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1. Introduction

In this paper,we will study the approximate controllability results of the following impulsive frac-
tional evolution hemivariational inequalities:

‘DY x(r) € Ax(t) + Bu(t) + OF (1, x(t)), te€J, t# 1, 3<a<l,
Ax(f) € Ii(x(ty)), k=12,...,m, (D
x(1) = xo,

where €D? denotes the Caputo fractional derivative of order o with the lower limit zero.
A : D(A) € X — X is the infinitesimal generator of a Cy—semigroup 7(¢)(t > 0) on a separa-
ble Hilbert space X. The notation dF stands for the generalized Clarke subgradient (cf. [S]) of a
locally Lipschitz function F(t,-) : X — R. The control function u(f) takes value in L*([0, b]; U) and U
is a Hilbert space, B is a linear operator from U into X. The function /; : X — X is continous, and
O=ty<ti<tp<---<fp <. <t, =T,Ax(ty) = x(t;) — x(t;), x(¢]) and x(z;) denote the right and
the left limits of x(r) atr = (k= 1,2,--- , m).
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Since the hemivariational inequality was introduced by Panagiotopoulos in [23] to solve the me-
chanical problems with nonconvex and nonsmooth superpotentials, an extensive attention has been
paid to this field and the great progress has been made in the last two decades. As a natural generaliza-
tion of variational inequality, the notion of hemivariational inequality plays an very important role in
both the qualitative and numerical analysis of nonlinear boundary value problems arising in mechan-
ics, physics, engineering sciences and so on. For more details, one can see, Carl and Motreanu [4],
Liu [12,13], Migoérski and Ochal [18,19], Panagiotopoulos [24,25]. The theory of the fractional deriva-
tives and integrals is an expanding and vibrant branch of applied mathematics that has found numerous
applications. Recently, both the ordinary and the partial differential equations of fractional order have
been used within the last few decades for modeling of many physical and chemical processes and in
engineering, see e.g. [8, 11, 14-16,26, 28] and references therein.

It is well known that the controllability, introduced firstly by R.Kalman in 1960, plays an important
role in control theory and engineering. It lies in the fact that they have close connections to pole
assignment, structural decomposition, quadratic optimal control, observer design, etc. For this reason,
the controllability has become an active area of investigation by many researchers and an impressive
progress has been made in recent years [1,3,11,15-17,27,29]. However, to the best of our knowledge,
the approximate controllability of some impulsive fractional evolution hemivariational inequalities is
still an untreated topic, so it is more interesting and necessary to study it.

Motivated by the above mentioned works, the rest of this paper is organized as follows: In Section
2, we will show some definitions and preliminaries which will be used in the following parts. By
applying the fixed point theorem of multivalued maps, the approximate controllability of the control
system (1) is given in Section 3 under some appropriate conditions.

2. Preliminaries

In this section, we will give some definitions and preliminaries which will be used in the paper.
For the uniformly bounded Co—semigroup T(1)(r > 0), we set M := sup,c; o) IT @Dllz,x) < oo. The
norm of the space X will be defined by || - ||x. Let C(J, X) denote the Banach space of all X-value
continous functions from J = [0, T'] into X, the norm || - ||.=sup|| - ||x. Let the another Banach space
PC(J,X)={x:J = X,x € C((tx, trs1], X), k = 0,1,2,- -+, n,there existx(t,), x(t), k = 1,2,--- ,n, and
x(t;) = x(f)}, the norm ||x||pc = max{supl|x(t + 0)||, sup||x(z — 0)||}. We can use L”(J,R) denote the
Banach space of all Lebesgue measurable functions from J to R with || f]|.»z) = ( fj |f (t)|sz)i L2 (0, X)
denote the Banach space of functions f : J — X which are Bochner integroble normed by || f|[»(x) »
u€ L’(J,R).

Let us recall some known definitions, for more details, one can see [8] and [26].

Definition 2.1 For a given function f : [0, +c0) — R, the integral

1 Tt
I°f(t) = @ fo (t— )" f(s)ds, a>0,

is called Riemann-Liouville fractional integral of order @, where I is the gamma function.

The expression

Lna _ 1 i (n) ft _ n—a—l1
D0 = o=y " | = e

(n
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where n = [a] + 1, [@] denotes the integer part of number «, is called the Riemann-Liouville fractional
derivative of order a > 0.
Definition 2.2 Caputo’s derivative for a function f : [0, c0) — R can be defined as

n—-1
DfW) = “DILFO - ) OO n=lal+ 1,
k=0 °

where [a] denotes the integer part of real number «.

Now, let us recall the definition of the generalized gradient of Clarke for a locally Lipschitz func-
tional 4 : E — R (where E is a Banach space), cf. [5]. We denote by h%(y, z) the Clarke generalized
directional derivative of 4 at y in the direction z, that is

1°(y,z) := limsup e+ A7) - h(f)'

A-07%, -y A

Recall also that the generalized Clarke subgradient of & at y, denote by dh(y), is a subset of E* is given
by
Oh(y) := {y" € E* : h°(y,2) > (Y, 2)x, Yz € E}.

The following basic properties of the generalized subgradient play important role in our main re-
sults.

Lemma 2.3 (see Proposition 2.1.2 of [5]). Let & be locally Lipschitz of rank K near y. Then

(a) Oh(y) is a nonempty, convex, weak*-compact subset of E* and ||y*||z- < K for every y* in dh(y);

(b) for every z € E, one has h°(y, z) = max{{y*,z) : forall y* € dh(y)}.

Lemma 2.4 (see Proposition 5.6.10 of [6]). If 4 : E — R is locally Lipschitz, then the multifunction
y — 0h(y) is upper semicontinuous (u.s.c. for short) from E into E},. (where E,. denotes the Banach
space E* furnished with the w*-topology).

Next, we present a result on measurability of the multifunction of the subgradient type whose proofs

can be found in Kulig [10].
Lemma 2.5 (Proposition 3.44 of [20], page 66). Let E be a separable reflexive Banach space, 0 < b <
oo and 4 : (0,b) X E — R be a function such that A(-, x) is measurable for all x € E and A(t, -) is locally
Lipschitz for all ¢ € (0, ). Then the multifunction (0,b) X E > (t, x) — 0h(t, x) is measurable, where
0h denotes the Clarke generalized gradient of A(z, ).

Now, we also introduce some basic definitions and results from multivalued analysis. For more
details ,one can see the book [7]:

e In a Banach space E, a multivalued map F : E — 2E\ {0} := P(E) is convex (closed) valued, if
F(x) is convex (closed) for all x € E. F is bounded on bounded sets if F(V) = |,y f(x) is bounded in
E, for any bounded set V of E (i.e., sup, ., {sup{llyll : y € F(x)}} < o).

e ' is called u.s.c on E, if for each x € E, the set F(x) is a nonempty, closed subset of E, and if for
each open set V of E containing F(x), there exists an open neighborhood N of x such that F(N) C V.

e [ is said to be completely continuous if F(V) is relatively compact, for every bounded subset
VCE.

o If the multivalued map F' is completely continuous with nonempty compact values, then F is u.s.c.
if and only if F has a closed graph (i.e., x, — x, y, = ¥, y, € F(x,) imply y € F(x)).

e [ has a fixed point if there is x € E, such that x € F(x).
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e A multivalued map F : J — P(E) is measurable if F~'(C) = {t € J : F(t) N C # 0} € X for every
closedset C C E. If F : J x E — P(E), then measurability of F means that F~'(C) € £ ® B, where
Y ® Bg is the o—algebra of subsets in J X E generated by the sets A X B, A € £, B € B, and B is the
o—algebra of the Borel sets in E.

Now, according to the paper [15, 16,28,30], we shall recall the following definitions:

Definition 2.6 For each u € L*(J, U), a function x € C(J, X) is a solution (mild solution) of the system
(1) if x(0) = x¢ and there exists f € L’(J,X) (p > é) such that f(z) € 0F (¢, x(1)), Z; € I;(x(;)) , without
loss of generality, let t € (#, t;41],1 <k <m - 1.

k ¢ !
x(1) = SQ(I)XO+Z S o(t=1) Ti(x(17))+ f (t—5)" " To(t—5)f(s)ds+ f (t—5)"""T,(t—s)Bu(s)ds. (2.4)
i=1 0 0

where

Sa(t) = f i E(OT (1°6)d0), T () = « f i 08 (O)T (1°6)d0,
0 0

and |
£0) = =0 v m,(077) 2 0,
(04

= r 1
@a(6) = Z(—l)"—le-”“—l% sin(nra), 6 € (0, 00),
n=1 :

&, 1s a probability density function defined on (0, o), that is

£,0) >0, 0€(0,00), and f ) £,(0)do = 1.
0

Lemma 2.7 ( Lemma 3.2-3.4 in [28]) The operators S ,(¢) and T,(¢) have the following properties:
(i) For any fixed r > 0, S,(¢) and T,(¢) are linear and bounded operators, i.e., for any x € X,

IS(O)xll < Mllxll, and [|[Te(D)x]| < 1ﬂillxll-
(@)

(ii) {S o(?),t = 0} and {T,(¢), t > O} are strongly continuous.

(iii) For any ¢ > 0, §,(¢) and T, () are also compact operators if 7'(¢) is compact.

The key tool in our main results is the following fixed point theorem stated in [2].
Theorem 2.8 (Bohnenblust-Karlin [2]). Let Q be a nonempty subset of a Banach space E, which is
bounded, closed and convex. Suppose that F : Q — 2£\ {0} is u.s.c. with closed, convex values such
that F(Q) € Q and F(€2) is compact. Then F has a fixed point.

3. Approximate controllability results

In this section, we investigate the approximate controllability of the control systems described by
impulsive fractional evolution hemivariational inequalities.

Let x(t; 0, X, u) be a solution of system (1) at time ¢ corresponding to the control u(-) € L*(J, U) and
the initial value xo € X. The set R(b, xo) = {x(b; 0, xo, u) : u(-) € L*(J, U)} is called the reachable set
of system (1) at terminal time b. Then, the following definition of the approximate controllability is
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standard.
Definition 3.1 The control system (1) is said to be approximately controllable on the interval J, if for
every initial function x, € X, we have R(b, xy) = X.

Now, we consider the following linear fractional differential system:

{ CD¥x(1) = Ax(t) + Bu(t), te€J=1]0,b], 3.1)

x(0) = xo.

It is convenient at this point to introduce the controllability operator associated with (3.1) as follows:
b
= f (b— s\ To(b - $)BB'T (b - s)ds,
0

R(e, T = (el +TH)7', &>0,

respectively, where B* denotes the adjoint of B and 7,(¢) is the adjoint of T, (#). It is straightforward to
see that the operator I} is a linear bounded operator.

The following Lemma is of great importance for our main results.
Lemma 3.2 [1,16]The linear fractional control system (3.1) is approximately controllable on J if and
only if eR(e, F(b)) — 0 as € — 0% in the strong operator topology.

To obtain the approximate controllability result, we impose the following hypotheses:
H(1) : The Cp-semigroup T (z) is compact and sup,(o ., |7 @)l|z,x) < M.

HQ2): F:JxX — Ris afunction such that:

(1) for all x € X, the function ¢t — F(t, x) is measurable;

(ii) the function x — F(¢, x) is locally Lipschitz for a.e. t € J;

(iii) there exists a function a(t) € L*(J,R")(p > i) and a constant ¢ > O such that

[lOF(t, X)|lx- = sup{l|fllx- : f(t) € OF(t; x)} < a(t) + c||x||x, fora.e. t € J, all x € X.

H3):7,: X - X@{=1,2,---,m) satisfies:
(i) Z; maps a bounded set to a bounded set;
(i1) There exist constants d; > 0(i = 1,2, - - - , m) such that

Ii(x) = LIl < dillx=yll, x,yeX.

AL O = max(IL O, [IZ20)l, - - -, 1L m(O)I]).

Next, we define an operator N : L71(J, X) — 2% a5 follows
N(x) = {w € L’(J, X) : w(t) € OF(t; x(1)) ae. t € J}, x € L1 (J, X).

The following Lemma due to Migorski and Ochal [20] is crucial in our main results.
Lemma 3.3 If the assumption H(2) holds, then the set N (x) has nonempty, convex and weakly compact
values for x € L%(J, X), that is the multifunction ¢ — JF(t, x(t)) has a measurable X* selection.
Proof. Our main idea comes from Lemma 5.3 of [20]. Firstly, it is easy to see that N'(x) has convex
and weakly compact values from Lemma 2.3. Now, we only show that its values are nonempty. Let
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x €L (J, X). Then, by Theorem 2.35 (i1) of [20], there exists a sequence {¢,} € Lit (J, X) of simple
functions such that
ou(t) = x(1), in L71(J, X). (3.2)

From Lemma 2.5 and hypotheses H(2)(i), (ii), the multifunction ¢t — 0F(t, x) is measurable from
J into Pr.(X*) (where Pp.(X*) = {Q C X : Q is nonempty, convex and closed }) (since the weak
and weak*-topologies on the dual space of a reflexive Banach space coincide (cf. e.g. p7 of [9]), the
multifunction dF is P.(X*)-valued). Applying Theorem 3.18 of [20], for every n > 1, there exists
a measurable function ¢, : J — X* such that {,(t) € 0F,(t,¢,(t)) a.e. t € J. Next, from hypothesis
H(F)(iii), we have
IZullx < a(®) + cllgallx-

Hence, {{,} remains in a bounded subset of X*. Thus, by passing to a subsequence, if necessary, we
may suppose, by Theorem 1.36 of [20], that {, — ¢ weakly in X* with { € X*. From Proposition 3.16
of [20], it follows that

(1) € m((w ~ X*) - lim sup{{n(t)}nzl) ae. el (3.3)

where conv denotes the closed convex hull of a set. From hypothesis H(2)(ii) and Lemma 2.4, we
know that the multifunction x — JF(t, x(¢)) is u.s.c from X into X;.. Recalling that the graph of an
u.s.c multifunction with closed values is closed (see Proposmon 3.12 of [20]) we get for a.e. t € J, if
fn € 0F(t,(,), f, € X*, f = f weakly in X*, ¢, € L7 l(J X), {, > (in L 1(J,X), then f € 0F(t,0).
Therefore, by (3.2), we have

(w — X*) = limsup 0F(t, {,(t)) C OF(t, x(t)) ae. teJ, 3.4)
where the Kuratowski limit superior is given by

(w — X*) = limsup 9F (¢, (1))
= {eX :=w-X")-limsupd{, £, € 0F(t,p,(1), i <ny <---<m <---}

(see Definition 3.14 of [20]). So, from (3.3) and (3.4), we deduce that

{( < conv((w— X7) — limsup{Z,(H)}nz1)
c conv((w — X*) — limsup dF (¢, ¢,(1))
C OF(t,x(t)), a.e. teJ.

Since £ € X* and {(t) € OF (¢, x(t)) a.e. t € J, it is clear that { € N(x). This proves that N'(x) has
nonempty values and completes the proof .

we prove that there exists f € LP(J,X) (p > é) such that f(r) € dF(t, x(1)), so the T; € I;(x(1))), we
omit the same kind of arguement.

The following Lemma is of great importance in our main results.
Lemma 3.4 (see Lemma 11 in [19]). If H(2) holds, the operator N satisfies: if z, — z in Lp%l(J, X),
w, — win LP(J, X) and w, € N(z,), then we have w € N(z). (Where — means weak convergence).
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Now, we are in the position to prove the existence results of this paper.
Theorem 3.5 Suppose that the hypotheses H(1) and H(2) are satisfied, then the system (1.1) has a mild
solution on J provided that

M2M2b® 1 & Mcb®
| e 2 M

1
7 — h Mpz :=||B||.
ca[L ()] TTa +a)] <3 Where My :=|IB]

i=1

Proof. For any & > 0, we consider the multivalued map F, : C(J, X) — 2% as follows

Fe(x) = {h € C(J,X): ht) =S,()xo + Zkl:Sa(t — 1) 1(x(;)) + fot(t — )" To(t = $)f(s)ds
+ fo (= 9Tt — $)Bug(s)ds, with fe N(x)}, for x € C(J, X),
where
u,(t) = B'T(b — DR(e, rg)(x1 — 8 o(b)xo — i S o(b — t)T(x(£7)) — j; b(b — ) Ty (b - 1) f(T)dT).

It is clear that the problem of finding mild solutions of (1) is reduced to find the fixed point of F..
We prove the operator F, satisfies all the conditions of the Theorem 2.8 and we divide the proof into
several steps.

Step 1: F, is convex for each x € C(J, X).

In fact, for any p;, p, belong to F., then there exist fi, /> € N(x) such that

k t
pit) = Sa(t)xo+ZSa(t—t,-)L-(x(t,-‘ ) + f (t = )" ' Tolt — ) fi(5)ds (3.1)
i=1 0
+ f (t— )" 'T,(t — 5)BB*T (b — 5)
0

xRz, rg)(x1 S u(b)xo - Zk; Sob — t)T(x(E)) — fo b - T - 1) f(T)dT)ds,
i=1,2,tel
Let A € [0, 11, then for each 7 € J, we have
[Ao1 + (1 = Dp2](@) (3.2)

k !
= Sa(Dxo + Z So(t — 1)L i(x(1;)) + f(f — )Tt = OIAfi + (1 = D) fol(s)ds
i=1 0
; f (t = $) ' To(t — 5)BB'T (b - $)R(e, Fg)(xl — Su(b)xo
0
k b
=D ST - [ b= 0Tl - DL + (1 - DN
i=1 0
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From Lemma 2.3, we know that 0F (¢, x(t)) is convex, hence for 4 € [0, 1], Af; + (1 =2) > € N(x), then
Ap1(t) + (1 — D)pa(t) € F,, which implies that F, is convex for each x € C(J, X).
Step 2: There exists a nonempty, bounded, closed and convex subset B, C C(J, X) such that F.(B,) C
B,.
Take
M*M2b® M p-1

k
= B 1—— (z——
ro= Z[Mllxon_'—iZ;M”I(o)”-'_(l+8a[F(a)]2)F(a)(pa—1) ?lalls

22(1

st el + Ml + Z MIZOD|,

and denote B, = {x € C(J,X) : ||x(®)|lx < r}. Obviously, B, is a bounded, closed and convex subset of
C(J, X). In fact, for any x € B,, ¢ € F.(x), there exists f € N(x) such that

o(t) = Sau(x0 +Zsa(l 1)1 (x(t)) + f(f )" To(t = ) f(s)ds
f (t = )\ Tt — )BBT (b — 5) X R(e,T )(x1 S.(b)xq

—ZSa(b 1)1 (x(t))) — f b-1)'T,b - T)f(T)dT)ds ted.

Taking the assumptions H(1) and Holder inequality into account, we obtain

k t
eIl < 1S aOxoll + 1 Z S ot — I + f (t = )"\ Talt - ) (s)\lds
f (t— )" IT,(t — $)B X B*T:(b — 5)R(&,T)(x; — S o(b)x0
- Z S o(b — I ((E))) - f (b - 1 To(b - 1) f(D)dT)ds
= 0
1 k
< Mol + Z M) + WO + s f (1 — 9 [a(s) + cllx(s)lxIds
MZMZb(l
+m[nx1n + Mlxoll + Zl M(d x| + I1Z:0)])
M
) f (b - 1) [a(r) +C||X(T)||X]d7
p_ -1 a_, Mcb”
< Mol + ;M(dw IZO)) + —— F( Sl + T

M?*M2b”

+m[nxln + Milxoll + ZM(dH 170l
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) s +
P rllallrr r
F(a) “TTA + a)

< r

Thus, we obtain that F.(B,) C B,.
Step 3. F. is equicontinuous on B,.
Firstly, for any x € B,, ¢ € F.(x), there exists f € N(x) such that

k t
o) = S.()xo+ Z Sot —t)I(x(t;)) + f ) S N S)Lf(s) + Bug(s)lds, teJ
i=1 0

For any € > 0, when 7, = 0, 0 < 7, < ¢y, we obtain
llp(T2) — (Il = [l(T2) — X0l

k -
< IS o(T2)x0 — Xoll + I Z S ot = t)Li(x(@))I + || fo (T2 = )" ' To(12 = ) f(s)ds|
i=1

+| f 2(Tz — 8)* ' Ty (12 — 5)Bu(s)ds||
0

a_l Mct¥

-1 2
"lallrT, *

MMy
1"( )P F(l + a) VZa — 1 (@)

Hence, we can choose ¢y > 0 is small enough so that for all 0 < 7, < 9§y, the impulsive term is 0,
llp(r2) — @(T)Il < 5. Thus, for Ve > 0, V1, 12 € [0,00], Yo € Fo(x), we have [lo(T2) — o(T1)]| < €
independently of x € B,.

Next, for any x € B, and <71 <71, <b, we obtain

|
a—1
”I/tellLZTZ :

< IS o(T2)x0 — X0l +

llo(T2) — @(T1)]
< IS o(T2)x0 = So(T1)x0ll + || f [(r2 = )" =11 = )" To(72 = 5)f(5)ds
0

wj‘m [To(t2 = 8) = Tolr1 = )1 f(s)ds|
# [ = 9 (s = s)f(s)ds]

+yf[m—w“1(z—ﬁ“nun—n&uwwn
HJYn )" [To(t2 = 8) = To(t1 — 5)]Buy(s)ds|

+||f (T2 = 8)* ' To(12 — $)Bu(s)ds||
SQ11+Q2+Q3+Q4+QS+Q6+Q7-

By the assumptions and Holder’s inequality, we have
M (T . o
0: < o [ n = = = A ds
L) Jo
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M P — 1 1-1 a— (1—% a—L
= m(pa/ — 1) p”aHL"[Tz -7 + (TZ - Tl) p]
Mcr
+—F(1 T o [75 — 7] + (12 — 11)°]
2M  p-1 .1 ol 2Mcr o
< _— p P — r + — .
< Ty ) Ml = 70"+ s =)
Similarly, we obtain
M p-1 4.1 ool Mcr N
< — P » — P4 — — s
Oy < F(a)(pa — 1) lallz (T2 — 71) I+ a/)(TZ 71)
05 < —28 it ot s — e
s < ————|lugllpelr, P —7 T) — Ty ,
V2a—1T@ =~ % !
MMp 1
(0] ———lull 2 (72 — ) 2.
V2a—1l@
For 7| > %0 > (0 and 6; > 0 small enough, we obtain
T1—0]
0; < [Ilf (11 = )" [To(t2 = 5) = To(1 — 91 f(5)ds]|
0
H [ @9 Tulm = 9) = Tt = 91|
T1—01
P~ 1 1=-1 a—% oz—%
< Supse[O,rl—él]”Ta(TZ - S) - Ta(Tl - S)” (pa . 1) p“a”LP(T] - 51 )
cr 2M , p—-1 .1 a-1 2Mcr
+_ (04 _ 6(1( + _ ? 6 )4 + (l’
ot 1)] T@ pa=1) oo "+ Fargy
Qs < SUPpor—s 1 Ta(T2 = 5) = To(T1 — )|

1 a—l a/—l 2MMB a_l
X\ ez () = 677 + Il l26)
2a-1770 T T g T @)

Since the compactness of T(¢)(¢ > 0) and Lemma 2.7 imply the continuity of 7, (¢)(¢ > 0) in ¢ in the
uniform operator topology, it can be easily seen that Q3 and Qg tend to zero independently of x € B,
as 7, — 71, 01 — 0. And it is clear that Q;(i = 1,2,4,5,7) tend to zero as 7, — 7; does not depend on
particular choice of x. Thus, one can choose 6 = min{dy, d;}, then it is easy to get that |[¢(72) — ¢(71)||
tends to zero independently of x € B, as 8 — 0 which implies {(F.x)(?) : x € B,} is an equicontinuous
setin C(J, X).

Step 4: F. is a compact multivalued map.

Let ¢ € J be fixed, we show that the set [1(¢) = {(F.x)(?) : x € B,} is relatively compact in X.

Clearly, I1(0) = {xo} is compact, so it is only necessary to consider ¢ > 0. Let 0 < ¢ < b be fixed.
For any x € B,, ¢ € F.(x), there exists f € N(x) such that

k t
o) = Saxo+ Y Sult = )IT(x(E) + f (t = 5"\ Tolt = $)If(5) + Bun(s)lds, 1€
i=1 0
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For each € € (0, 1), t € (0,b], x € B, and any 6 > 0, we define
(1) = So(0)xo+ i S o(t = t)T(x(17))
+a fo - f5 i 0t — )" ELOT((t — $)*O)f (5) + Bu(s)]dbds.
= S.(Oxo + Zkl S ot = ) TH(x(E))
=

+aT(e9) j:_E f;o 0t — 5)7 ' ELOT((t — 5)%0 — €26)[ f(s5) + Bu,(s)]dbds.
From the compactness of S ,(¢)(t > 0) and T'(e*0) (¢*6 > 0), we obtain that the set
M s(r) = (FEP(0)() = x € B,
is relatively compact set in X for each € € (0, ¢) and 6 > 0. Moreover, we have
lle(2) = = O
= |l fo t fo i 01 — )" EOT (1 = $)*O)f(5) + Bue(s)dbds

—a f R f i 0t — )" €T (1 = $)*O)[f () + Bu(s)ldbds|
0 o

11 (7 -5 !
P @ “ M !
o) lallr| b Pfo 06200+ s € ”]+ Cr[r(1+a)6

1 1 b1 1
b | 66.0)d6| + ab | —— iz |67 [ 6e0)a6 -]
+ lf§<>]+a Vol zif§(> e

Since fooo £,(0)df = 1, the last inequality tends to zero when € — 0 and 6 — 0. Therefore, there
are relatively compact sets arbitrarily close to the set I1(7) (+ > 0). Hence the set I1(z) (r+ > 0) is also
relatively compact in X.

StepS: F, has a closed graph.

Let x, — x. in C(J, X), ¢, € F.(x,) and ¢, — ¢, in C(J, X). we will show that ¢, € F.(x,). Indeed,
¢©n € Fo(x,) means that there exists f,, € N(x,) such that

a'M(p_
p

IA

o) = mm+2&mrﬂmmnfaswvuﬂmmm
f (t = 5\ Talt - 5) X BET (b - $)R(&, T )(x1 S .(b)xo

—ZSQ(b DT (x(17)) f (b= T - T)f,,(T)dT)ds (3.5)

From Step 2, we know that {f,},>1 € L?(J,X) is bounded. Hence we may assume, passing to a
subsequence if necessary, that

fi — f., forsome f, € LP(J,X), (3.6)

AIMS Mathematics Volume 2, Issue 3, 422-436



433

It follows from (3.5), (3.6) and Lemma 3.4 that
(1) = Sa(Dxo+ Zk;Sa(l‘ — )1 (x(5;)) + fot(f — §)* ' To(t = 5)fu(s)ds
t fo (1= YTt — 5) X BET: (b — )R(e, rg)(x1 — Sa(b)x
- Zk; S (b — )T x(E)) - fo b - 0 (b — ) f*(T)dT)ds. (3.7)

Note that x, — x, in C(J,X) and f, € N(x,). From Lemma 3.4 and (3.6), we obtain f, € N(x,)
Hence, we prove that ¢, € F.(x.), which implies that F, has a closed graph.

Hence by Steps 1-5 and Arzela-Ascoli theorem, we obtain that F, is a completely continuous mul-
tivalued map, u.s.c. with convex closed values and satisfies all the assumptions of Theorem 2.8. Thus
F. has a fixed point which is a mild solution of problem (1). This is the end of the proof.

The following result concerns the approximately controllable of the problem (1). We need the
following assumption.

H(2)(iii)’: There exists a function 7 € L*(J, R") such that

lOF (t, x)|lx- = sup{llfllx- : f(t) € OF(t, x)} < n(t), forae.r€ J, all x € X.

Now, we are now in a position to prove the main result of this paper.
Theorem 3.6 Assume that assumptions of Theorem 3.5 and H(2)(iii)’ are satisfied, and the linear
system (3.1) is approximately controllable on J, then system (1) is approximately controllable on J.
Proof. By employing the technique used in Theorem 3.5, we can easily show that, for all £ > 0, the
operator F, has a fixed point in B,,, where ry = r(g). Let x°(-) be a fixed point of F, in B,,. Any fixed
point of F, is a mild solution of (1.1), this means that there exists f* € N(x®) such that for each 7 € J,

x°(t) € So(H)xo+ Zk]:Sa(f — ) {(x(1;)) + j:(l‘ — §)* ' To(t = 5)f4(s)dss
" fo (= YTt — $)BBT (b — 5) X R(z, rg)(x1 — Su(b)x
- Zk]: S olb — )I,((E)) - fo b - 0 b — ) fg(T)dT)ds.
Define G(f*) = x1 = So(b)o = Ty Sulb = )X = (b = 7 To(b - ) f*(2)d7.

Noting that / — T2R(¢, T%) = sR(e, T%), we get x(b) = x; — &R(s, TG (f?).

By assumption H(2)(iii)’, we have fob IF2()Pds < nll2ez) Vb.
Consequently the sequence {f?} is uniformly bounded in L*(J, X). Thus, there is a subsequence,
still denoted by {f¢}, that converges weakly to say f in L?(J, X). Denoting

k b
B = Su6 = Y Sub = LGN = [ b= T, (b=
i=1 0
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we see that

b
IG(f®) — Al I fo (b =)' Tolb = DIf*(7) = f(D)ldT

sup || | (¢ =)' To(t = DIf*(7) = f(D)]dr. (3.8)

0<t<b 0

IA

Using the Ascoli-Arzela theorem one can show that the linear operator g — fo.(' -0 T, (-—1)g(r)dr :
L*(J,X) — C(J, X) is compact, consequently the right-hand side of (3.8) tends to zero as € — 0*. This
implies

[lx°(B) — x|l leR(e, TG
leR(e, T + lleR(e, TOIG(f*) = A]ll

lleR(e, T + IG(f*) = hll = 0, as & — 0"

IA

IA

This proves the approximate controllability of system (1).
Acknowledgments

Project supported by the National Natural Science Foundation of China (Grants
n0s.71461027,71471158),the Zunyi Normal College Doctoral Scientific Research Fund BS[2014]19,
BS[2015]09, Guizhou Province Mutual Fund LH[2015]7002, Guizhou Province Department of
Education Fund KY[2015]391,[2016]046, Guizhou Province Department of Education teach-
ing reform project[2015]337, Guizhou Province Science and technology fund (qian ke he ji
chu)[2016]1160,[2016]1161, Zunyi Science and technology talents[2016]15.

Contflict of Interest

All authors declare no conflicts of interest in this paper.

References

1. A.E. Bashirov and N.I. Mahmudov, On concepts of controllability for deterministic and stochastic
systems, SIAM J. Control Optim, 37 (1999), 1808-1821.

2. H.E Bohnenblust and S. Karlin, On a Theorem of Ville, in: Contributions to the Theory of Games,
Princeton University Press, Princeton, NJ, 1950, 155-160.

3. P. Cannarsa, G. Fragnelli, and D. Rocchetti, Controllability results for a class of one-dimensional
degenerate parabolic problems in nondivergence form, J. Evol. Equ., 8 (2008), 583-616.

4. S. Carl and D. Motreanu, Extremal solutions of quasilinear parabolic inclusions with generalized
Clarke's gradient, J. Differ. Equa., 191 (2003), 206-233.

E.H. Clarke, Optimization and Nonsmooth Analysis, Wiley, New York, 1983.

Z. Denkowski, S. Migérski, and N.S. Papageorgiou, An Introduction to Non-linear Analysis: The-
ory, Kluwer Academic/Plenum Publishers, Boston, Dordrecht, London, New York, 2003.

AIMS Mathematics Volume 2, Issue 3, 422-436



435

7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

S. Hu and N.S. Papageorgiou, Handbook of multivalued Analysis (Theory), Kluwer Academic
Publishers, Dordrecht Boston, London, 1997.

A.A. Kilbas, H.M. Srivastava, and J.J. Trujillo, Theory and Applications of Fractional Differential
Equations, North-Holland Math. Studies, Elservier Science B.V. Amsterdam, 204, 2006.

M. Kisielewicz, Differential Inclusions and Optimal Control, Kluwer, Dordrecht, The Netherlands,
1991.

A. Kulig, Nonlinear evolution inclusions and hemivariational inequalities for nonsmooth problems
in contact mechanics. PhD thesis, Jagiellonian University, Krakow, Poland, 2010.

S. Kumar and N. Sukavanam, Approximate controllability of fractional order semilinear systems
with bounded delay, J. Differ. Equa., 252 (2012), 6163-6174.

Z.H. Liu, A class of evolution hemivariational inequalities, Nonlinear Anal. Theory Methods Ap-
pl., 36 (1999), 91-100.

Z.H. Liu, Anti-periodic solutions to nonlinear evolution equations, J. Funct. Anal., 258 (2010),
2026-2033.

Z.H. Liu and X.W. Li, Existence and uniqueness of solutions for the nonlinear impulsive fractional
differential equations, Commun. Nonlinear Sci. Numer. Simulat., 18 (2013), 1362-1373.

Z.H. Liu and X.W. Li, On the Controllability of Impulsive Fractional Evolution Inclusions in Ba-
nach Spaces, J. Optim. Theory Appl., 156 (2013), 167-182.

Z.H. Liu and J.Y. Lv, R. Sakthivel, Approximate controllability of fractional functional evolution
inclusions with delay in Hilbert spaces, IMA. J. Math. Control Info., 31 (2014), 363-383.

N.I. Mahmudov, Approximate controllability of semilinear deterministic and stochastic evolution
equations in abstract spaces, SIMA. J. Control Optim., 42 (2003), 1604-1622.

S. Migérski and A. Ochal, Existence of solutions for second order evolution inclusions with appli-
cation to mechanical contact problems, Optimization, 55 (2006), 101-120.

S. Migérski and A. Ochal, Quasi-static hemivariational inequality via vanishing acceleration ap-
proach, SIAM J. Math. Anal., 41 (2009), 1415-1435.

S. Migorski, A. Ochal, and M. Sofonea, Nonlinear Inclusions and Hemivariational Inequalities.
Models and Analysis of Contact Problems, Advances in Mechanics and Mathematics, Springer,
New York, 26, 2013.

S. Migorski, Existence of Solutions to Nonlinear Second Order Evolution Inclusions without and
with Impulses, Dynamics of Continuous, Discrete and Impulsive Systems, Series B, 18 (2011),
493-520.

S. Migorski and A. Ochal, Nonlinear Impulsive Evolution Inclusions of Second Order, Dynam.
Syst. Appl., 16 (2007), 155-174.

P.D. Panagiotopoulos, Nonconvex superpotentials in sense of F.H. Clarke and applications, Mech.
Res. Comm., 8 (1981), 335-340.

P.D. Panagiotopoulos, Hemivariational inequalities, Applications in Mechanics and Engineering,
Springer, Berlin, 1993.

AIMS Mathematics Volume 2, Issue 3, 422-436



436

25. P.D. Panagiotopoulos, Hemivariational inequality and Fan-variational inequality, New Applica-
tions and Results, Atti. Sem. Mat. Fis. Univ. Modena XLIII, (1995), 159-191.

26. 1. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.

27. K. Rykaczewski, Approximate conrtollability of differential inclusions in Hilbert spaces, Nonlinear
Analysis, 75 (2012), 2701-2712.

28. Y. Zhou and F. Jiao, Existence of mild solutions for fractional neutral evolution equations, Compu.
Math. Appl., 59 (2010), 1063-1077.

29. E. Zuazua, Controllability of a system of linear thermoelasticity, J. Math. Pures Appl.,74 (1995),
291-315.

30. Jinrong Wang, M. Feckan, and Y. Zhou, On the new concept of solutions and existence results for
impulsive fractional evolution equations, Dynamics of PDE, 8 (2011), 345-361.

©2017, Yanfang Li, et al., licensee AIMS Press.

,:A-”;A-H:, AIMS Pres This i1s an open access article distributed under the
o ress terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 2, Issue 3, 422-436


http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries 
	Approximate controllability results

