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1 Introduction

In this paper, we consider the three-dimensional inhomogeneous incompressible mag-
neto-hydrodynamics (MHD) which describes the coupling between the inhomogeneous
Navier-Stokes system and the Maxwell equation [1]. We have

d:p +div(pu) =0, (t,x) e R* x R3,
0:(pu) + div(pu ® u) —div(uM) + VII =B - VB,

9B+u-VB—AB=B-Vu, (L.1)
divu =0, divB =0,
Ple=0 = po, puls=o = mo, Blt=0 = Bo,

where the unknowns are the density p, the velocity u = (41, us, u3), the magnetic field B =
(By, By, B3), and the pressure function I1. M = %(aiu,» + dju;) is the deformation tensor and,
in general, the viscosity coefficient i is a smooth, positive function of the density p.

For the inhomogeneous MHD system (1.1), many results have been obtained. Gerbeau
and Le Bris [2, 3], obtained global existence of weak solutions in whole space R? or in
the torus T°. Abidi and Hmidi [4] proved the global existence of strong solutions with
small initial density in Besov spaces. Moreover, Abidi and Hmidi [4] allowed for variable
viscosity and conductivity coefficients but made the essential assumption that the initial
data are closed to a constant state. Chen et al. [5] established the local strong solution in
the presence of vacuum under the assumptions that both conductivity and viscosity are
constants. The global existence of strong solutions was obtained by Huang and Wang [6].
Recently, Gui [7] showed global well-posedness of the two-dimensional inhomogeneous
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MHD system with a constant viscosity and variable conductivity coefficients, but without
the small density assumption.

If there is no magnetic field (B = 0), the MHD system turns out to be the inhomoge-
neous Navier-Stokes equations. In fact, due to the similarity of the second equation and the
third equation in (1.1), the study of the MHD system has been along with that for Navier-
Stokes one. There are a lot of studies of incompressible inhomogeneous Navier-Stokes
equations. We should mention that Abidi et al. [8] proved the local well-posedness of the
three-dimensional inhomogeneous incompressible isentropic Navier-Stokes equations in
critical spaces but without the small density assumption. Motivated by [8], we shall in-
vestigate the global well-posedness of the 3-D incompressible inhomogeneous MHD (1.1)
with constant viscosity coefficient in the critical spaces.

If the density p is away from zero, we denote a def o1 -1 and fi(a) def w(p), then the
system (1.1) can be equivalently reformulated as

da+u-Va=0, (tx)eR* xRN,

Ou+u-Vu+ 1 +a) VIl =div(ii(a)M)) =1 +a)B- VB,
0B+u-VB—-AB=B-Vu, (MHD)
divu =0, divB=0,

(a,u,B)|;-0 = (@0, 0, Bo).

For simplicity, we just take p(p) = 1 and the space dimension N = 3. In this case, (MHD)

becomes

da+u-Va=0, (t,x)eR* xR3,
Oiu+u-Vu+1A+a)(VIl - Au)=(1+a)B- VB,

3B+u-VB—AB=B-Vu, 1.2)
divu =0, divB=0,

(ﬂ, u:B)It:O = (“0: Uo, BO):
or equivalently

qo+u-Vp=0, (t,x)eR" xRS

0:(pu) +div(pu ® u) — Au+ VII =B - VB,

0B+u-VB—-AB=B-Vu, 1.3)
divu =0, divB=0,

(ﬂ, M:B)lt:() = (ﬂ(), MO!BO)-
Our main result in this paper is as follows.

Theorem 1.1 Let ay € By (R%), ug € By} (R®), and By € By} (R®) with divug = 0, div By =
0, and

l+aop>b (1.4)

for some positive constant b. There exists a small constant c depending on |ao|| B2 50 that

if

luollayz + 1Bollzye <
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then (1.2) has a unique global solution (a, u, B) satisfying

lallzeqsy) + 166 B) sz, + 166 B sz, + 1V T 1ige

< C(H“OHB%Z + ||u0||]-35/12 + ”30”1'3;/12 + 1) exp{C\/f} foranyt>O0. (1.5)

We now make some comments on the analysis of this paper. Motivated by [8], in order to
prove the global well-posedness of Theorem 1.1, we note that as long as || || Bt I Bol B2
is sufficiently small, the lifespan of the local solution thus obtained should be greater than
1, moreover, there exists ; € (0,1) so that

u(ty) || saqpre + | B(&) || szqmre < Cllluoll gyz + 1Bollguz). 1.6
ez + 1B |yznsge < Clluolgz + WBolage) 16)
We shall first solve v via the classical Navier-Stokes system:

dv+v-Vv—Av+ VII, =0,
divv=0, 1.7)

VI, = ult),
and then solve w = u — v via

0:p +div(p(v+w)) =0,

pow+p(v+w) - Vw—-Aw+ VI, =1 -p)0v+v-Vv)—pw-Vv+B-VB,

0B+ (v+w)-VB—AB=B-V(v+w), (1.8)
divw =0, divB=0,

Ple=t, = p(t), W=y = 0, Bli—y = B(t1).

The rest of the paper is organized as follows. In Section 2, we collect some elementary
facts on Littlewood-Paley analysis that will be used later; then in Section 3, based on the
local existence of the solutions and the priori estimates, we prove Theorem 1.1 by a stan-
dard continuity argument.

2 Preliminaries
Let us briefly explain how we may proceed in the case x € R? (see e.g. [9]). Let ¢ be a
smooth function supported in the ring C def (£ eR3, % <&l < %} and such that

Y p(27) =1 fork #0.

qeZ

Then, for u € S’(R3?), we set

Vq € Z, Aqu = <p(2_qD)u and S’qu = Z A,-u. (2.1)
j=q-1

We have the formal decomposition

u= Z Aqu, Yu e S/(RE’)/P[Rs],

qe
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where P[R?] is the set of polynomials (see [10]). Moreover, the Littlewood-Paley decom-
position satisfies the property of almost orthogonality:

ArAju=0 iflk—ql>2 and Ag(S,uAu)=0 if|k—gq|>5. (2.2)
We recall now the definition of the homogeneous Besov spaces from [11].

Definition 2.1 Let (p,r) € [1,+00]%, s € R, and u € S'(R?), we set

def .
llellg, = QTNIAu]1),-

« Fors< 1% (ors= 1% if r = 1), we define B;‘r(R?’) © e S(RY) | lloel s, < 00}
. IfkeNand%+k§s<%+k+1(ors:2+k+lifr:1),thenB;,,(R3) is defined as
the subset of distributions u € S’(R3) such that 3%u e B;j,k (R?) whenever |B] = k.

Lemma 2.1 (Bernstein-type lemma [11-13]) Let B be a ball and C a ring of R3. A constant
C exists so that for any positive real number X, any non-negative integer k, any smooth
homogeneous function o of degree m, and any couple of real numbers (a,b) with b > a > 1,
we have

Suppa CAB = sup|[8%ul,, < CEARIED u|a,
lee|=k
) (2.3)

Suppii CAC = C AN uflpe < sup [07u| . < CYFANu o
loe|=k

Definition 2.2 (see [14, 15]) Let s < 1% (respectively, s € R), (r,A,p) € [1,+00], and T €
10, +00]. We define Z*T(B;,(Rﬂ) as the completion of C([0, T], S(R?)) by the norm

T BT
|V||Z§(B;,,>d§f <qum</0 ||Aqf(t)||;dt> ) <00,

qe’

with the usual change if r = co. For brevity, we just denote this space by Z’\T(B;,,). In the
particular case when p = r = 2, we denote this space by Z’\T(HS).

3 Global existence of (1.2)
We start with the local existence of strong solutions whose proof can be found in Theo-
rem 1.1 of [16].

Lemma 3.1 Under the assumptions of Theorem 1.1, a positive time T exists so that

(1.2) has a unique local solution a € Cy([O0, T];Bg,/lz(Rg)); u,B € Cp([0, T];Bgf(RB)) n
LY([0, T); B (R®)) and, for T > 1, we have

T
”(M’B)”ZOC([O,T],B;/%) + A || (M,B)(‘L') ||Bg,/1287: < C(””O ”35/12 + ”BO ”B%z) (31)

Similar to Theorem 2 in [8], we can obtain a higher-order regularity of the local solution
to (1.2) as follows.
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Proposition 3.1 Under the assumptions of Theorem 1.1, for any to > 0, we have

”(u’B)HZOC([tO,T];B%’/IZ) + @B HLl([zo,T];Bgff) * HVHHLI([to,T];B%ff)

< C(Ilaollgg/g)(lluollgglz + IIBollgi/lz)(l +1/4/to) eXp{C(Iluollgglz + IIBollgglz)}. (3.2)

Remark 3.1 Thanksto (3.1) and (3.2), there exists t; € (0,1) so that u(#;), B(t;) € Bé{f(RB) n
B2(R®) and it satisfies (1.6).

We are in a position to prove Theorem 1.1.

Proofof Theorem 1.1 Thanks to Lemma 3.1, we conclude that: given g, € Bg’f(ﬂ@) ug, By €
Bgf(l[@) with ||z || B2 + || Bo || By sufficiently small, (1.2) has a unique local solution (a, u)

satisfying a € C([0, T*) Bg’f(]l@)) andu,B e C([O T*); By (R3)NLL ((0, T*); B3 (R?)) for
some 7™ > 1. Our aim o is to prove that 7™ =

As ||u(t1)||B1/2mB7/2, ||B(t1)||31/2m37/2 is very small provided ||u0||B1/z, ||Bo||B1/2 is sufficiently
small. Let v solve the cla551ca1 Nav1er Stokes system (1.7). As u(tl) is sufﬁment small in
By 12(]1{3), it follows from the classical theory of Navier-Stokes equations [15] that (1.7) has

a unique global solution v € C([¢, +oo);B§{12) NLY([t, +oo);B§{12) satisfying

V00 o, ooty * IV o0y * 1V T 1 ooty < C e | gy,

HatV”Ll([tl +o<>)Bl/2 = C” tl HB”Z + ”le vV ”L1 ([t1, +oo);3§/12) = CHM(tl)“Bé/lz'

With v thus obtained, we denote w e . Then, thanks to (1.3) and (1.7), w, B solves
(1.8). Then the proof of Theorem 1.1 reduces to proving the global well-posedness of (1.8).
For simplicity, we just present the a priori estimates for smooth enough solutions of (1.8)
on [0, T%).

3.1 The higher regularities of v
Proposition 3. 2 ([8]) Let (v,11,) be the unique global solution of (1.7) which satisfies (3.3).
Then, for s; € —] and sy € [2, 31, we have

”V”ZDO([tlﬁ’OO)}B;l‘l) + H (AV: VIl

Mo so0niy = Cllollzyzs (3.4)

186Vl o0 (4, vo0yis2) + [(@:Av,8,VIT < Clluol| B2 (3.5)

V) ”Ll ([t1,+00) B;ZI
Corollary 3.1 ([8]) Under the assumptions of Proposition 3.2, one has
VIt ro00pzoe) + IHAY = VIl 24 rooyzo0) = Cllttoll gy (3.6)

3.2 The estimate of (w, B)
Lemma 3.2 (L2 estimate of (w,B)) We have for t <t < T*,

Wl oo e a2y + 1VWI 2, 502) + 1B ooy, 502y + 1 VBl L2(12,:22)

< C(Iluollggf + IIBollgifg) (3.7)

with C being independent of t.
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Proof First of all, thanks to (1.4), one deduces from the transport equation of (1.8) that
(1+ laoll )™ < p(t,x) < b7, (38)

from which, with 1 — p = pa, we get by using the standard energy estimate to the w, B
equation of (1.8)

1d

T ||\/ﬁw||%2 + ||Vw||%2 = /}R3 ((1 -p)0v+v-VV)+pw-Vv+B- VB) - wdx,

1d
i VB +IVBIE = [ (B-¥v-B 45w Bdx
2dt R3

thanks to divB = 0, one has

/ B~Vw~de+/ B-VB-wdx=0.
]R3

R3

Therefore, we get

%%(Ilﬁwlliz +1BII2:) + Vw2, + [ VB2,
:/Rs((l_p)(a””'v")'W+pW-Vv-w+B.vV.B)dx
< C(IVpwlz2lall2 19 + v - Vvl + 119vil (/W72 + 11B1172)), (3.9)
from which we get
%%(H«/ﬁwniz +1BI%)

< C(Ivpwlip2llall 219y + v - Vvl + IVl (I /owllz2 + 1BI72))
< C((Ivpwl2 + 1Bli2) lall 213y +v - Vvl + |Vl (IV/ewl72 + 1Bl72)),

from which we infer for ¢ € (t;, T*) that
2 (PRI (| G2, + |80])
< Cllaollze 17 () B2 + [BO] o)1 Av = VT, 0.
This along with (1.6) and (3.4) implies
INPWI o o 122y + 1B e gy ) < Cela IV ) oy VIl y,0,882)
= Cllute) || gz exp{Cllutto) | sz }
< C(””O”Bgf + ||Bo||3§{12)o
Plugging the above estimate into (3.9) gives rise to
VW2 a2y + VB2, :02) < C(||Mo||g§{12 + ||Bo||g§{12)~

This completes the proof of Lemma 3.2. d
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Lemma 3.3 (H' estimate of (w,B)) There exist two positive constants ¢, and c, such that
forte [, TY),

t
[SATAZ:] s / (ctlldwliZ + o | (2B, V2w) |12 + 11V Ty |12,) de’
5]
< Cluol}ye (310)

with C being independent of t.

Proof Taking the L? inner product of the w equation of (1.8) with %Aw and using (3.8),

we obtain
¢ 12 \/— ) J_ 5 V 2 I + V 6 3

+wl2lIVvlizee + [IVIL, |2

+ llall 211,y +v - Vvl + VB sllBl 3},

which implies

2

2 2 2 2 2 2
< CIVwWIIL2 IVIiZeo + TAWIL WIS + W72 I VVIIZe
12

d ) 1
— Vw7, + | —=Aw
dt JP
+ IVIL, 172 + 1 Av = VIL [} + | ABII7,1IBI7s.
Again thanks to the w equation of (1.8) and divw = 0, one has
AW, + [IVIL, |12, = |Aw= VL, |3,

< C{|Vpaw®)] > + [w@)] s | Aw®) | > + V12 I TwIi2

+ 1AV = VIL I + WL VY + [ BO)| 53 | AB@) . }-
As a consequence, we obtain for some positive constant ¢,
d
EIIVWlliz +e ||V2WHEZ < C{iIwlizs HVZWH; +lv/Po:wl 7

2 11,012 2 2
+IVW2lvilze + w2 IVVIIZeo

+ 1 Av= VI 7 + [ ABIZ2 1Bl 73 }- (3.11)
Taking the L? inner product of the B equation of (1.8) with AB,

d
ZIVBIG + | V2B < CLUBIG [ V2wl + 1wl V2B

+ |VBI7, IV + I1BI7: I VY7o }- (3.12)

Along the same lines, we get by taking the L? inner product of the w equation of (1.8) with
3tw,

d 2
2 2 2 ||o2 2 2 2 2
EHVWHLz + Vw2 < C(||W||L3 ||V W”Lz + VW2 IVIiZee + Wl 211 VY7o

+|Av = VIL, [} + | ABI% [1B]1%). (3.13)
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Thanks to (3.11), (3.12), and (3.13), there is a positive constant ¢, so that

d
%(nwniz +[IVBII%) + calldwl2
+(Cs = G Iwli + 1B1%)) (| Vw2 + | VB 12)
< Ca(IVWIZ V1120 + W% IV VI + | AV = VI, [ oo
+ IVBI2 [Vl 7 + 1BI2 [ VVIZe0)
< Ca((IIVWI2, + IVBIZ) [IVII7

+ (w2, + 1BI%) VYo + | Av = VI, [70). (3.14)

Now let 7* be determined by

def
T sup{tz t,

C
O+ |BO7 < f} (3.15)

We claim that 7* = T* provided that ||u || B2t | Boll B2 is sufficiently small. Otherwise for
t € [t,1*), it follows from (3.14) that '

d Cs
S IVWIZ2 + IVBIL) + callawl + —(HVZWHLZ + | V2B]2,)

< Ca((IVWlZ, + IIVBI2) IVl 7o

+ (Iwl72 + IBII72) IV VI + 1AV = VIL 7). (3.16)

Applying Gronwall’s inequality to (3.16) and using (3.7), (3.6), (1.6), and (3.3) together with
the interpolation inequality yield

IVwl?, + VB2,
t 9 t
<G, exp{C4/ V1120 dt/} [|| VB(#)| +/ (IVVlfe + AV - VHV||%m)dt/i|
t 5]
= Gs(lluolzye + I1Bollfye)- (3.17)
However, notice from (3.7) and (3.17) that

[w@]72 + 18O < (@] 2 [ Vo] 2 + B [ VBO )

2 2
< Co(lluollyys + 1Bollyyp) < for ¢ € [11,77)

=
4C,
provided that o ||21,2 +|1Bo ||21,2 < 4CC o » which contradicts with (3.15). This in turn shows
that t* = T*. Then 1ntegratmg (3.16) and using (3.6) leads to (3.10). This completes the
proof of the lemma. d

Lemma 3.4 (H? estimate of (w, B)) There exists a time independent constant C so that for
te [tl’ T*)y

“ (Vzw’ VzB) HLOO([tl,t] L2) + H(VW“ VBt)HH (t.,.L%) + ” (VZW’ VZB) C. (318)

“L2 ([f1,2], L6)
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Proof Step 1. L* estimate of (,/pw;, By).
We get by first acting 9, to the w equation of (1.8) and then taking the L? inner product

of the resulting equation with d,w,

Il + 1wl
:‘/Rs(l—p)wt-at(Av—VHV)dx
—Agptwt-(wt+(w+v)-Vw+w~Vv+(AV—VHV))dx
—A3pwt-((v+w)t~Vw+wt~VV+w~Vvt)dx

+/ 0:(B- VB)w; dx
R3

IV, (3.19)

The estimates of I, II, and III are similar to 8],
| = Cllaoll g2 ll/owell 2 | 9:(Av = VIL) | 1, (3.20)

1
11| < anné + C{IIVllZw + VI3 + | AW[2, + | Av = VIT, |12,

+ [ V2026 + I/PwelZ (11120 + 19wl 2 ]| V2w )

+vowel2 | V(av= VL) 4}, (3.21)
1
(1] < 19wl + ClI/Awel 22 (1YWl | Vw2 + 1V 7lz)

/AWl (Ivellzse + 19l ) (3.22)

which, thanks to (3.10), yields

vy =

/ Bt'vB'Wtdx"'/ B'VBt'Wtdx
R3 R3

< ellVwil 7o + CelIBAIZ IIVBI 2 1 VBl 2.

This together with (3.19), (3.20), (3.21), and (3.22) yields

%n\/ﬁwtniz + Vw72
< Cllyowell 2 [ V(Av = VIL) | 4
+ [0:(Av = VIL) | 5 + Ivellzoo + [Vvell 4]
+ CllVowel [V + Vvl + 1IVWll2 | V| ]
+ ClIVlIE + VY126 + I AW]2Z, + | Av = VL |12 + | V2v] }o]

+ CellBelI72 | V2B 2 VBl 2. (3.23)
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On the other hand, acting by 9; to the B equation of (1.8) and then taking the L? inner
product of the resulting equation with 9,B we see that

1d 9 9
5 7 1 Bellzz + VBl
:/ B, -Vwv+w)-Bi+B-Vv+w);-B;,—(v+w);-VB-B,dx
R3
<e(IVwel2 + IVBI2) + CIBA L (IV W2 | V2w 1
+ VB2 [ V?B| 12 + IVVlizee) + ClIBll 2 (IVvellgs + Ivellzoe). (3.24)

Thanks to (3.23) and (3.24), we have

(Iv/PWell22 + 1BellZ2) + VB2 + Vw2

T

4
dt
< C(IVpwell +IBll2)

x [|[V(Av=VIL)| 4 + |9:(Av = VIL)| 4 + [Vellzoe + 1 Vvillza]
+ C(I/pwell72 + 1B 117)

X [V + V¥l + VWl 2| V2w] 2 + VBl 2| V2B 2]

+ ClIVlf + 1912 + 1AWI2 + [ Av = VIL 2, + | V2| ]

def

= C(Ivowellzz + 1Bl 2)f3(0) + C(I/owell 22 + IBell22)A(8) + f2(2)
< C(B0) +A®)) (IV/owel 22 + I1BelI22) + /) + f(0).

We use

@ E Wi + V0l + 19wl 2] V2w] o + 1VBI 2 | V2B o

def

L) =

def

f3(t) =

4 2 2 2 2112
[VlIZee + IVVI26 + [ AW]7, + [|Av = VIL |74 + | V2] 6

[V(Av=VIL) |4 + |9(Av=VIL)| 5 + [vellzoe + [ Vvella.
Applying Gronwall’s inequality to (3.23) yields for ¢ € (¢, T*),
[Vowdd)l + B + / I+ [VB0) [ ar
< Cexp{C/tt(fl(t’) +fg,(t/))dt’}
1
x (|| (ow @2 + [ Be) 2 + / ) +fa(t’>)dt’) (3:25)

However, notice that B3? < L, B} | < L, B3} < L*, and we deduce from (3.3), (3.4),
(3.5), (3.7), and (3.10) that

/t:(fl(t/) +h(t) +f(t))dl <C
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with C being independent of ¢. Taking the L? inner product of the w, B equation of (1.8)
with wy, B; at t = f; and using (3.2) give rise to

I/l = C(la a0+ v- 9@ g + 8- VBe)] )

3
= (I g + 10 g 1@ g + 13660y 130 o)

=G

|6, = (Clv- 5] 2 + | AR 2 + B wie] )
= C(Ivte igg 1B s 3@ Ly
136 g Ivte) Ly Ivie L s + B0 )
<C.

As a consequence, we deduce from (3.25) that

t
swp (|0 + [BOl) + [ 19w+ [VBE) e =C. 320
te[t,T* 5]

Step 2. The estimate of (V2w, V2B).
We first observe from the w and B equation of (1.8) that

V2wl o + IVl < e([ V2w 2 + | V2B 2) + ClIVAWell2 + VWG + IVBIG

+ Wl VWil + 19V lioe (Wl + [Vl g+ 17190 Vil

IV?B| > < IBell2 + |(v+w) - VB, + [ V(v +w)- B 5

<e(|VPw| .+ |VPw|,2) + CLIVWIZIVBIlL2 + IVBIL I Vw2

+11Bellz2 + Wl I VB2 + [V VIizos (1Bl 2}
which along with (3.4), (3.5), (3.7), (3.10), and (3.26) ensures that

sup (||V2w(d)] 2 + [V?B@)] 2 + | VILL@)],2) < C. (3.27)

telt, T*)

On the other hand, let (v, g) solve
-Av+Vg=f, divv=0.
Then one has Vg = —=V(-A)"ldivf and, for any r € (1, 00),
IVqllr <Clifllr and  JAVII < Clifllers
from this and the w equation of (1.8), we infer

2
| 92w 6 + 1V Tullzs < CIwellze + lw- Vwlie + [[v- Ywlizs + w- Vvils

+[@=p)|| sll0ev+v- Vvl +[[B- VBI|s),
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which along with (3.10) implies

[ V2wl 6 + 1V ullzs
1 1
< C(IVwellz + IVWli2 | V2w|| 5 [ V2w s + [ V2w lIviizee + I VWll2 ][ Vv oo
1 1
Wl + IVl IVl + 1VBIL: | V2B 2] V2B] )

< (|72l + [92B] o) + CITwala + [ P20z + V2B s + vl + vl
On the other hand, following the B equation of (1.8), we infer

925 0 = (|92l + [V2B] ) + CIT Bz + [ 2wl + | 92B] .+ I,
Therefore, we get

|V2w] 6 + | V2B 6 + VT, lI 6

< C(IVwell2 + VB2 + [ V2w] 2 + [ V2B o + IVl 72 + VIl 52).
Therefore thanks to (3.4), (3.26), and (3.10), we obtain

“VZW”;( + ” VZBHEZ( y T |IVHW||i2<

[£1,£];L) [t1,¢1;L8 [11,£1;L)

=cf ||th||i2([t1,t];L2) + HVB!”%Z([tl,t];Lz) + ”VZWHEZ([q,t];LZ) + HVZB||E2([tl,t];L2)

2 2
. . < (
* ”V”LZ([n,t];Bfo) * ”"”LZ([n,z];Bg{f)} -

This completes the proof of the lemma. O

3.3 Proof of Theorem 1.1

We first rewrite the momentum equation in (1.3) as
ou+u-Vu—Au+VIl=1-p)0u+u-Vu)+B-VB.

Then it follows from the classical theory of the homogeneous Navier-Stokes equations
(see [15] for instance) that with ¢ € [, T*),

Nl oo ey, 12 + 28l g g2y + IV I L1y 32)
t
/
< Clu(n) ||B§{12 + /n IVatll oo Nl gy @t + [ (1= p)(Opua + - Vr) IILI(W];B%)

+|B- VB”Ll([tl,t];B;{f)' (3.28)
Applying the product law in Besov spaces gives

| (= p) @t + - V) Hpqtl,ﬂ;t‘a;{f) = ClL = Pl ooy, i32) 1061t + 18- Vbl gy 15172)-
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Yet thanks to Lemma 2.1 and (3.18), one has
”8tu”L1([t1’t];B;{12) < CEPN0Wl 2y, + || (82) ||B£/12 <C("* +1),
t
2 /
ot Vel g iy, < C /t (Vw2 Awlzz + I¥Igs) de < C,
t ¢
IB- VBl a2y <C | IBllinlIVBlgadt <C | |IVB|2||ABll2dt’ < C.
([tr,21; 21)
g t 5]
Thanks to Theorem 2.87 in [13] and Proposition 1 in [8], we have

”]- - p”zw([tl,t],Bg'/lz)
t
< Cllal g gy = Clate) gz exp € [ Ju(t)] g | 329
! , A /

However, applying Lemma 2.1 leads to

12 || 2,172
llull gz = CIVWI ¢ V2wl s + VIl 572,

which along with (3.10) and (3.18) implies

IV ”L1 (L) [|ze ”Ll([tl,t];Bg{f)

) 1/2 12 1/2
< Clltll gy ey = CLML g gy + 21w llaw]

[a.t L2([1,1);L2 L2([11,L];L9) }

<C(1+17).
Therefore, we obtain
”(1 —0)(0u +u-Vu) ”Ll([tl,t];isgf) < CHa(tl) ”B%Z exp{Ctl/z}.
Then applying Gronwall’s inequality to (3.28) gives rise to

Mot zoo ey ety + Wbl gy + WV TN 2 i)

< Cexp{CVE}(luollyz + laoll gy + C)- (3.30)
We first observe from the B equation of (1.8) that
B-—AB=u-VB+B-Vu.
Similarly, we get
Bz e 1:537) + MBIl ey 152
= C”B(tl)”B;{f + - VB”Ll([q,t];B;{f) +1B- V””Ll(m,t];B;{f)

< CllBoll g2 + C. (3.31)
2,1
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From (3.29), (3.30), and (3.31), we infer by a standard argument that 7* = co. Moreover,
the global solution thus obtained, (a,u, B, I1), satisfies (1.5). This completes the proof of
Theorem 1.1. O
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