudu,
T
0

which, in view of (2.9), gives (2.10) immediately.
Remark 2.1. The bounds in Lemmas 2.1 and 2.2 are sharper than those given in the
literature [4,5,35,37].

3 Eigenvalues of (1.1)
To tackle (1.1) we first consider the initial value problem

y() =x(t), te(01)

(3.1)
y(0)=0
whose solution is simply
t
0 = [ w(e)ds (32)
0

Taking into account (3.1) and (3.2), the complementary Lidstone boundary value pro-
blem (1.1) reduces to the Lidstone boundary value problem

t
(—1)"x@™ (1) = AF | ¢, / x(s)ds,x(t) |, te(0,1)
0
x(Z=2)(0) =42 (1) =0, 1<k <m.

(3.3)

If (3.3) has a positive solution x*, then by virtue of (3.2), y*(¢) = fot x*(s)ds is a posi-
tive solution of (1.1). Hence, the existence of a positive solution of the complementary
Lidstone boundary value problem (1.1) follows from the existence of a positive solution
of the Lidstone boundary value problem (3.3). It is clear that an eigenvalue of (3.3) is
also an eigenvalue of (1.1), thus

E ={A > 0](1.1) has a positive solution} = {A > 0[(3.3) has a positive solution}.

With the lemmas developed in Section 2 and a technique to handle the nonlinear
term F, we shall study the eigenvalue problem (1.1) via (3.3).

For easy reference, we list below the conditions that are used later. In these condi-
tions, f, &, and 3 are continuous functions with f: (0, e) x (0, ) — (0, ) and ¢, 3 :
0, 1) —> [0, =).

(A1) fis nondecreasing in each of its arguments, i.e., for u, uy, u,, v, v, vo € (0, o)

with u; < u, and v; < v,, we have
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flur,v) = f(uz,v) and f(u,v1) < f(u,v2);
(A2) for te (0, 1) and u, v € (0, =),
a(t)f(u,v) < F(t,u,v) < B(0)f (u,v);

(A3) oft) is not identically zero on any nondegenerate subinterval of (0, 1) and there
exists ap € (0, 1] such that o) > aof(¢) for all £ e (0, 1);

1
(A4) 0 < [ B(t)sinmtdt < o0;
0
(A5) for t e (0, 1) and u, uy, Uy, v, V1, Vo € (0, o) with u; < u, and v; < v,, we have
F(t,uq,v) < F(t,up,v) and F(t,u,v1) < F(t, u,v;).

We shall consider the Banach space B = C[0, 1] equipped with the norm

Ilxl = sup |x()|, xeB.

te[0,1]

1
For a given § € (0, 2), let the cone Cj; be defined by

Cs = {x €B |x(t) >0,te[0,1] ;tegl}l—la] x(t) >y ||x||}

where y = 25 ap (aop is defined in (A3)). Further, let
T
Cs(M) = {x € Gs| lIxll < M}.
Let the operator S : Cs — B be defined by

1 s
Sx(t) = A/ (=1)"gm(t, s)F s,/x(t)dt,x(s)) ds

0 0

1 s
= | |gn(ts)|F (s, x(r)dr,x(s)) ds, telo,1].
(.

0

(3.4)

To obtain a positive solution of (3.3), we shall seek a fixed point of the operator S in
the cone Cs.
Further, we define the operators U, V': Cs — B by

S

Ux(t) = A/ | (t, )| (5)f /x(r)dr,x(s) ds
0

0

and

s

1
Vax(t) = Af |gm(t,8)| B(s)f (/ x(t)dt,x(s)) ds.
0

0
If (A2) holds, then
Ux(t) < Sx(t) < Vx(t), te]0,1]. (3.5)

Lemma 3.1. Let (A1)-(A4) hold. Then, the operator S is compact on the cone Cs.

Page 5 of 21
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Proof. Let us consider the case when o(¢) is unbounded in a deleted right neighbor-
hood of 0 and also in a deleted left neighborhood of 1. Clearly, (t) is also unbounded

near 0 and 1.
Forne {1, 2,3, ..}, let o, B, : [0, 1] = [0, =) be defined by
(o) 0=e=,,
o ,0<t<
n+1 n+1
an(t) =1 a(p), <t< "
+ n+1

n
a( ), <t<l1
n+1/ n+1
and

1
ﬁ( ),Osts
n+1
n

n+1
Pa() =1 B(0), ni =i
.

n
, <t<l.
’B(n+1) n+1~— =

Also, we define the operators U, V,,: Cs —> B by

1 s
U,x(t) = A/ |gm(t, )| atn(5)f (/ x(r)dr,x(s)) ds
0

0

and
N

1
wao=y[@4mnm@v(/thnﬂﬂ)ds
0

0

It is standard that for each n, both U, and V,, are compact operators on Cgs. Let M >

0 and x € Cs(M). For t € [0, 1], we get

1 s
|wﬂm—w@m|s/W&@AHmAQ—ﬁBNf(/xuwnﬂﬂ)ds
0

0
n+1 s
- /|&mnumm—ﬁmv(/dﬂmmm)¢
° 1 ’ s
. /I&ﬂ@Hmm—ﬂMU(/ﬂﬂﬁww)ﬁ-
n 0
n+1

By the monotonicity of f (see (Al)), we have

s 1
f( x(t)dt,x(s)) §f( Mdr,M) = f(M, M)
[ [

(3.6)

0
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Coupling with Lemma 2.1, it follows that

n+1
1

Var0 - v < s | [
0

sin 7 sds

p(,0) 60

1
+ / 7.[23171 ‘ﬁ(nfl>—ﬂ(s)‘sinnsds
n:ll

The integrability of 5(¢) sin it (see (A4)) ensures that V,, converges uniformly to V
on Cs(M). Hence, V is compact on C;. By a similar argument, we see that U, con-
verges uniformly to U on Cs(M) and therefore U is also compact on C;. It follows
immediately from inequality (3.5) that the operator S is compact on C;.

Remark 3.1. From the proof of Lemma 3.1, we see that if the functions o and 3 are
continuous on the close interval [0, 1], then the conditions (A1) and (A4) are not
needed in Lemma 3.1.

The first result shows that E contains an interval.

Theorem 3.1. Let (A1)-(A4) hold. Then, there exists ¢ > 0 such that the interval (0,
¢] €E

Proof. Let M > 0 be given. Define

1 -1

C=f(MMM) /nzi_lﬂ(s)sinnsds . 3.7)
0

Let 4 € (0, c]. We shall prove that S(Cs(M)) & Cs(M). Let x € Cs (M). First, we shall
show that Sx € Cj. It is clear from (3.5) that

S

Sx(t) > k/ |gm (8, 8)| c(s)f /x(t)dt,x(s) ds >0, te]0,1]. (3.8)
0

0

Further, from (3.5) and Lemma 2.1 we get

1 s
Sx(t) < A/. |gm (6, 5)| B(S)f /x(t)dt,x(s) ds
0

0
1 s

1
< A/ ﬂZm_lﬁ(s)f /x(r)dr,x(s) sinmsds, te[0,1]
0 0
which leads to

1 s

IISx|| < A/ nzrln_l,B(s)f /x(r)dt,x(s) sin 7 sds. (3.9

0 0

Page 7 of 21
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Now, applying (3.5), Lemma 2.2, (A3) and (3.9) successively, we find for ¢ € [0, 1-d],
1 s

Sx(t) > A/ |gm(t, )| a(s)f /x(t)dt,x(s) ds

0

0
1 s

Zk/ ;jma(s)f /x(r)dr,x(s) sin 7 sds

0 0
1 s

2)»/ sziaoﬂ(s)f fx(r)dr,x(s) sin 7 sds

0 0

28
> _aollSx|l =y lISx].
T

Therefore,

in Sx(t) >y ||Sx|| .
min S¥() = ¥ 1Sx] (3.10)

Inequalities (3.8) and (3.10) imply that Sx € Cj.
Next, we shall verify that ||Sx|| < M. For this, an application of (3.5), Lemma 2.1, (3.6)
and (3.7) provides
N

1
Sx(t) < c/ |gm (6 5)| B(S)f fx(r)dr,x(s) ds
0

0

1
Scf(M,M)/ 21 (B(s)sinmsds =M, tel0,1]
T
0

or equivalently

[Sxll = M.

Hence, S(Cs5(M)) € Cs(M). Also, the standard arguments yield that S is completely
continuous. By Schauder fixed point theorem, S has a fixed point in C5(M). Clearly,
this fixed point is a positive solution of (3.3) and therefore 4 is an eigenvalue of (3.3).
Since A € (0, ¢] is arbitrary, it follows immediately that the interval (0, c] € E.

Remark 3.2. From the proof of Theorem 3.1, we see that (A2) and (A3) lead to S :
Cs > Cs.

Theorem 3.2. Let (A1)-(A5) hold. Suppose that A* € E, for any A € (0, A*), we have
Ale E ie, (0,A*] € E.

Proof. Let x* be the eigenfunction corresponding to the eigenvalue A*. Thus, we have

N

1
x* (1) = Sx*(t) = A*/ |gm(t, )| F 5,/x*(t)dt,x*(s) ds, tel0,1]. (3.11)
0 0

Define

K*={xeB|0§x(t)§x*(t), te[O,l]}.



Agarwal and Wong Boundary Value Problems 2012, 2012:49
http://www.boundaryvalueproblems.com/content/2012/1/49

Page 9 of 21

Let A € (0, A*) and x € K*. Using (A5), we get
N

1
0 < Sx(t) = A/ |gm (e, 5)| F 5,/x(r)dt,x(s) ds
0 0

1
<A*/ |gm (1, 5)| F s,/x*(t)dt,x*(s) ds
0 0

=Sx*(t), te]0,1]

where the last equality follows from (3.11). This immediately implies that the opera-
tor S maps K* into K*. Moreover, the operator S is continuous and completely contin-
uous. Schauder’s fixed point theorem guarantees that S has a fixed point in K*, which
is a positive solution of (3.3). Hence, A is an eigenvalue, ie., A € E.

The following result shows that E is an interval.

Corollary 3.1. Let (A1)-(A5) hold. If E # @, then E is an interval.

Proof. Suppose E is not an interval. Then, there exist Ao, Ay € E(Ao < Ay) and
7 € (ho, Ap) with 7 ¢ E. However, this is not possible as Theorem 3.2 guarantees that ¢
€ E. Hence, E is an interval.

The following two results give the upper and lower bounds of an eigenvalue in terms
of some parameters of the corresponding eigenfunction.

Theorem 3.3. Let (Al) and (A2) hold. Assume that m is odd. Let A be an eigenvalue

of (3.3) and x € Cs be a corresponding eigenfunction. If 2 0)=b;,i=1,3,..,2m-
1, where b,,,.; > 0, then A satisfies
where
1 (m—k)— !
m— 2(m—
bai1 (1- 5)
M; = D,D ds ,
R [ij (2> — k) + 1)1} U )/ (2(m 1)1’3(5)
! (m—1)— -
m— 2(m— 1
. bais1 s)
= 0,0 d
27 o heme1 [Xk: @i—ry+1) ||’ )/ (2(m — k) — 1)1 48
and
t21+1
D = max Z 21+1

te[0,1] £

Proof. For n € {1, 2, 3, ..}, we define f,
[25] such that f,, is Lipschitz and converges uniformly to f.

= f* w,, where w, is a standard mollifier

For a fixed n, let A,, be an eigenvalue and x,,(¢), with ng)(o) =b, i=1,3,...,2m—1
be a corresponding eigenfunction of the following boundary value problem
t
(1) () = AnFy | &, / xXn(s)ds, x,(1) |, t € [0, 1] (3.13)

0
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A$0) =2 (1)=0, 0<i<m—1 (3.14)
where F,, converges uniformly to F, and for u, v € (0, ),
an(O)fn(u,v) < Fu(t,u,v) < Bu(0)fu(u,v), t€(0,1) (3.15)

(see the proof of Lemma 3.1 for the definitions of o, (¢) and B,.(¢)).
It is clear that x,(¢) is the unique solution of the initial value problem (3.13),

xgi)(0)=0, i=0,2,...,2m—2 (3.16)
W (0)=by, i=1,3,...,2m—1.

First, we shall establish an upper bound for x,. Since

(=1)"x7™(t) = 2Fy (t, / xn(s)ds,xn(t)) = Anctn(0)fn ( / xn(s)ds,xn(t)) >0,

0 0

we have xflzm_l)(t) is nonincreasing and hence
"0 = 7 (0) = baner, e ]0,1], (3.17)

In view of the initial conditions (3.16) and also (3.17), we find
t
"I (1) = / X" (s)ds < bym_1t, te[0,1]. (3.18)
0

Next, an application of (3.18) gives

t

K23 (1) = bys + / 27D (5)ds < bom_s + bam_1 Z telo].
0
By repeating the process, we get
3 am=1
Xn(t) < byt + b33! +o+ by (2m—1)! <D, te]0,1]. (3.19)
By the monotonicity of f,, we have
t 1
fn /x,,(s)ds, x(t) ) <fu /Dds,D = f,(D, D)
0 0
and
t t
ol [t =5 | [ ods0| 50,00
0 0
Coupling with (3.13) and (3.15), it follows that
Jnetn (00,0 < (=1)"x"(8) < AuBu(0)fu(D, D), t € [0,1] (3.20)

Once again, using the initial conditions (3.16), repeated integration of (3.20) from 0
to ¢ provides
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dre(t) <200 < por(t), tel01], 0<k<m-—1 (3.21)
where
m—1 (2(i—k)+1 (t— 5)2(m l)—1
Pl = s iy, 1y, = D) / G — 1y P
and
m—1 (2(i—k)+1 (t— )Z(rn k)—1
SXUED RPN RACT / gy — 1y, (s

In order to satisfy the boundary conditions xgzk)(l) =0, 0<k<m-—1 from

inequality (3.21) it is necessary that
$12(1) <0 and (1) =0, 0<k<m-—1.
This readily implies
M1y <A S Moy (3.22)

where

-1
e bais1 ¢! _5)2(m -
Mun = Jnax [; 23— k) + )/ Q2m— k) — 1 PO

and

b21+1 (a _S)Z(m k-1 !
My = min, 1[2 (2(i - } [fn )f (2(m l)lan(s)ds:| .

From (3.20) it is observed (by using the initial conditions (3.16) and repeated integra-
tion) that {x(’)}ozl, 0 <i<2m—1is a uniformly bounded sequence on [0, 1]. Thus,
there exists a subsequence, which can be relabeled as {x}5,, that converges uniformly

in fact, in C(Z ‘1)—norm to some x on [0, 1]. We note that each x,(t) can be expressed
p
as

S

1
xn(t) = An/ |gm(t,s)|Fn s,/xn(r)dt,xn(s) ds, tel0,1]. (3.23)
0

0
Since {A,};2; is a bounded sequence (from (3.22)), there is a subsequence, which can
be relabeled as {1,}5;, that converges to some A. Then, letting # — o in (3.23) yields

1 s

x(t) = A/ |gm(t,5)| F s,/x(r)dr,x(s) ds, tel0,1].

0 0

This means that x(¢) is an eigenfunction of (3.3) corresponding to the eigenvalue A.
Further, x?(0) = b,, i = 1, 3, ..., 2m - 1 and inequality (3.12) follows from (3.22)
immediately.

Page 11 of 21
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Theorem 3.4. Let (A1)-(A4) hold. Let A be an eigenvalue of (3.3) and x € Cs be a

corresponding eigenfunction. Further, let ||x]| = p. Then,

1 -1
p 1 .
A= w1 | B(s)sin nsds:|
fo.p) |:rr2 0/

and

/ |gm(t1,5)| (s)ds

2

A<
o —5) vp)

where ¢, is any number in (0, 1) such that x(z;) = 0.
Proof. Let £, € [0, 1] be such that

= Ilxl = x(to).

Then, using (3.5), Lemma 2.1 and the monotonicity of f, we find

1 s
p = x(to) = Sx(to) < & / lgn(to,9)| B ( / x(r)dr,x(s)) ds
0

0
1

1
1
<X am_1 BE) ( pdt,p) sin 7 sds
o]

0

1
f(f;ﬂ? /ﬁ(s) sin 7sds

which gives (3.24) readily.

(3.24)

(3.25)

Next, we employ (3.5), the monotonicity of f and the fact that min, (5 1.5 *(£) = yp

to get

p>x(t) > A/ |gm (11, 5)| e ()f (/ x(t)dt,x(s)) ds
0

0
s

ZA/ |gm(t1,8)| e (s)f /x(r)dt,x(s) ds

0
2

2)»[ |gm(t1,5)| e (s)f /x(r)dt,x(s) ds
0

2
1
1-5 2
zA/ |gm(t1,8)| e (s)f /x(r)dt,x(s) ds
1 5
2

-8

|gm(t1/ 5) ’ Ol(S)f

(1))

> A ypdzr,yp | ds

MH\H
%\N.—‘

—_

-3

|gm(t1, )| a(s)ds

Nr—‘\

Page 12 of 21
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from which (3.25) is immediate.
The following result gives the criteria for E to be a bounded/unbounded interval.
Theorem 3.5. Define

u

Wp = ff(u,u) is bounded forue(O,oo)},
) u

Wo =/ | u):O},

We = 1f|lim " —oo}

= uﬁoof(u,u)_ '

(a) Let (A1)-(A5) hold. If fe Wp, then E = (0, ¢) or (0, c] for some ¢ € (0, «).
(b) Let (A1)-(A5) hold. If fe W, then E = (0, c] for some c € (0, o).
(c) Let (A1)-(A4) hold. If fe W., then E = (0, «).

Proof. (a) This is immediate from (3.25) and Corollary 3.1.

(b) Since W, & Wjp, it follows from Case (a) that £ = (0, ¢) or (0, c] for some ¢ €
(0, ).

In particular,
c=supkE.

Let {An};2; be a monotonically increasing sequence in E which converges to ¢, and let
{xn}52, be a corresponding sequence of eigenfunctions in the context of (3.3). Further,
let p,, = ||x,]l. Then, (3.25) together with fe W, implies that no subsequence of {pn}5c;
can diverge to infinity. Thus, there exists R > 0 such that p, < R for all 7. So {xn}5e; is
uniformly bounded. This implies that there is a subsequence of {x;}52,, relabeled as the
original sequence, which converges uniformly to some x, where x(t) = 0 for t € [0, 1].
Clearly, we have Sx, = x,, ie.,

1 s
xn(t) = An/ |gm(t,s)|F s,/xn(r)dr,xn(s) ds, te]0,1]. (3.26)
0

0

Since x,, converges to x and 4,, converges to ¢, letting n — oo in (3.26) yields

S

1
x(1) =c/ |gm(t,8)| F s,/x(r)dr,x(s) ds, tel0,1].
0

0

Hence, ¢ is an eigenvalue with corresponding eigenfunction x, i.e., ¢ = sup E € E.
This completes the proof for Case (b).

(c) Let A > 0 be fixed. Choose ¢ > 0 so that

1
A . 1
a1 //3(5) sinwsds < o (3.27)
0
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By definition, if fe W.., then there exists M = M(g) > 0 such that
fluu) <eu, u=>M. (3.28)

We shall prove that S(Cs(M)) € Cs(M). Let x € Cs (M). As in the proof of Theorem
3.1, we have (3.8) and (3.10) and so Sx € Cj; Thus, it remains to show that ||Sx|| < M.
Using (3.5), Lemma 2.1, (3.6), (3.28), and (3.27), we find for ¢ € [0, 1],

S

Sx(t) < k/ |gm(t,5)| B(s)f fx(r)dr,x(s) ds
0

0

1
gkf(M,M)f nz}n_lﬁ(s) sin 7 sds
0

1
1 .
< M:Mf pam-1 B(s)sinmsds < M.
0

It follows that [|Sx|| < M and hence S(Cs(M)) S Cs(M). Also, S is continuous and
completely continuous. Schauder’s fixed point theorem guarantees that S has a fixed
point in Cs(M). Clearly, this fixed point is a positive solution of (3.3) and therefore 4 is
an eigenvalue of (3.3). Since A > 0 is arbitrary, we have proved that E = (0, o).

Example 3.1. Consider the complementary Lidstone boundary value problem

B 2t - N
y(5)=)x =04 & 42 vy +2],te(0,1)
10 4 4 2 2

y(0) =y/(0) =y"(0) =¥/ (1) =y"(1) =0

where 4 > 0 and ¢ > 0.

(3.29)

Here, m = 2 and
tS t4 t2 t —-q )’+}/ q
F(t,v,v) = - 2 2] .
(t7.v) (10+4 +4+2+> (2 +)

Clearly, F(¢, u, v) is nondecreasing in u# and v, thus (A5) is satisfied.
Choose

o 2t -
oz(t)=,3(t)=<10+4—t3+4+2+2>
and
U+v q
f(u,v)=( ) +2>.

We see that (A1)-(A4) are satisfied.

Case 1. 0 < g < 1. Clearly fe W.. It follows from Theorem 3.5(c) that the set E = (0,
). As an example, when A = 24, the boundary value problem (3.29) has a positive
solution given by y(t) = t; — ‘24 + t22

Case 2. q = 1. Here fe Wp. By Theorem 3.5(a) the set E is an open or a half-closed
interval. Further, from Case 1 and Theorem 3.2 we note that E contains the interval

(0, 24].
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Case 3. q > 1. Clearly fe W,. By Theorem 3.5(b) the set E is a half-closed interval.
Again, as in Case 2 we note that (0, 24] € E.

4 Eigenvalue intervals

In this section, we shall establish explicit subintervals of E. Here, the functions ¢ and 8
in (A2)-(A4) are assumed to be continuous on the closed interval [0, 1]. Hence, noting
Remark 3.1, we shall not require conditions (A1) and (A4) to show the compactness of
the operator S. For the function fin (A2), we define

fo = limsup f(t: v)’ f = liI(I)l info f(lz U),
u—0, v—>0 - u—=0, v—>
Jaw) = g T
v

- U—> 00, V—>00
00 , v

foo = limsup

U—>00, V—>00

Let § € (0, }) be given. Define t*, i e [0, 1] by

—_

-5

—

)
|gm (1, 5)| ce(s)ds,

—

|gm(t*,5)| a(s)ds = sup
te

N»—‘\

) [0.1]
2 (4.1)
1-4 1-8
/ |gm (1, )| a(s)ds = sup / |gm (1, 5)| e (s)ds,
te[0,1]
8 8
Theorem 4.1. Let (A2)-(A4) hold. Then, A € E if A satisfies
~1
1-8 1 -1
1 i 1| 1 , Lo
f v [ |gm(t",5)| a(s)ds <A< 7 | 7o B(s)sinmsds | . (4.2)
0 1 0
2
Proof. We shall use Theorem 2.1. Let A4 satisfy (4.2) and let € > 0 be such that
-1
1-5 1 -1
! / | (1%, 5)| ec(s)ds <A< ! ! /ﬂ(s) sinzsds | (4.3)
’ a P— _— o .
fo—e Y &m fove gam-1
oo 1 0
2
First, we pick p > 0 so that
f(u,v) < (fo+ &), O<u<p O0<v<p. (4.4)

Let x € Cjs be such that ||x|| = p. Note that for s € [0, 1],

S

/x(r)dr < O/pdr =p.

0

Page 15 of 21



Agarwal and Wong Boundary Value Problems 2012, 2012:49
http://www.boundaryvalueproblems.com/content/2012/1/49

Then, using (3.5), Lemma 2.1, (4.4) and (4.3) successively, we find for ¢ € [0, 1],

1 s
Sx(t) < A/ nzjn_lﬁ(s)f (f x(r)dr,x(s)) sin 7 sds

0 0
1

< A/ nzi—l B(s)(fo + £)x(s) sin 7 sds

IA

0
: 1
A f B(s)(fo + &) llxl sinwsds < [lx]|.
0

7T2m—1

Hence,
[ISxll < llxIl .

If we set Q) = {x € B |||x|| <p}, then (4.5) holds forx € C5n 0 Q.
Next, let ¢ > 0 be such that

fuv)y=(( —¢ev, u=q v>gq.

oo

Let x € Cjs be such that

1 el
||x||=maX{p+1,Z,Z(;—5) }=max{p+1,;](;_—8) }qu.

It is clear that

1
x(s)=vylxl=q, se [2,1_5}

1 1
2 2 1

Jx(t)dr = [y lxl dr = (2 - 5) Y lIxll = q.
5 5

Then, an application of (3.5), (4.7), and (4.6) gives for t € [0, 1],
1-8

Sx(t)zk/ |gm(t,5)| e (s)f x(t)dz, x(s) | ds
1
2

—
|
>

O\u‘

v
>

v
>
NH\»—‘ NH\»—‘ N»ﬂ\

)
|gm(t,5)| ce(s)f /x(r)dr,x(s) ds
5

|
>

|gm(t, s) | oz(s)U_f — &)x(s)ds

|
>

v

ol lgm(t )| e(s)f —e)y llxll ds.

Page 16 of 21

(4.5)

(4.6)

(4.7)

Taking supremum both sides and using (4.3) then provides (see (4.1) for the defini-

tion of t*)
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1-6

[1Sx]l > A / |gm(t*,8)| a(s)ds - (f = &)y llxll = Ilx].
1 [o.¢]
2
Therefore, if we set Q, = {x € B| ||x|| <qo}, then for x € Cs N 0 Q, we have
ISxll = lIx]l . (4.8)
Now that we have obtained (4.5) and (4.8), it follows from Remark 3.2 and Theorem
2.1 that S has a fixed point x € Cs N (2,\R;) such that p < ||lx|| < go. Obviously, this x

is a positive solution of (3.3) and hence A € E. O
Theorem 4.2. Let (A2)-(A4) hold. Then, A € E if A satisfies

1-5 -1 1 -1
1 o 1 1 .
f v | |gn(i s)|e(s)ds <A< 7| o B(s)sinmsds | . (4.9)
) 8 o0 0
Proof. We shall apply Theorem 2.1 again. Let 4 satisfy (4.9) and let € > 0 be such
that
1-5 -1 1 -1
! y / |gm(@s)|a(s)ds | <x <. ! ! /,3(5) sinwsds | (4.10)
f —e = T fete| w2
0 8 0
First, we choose r > 0 so that
f(u,v)z([o—s)v, O<us<r O0O<v=r (4.11)

Let x € Cs be such that ||x|| = r. Then, on using (3.5), (4.11), and (4.10) successively,
we have for £ € [0, 1],

s

1
Sx(t) > A/ |gm (6, 5)| c(s)f /x(r)dr,x(s) ds
0

0

1
2)»/ |gm(t,5)| a(s)(f — &)x(s)ds
0

)

-3

>0 | |gm(t )|« —e)y llxllds.
0

Q«)\

Taking supremum both sides and using (4.10) then vyields (see (4.1) for the definition
of §)
1-5

1561 % [ Jgn(E 9] a()ds- ¢~ e)y vl = Il
0
§

Hence, if we set Q; = {y € B| ||| <7}, then (4.8) holds for x € C5 N d Q;.
Next, pick w > 0 such that

fwv) < (fo+e)y, uzw, v>w. (4.12)

Page 17 of 21
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We shall consider two cases - when f'is bounded and when fis unbounded.
Case 1. Suppose that f'is bounded. Then, there exists some M > 0 such that

f(u,v) <M, u,ve (0, 00). (4.13)

Let x € Cjs be such that
1
AM ol
lxl = max y 7+ 1, pam1 B(s)sinmsds ¢ = wo.
0

From (3.5), Lemma 2.1 and (4.13), it is clear for ¢t € [0, 1] that
1 1 s
Sx(t) < A/ n2m71ﬁ(s)f /x(r)dr,x(s) sin 7 sds

0 0
1

1 . i
<A am—1 B(s)Msinmsds < wo = ||x| .
0

Hence, (4.5) holds.
Case 2. Suppose that fis unbounded. Then, there exists wy > max {r + 1, w} such
that

f(u,v) < f(wo, wo), O0<u<wy 0<v<uw. (4.14)

Let x € Cs be such that ||x|| = wo. Then, applying (3.5), Lemma 2.1, (4.14), (4.12), and
(4.10) successively gives for t € [0, 1],

1 s
Sx(t) < A/ n;ﬂ_lﬁ(s)f fx(r)dr,x(s) sin 7 sds
0 0
1

A/ 7-[2111171 B(8)f (wo, wo) sin wsds

0
1

1 z .
< k/ am-1 B(5)(foo + €)wo sin msds
0
1

1 - .
A/ 2m-1 B(S)(foo + €) llx|l sinmsds < ||x]| .

0

IA

Thus, (4.5) follows immediately.

In both Cases 1 and 2, if we set Q, = {x € B| |x|| <wy}, then (4.5) holds for x € Csn
0Q,.

Now that we have obtained (4.8) and (4.5), it follows from Remark 3.2 and Theorem
2.1 that S has a fixed point x € Cs N (£22\£2;) such that r < ||| < wp. It is clear that
this x is a positive solution of (3.3) and hence A € E.

Remark 4.1. In (4.2) and (4.9), although ¢* and f can be computed from (4.1), we can
circumvent the computation by giving further bounds. Indeed, applying Lemma 2.2 we
find



Agarwal and Wong Boundary Value Problems 2012, 2012:49 Page 19 of 21
http://www.boundaryvalueproblems.com/content/2012/1/49

—

-6

—_

-4

—

-
26
|gm(t*,5)| a(s)ds = sup |gm (1, 5)| ce(s)ds = Lom
te[s,1-3]

o(s) sin 7wsds

MH\
M»—'\
M»—‘\

and

) ) 1-6

1- 1-
25

/ |gm(E,5)| cr(s)ds > sup / |gm(t,5)| ce(s)ds > om / o(s) sin 7w sds.
T

s telo1=4] s s

The following corollary is immediate from Theorems 4.1, 4.2 and Remark 4.1.

Corollary 4.1. Let (A2)-(A4) hold. Then,

- -1
-8

1 1

E> fl )//|gm(t*,5)|a(s)ds , ]?10 ﬂ;ﬂfl_/ﬁ(s)sinnsds
1 0
2

-1

- -1
1 | 2y68 e 1 1 :
2> y /a(s) sinzsds |, - /,3(5) sin 7 sds
f fO ﬂZm—l
| ; 0
and
. ro1-8 -1 1
ED / y / |gm(E,s)|c(s)ds | ]? o1 /ﬁ(s) sin 7 sds
oL ¢ * 0
1 [2ys 'f B 1
o) f n);m / a(s)sinmsds |, 7| o /,3(5) sin 7 sds
_O L 6 e}
Remark 4.2. If fis superlinear (i.e., ]?0 =0 and J_( = %) or sublinear (i Jf

foo = 0), then we conclude from Corollary 4.1 that E = (0, =), i.e., the boundary value
problem (3.3) (or (1.1)) has a positive solution for any A > 0.
Example 4.1. Consider the complementary Lidstone boundary value problem

v =ala (6= 5 cbstt — 108 w50 4| (@peby sc), te(0,1)
2 2 ! ! (4.15)
y(0) =y (0) =y"(0) =y'(1) =y"(1) =0
where A, a, b, ¢ >0 and r < 1.
Here, m = 2. It is clear that (A2)-(A4) are satisfied with

5t 52 4 5 - .
-, +b(5t* — 10° + 5¢) +¢ and f(u,v) = (au+bv +c).

alt) = B(t) = [a <t5
Case 1. r < 1. It is clear that fis sublinear. Therefore, by Remark 4.2 the boundary
value problem (4.15) has a positive solution for any A > 0. In fact, we note that when

A =120, (4.15) has a positive solution given by x(t) = t> — 5t4 + 552.



Agarwal and Wong Boundary Value Problems 2012, 2012:49 Page 20 of 21
http://www.boundaryvalueproblems.com/content/2012/1/49

Case 2. r=1,a = b =05, c = 10. Here, ]_CO = and f = 1. It follows from Corollary
4.1 that
-1

1
3
Esfo 7 /ﬂ(s)sinnsds - (0,528.99).
|

Once again we note that when A = 120 € (0,528.99), the corresponding eigenfunc-

5t4 n 5¢2

tion is given by x(r) = > — % +°f
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