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Abstract

In this paper, we investigate the sufficient condition for the existence of best
proximity points for non-self-multivalued mappings. Additionally, we discuss the
stability theorem for such mappings. Our results improve and generalize some
existing results on the topic in the literature, in particular, the results of Lim and of
Abkar and Gabeleh.

1 Introduction and preliminaries

Let (X,d) be a metric space and A, B be subsets of X. We denote by CL(B), the set of
all nonempty closed subsets of B. A point x € A is called a fixed point of a mapping T :
A — CL(B), if x € Tx. The multivalued map T has no fixed point if A N B = {J. In this case
d(x, Tx) > 0 for all x € A. So, one can attempt to find the necessary condition so that the
minimization problem

mind(x, Tx)
x€A

has at least one solution. A point x* € X is said to be a best proximity point of the mapping
T:A — Bifd(x*, Tx*) = dist(4, B). When A = B, the best proximity point reduces to a fixed
point of the mapping 7. The following well-known best approximation theorem is due to
Fan.

Theorem 1.1 [1] Let A be a nonempty compact convex subset of normed linear space X
and T : A — X be a continuous function. Then there exists x € A such that

lx — Tx|| = inf{|| Tx — a||}.
acA

In this paper, we discuss sufficient conditions which ensure the existence of best prox-
imity points for multivalued non-self-mappings satisfying contraction condition on the
closed ball of a complete metric space. Moreover, we discuss the stability of the best prox-
imity points. Our results extend and generalize some results by Lim [2], and Abkar and
Gabeleh [3]. Some important best proximity theorems can be found in [4-15].

Now we recollect some notions, definitions, and results, for easy reference. dist(A4, B) =
inf{d(a,b) : a € A,b € B}, d(x,B) = inf{d(x,b) : b € B}, Ao = {a € A : d(a,b) = dist(4, B)
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for some b € B}, By = {b € B: d(a,b) = dist(A, B) for some a € A}, CB(B) is the set of all
nonempty closed and bounded subsets of B and B(xg,r) = {x € X : d(xo,x) < r}.

Definition 1.2 [13] Let (A, B) be a pair of nonempty subsets of a metric space (X, d) with
Ao # 9. Then the pair (A, B) is said to have the weak P-property if and only if for any
x1,%2 € A and y1,y2 € B,

d(xlryl) = dlSt(Ax B);

= d ’ <d ’ .
d(xy, ) = dist(4, B) (x1,%2) < d(31,)

Example 1.3 [14] Let X = {(0,1),(1,0),(0,3),(3,0)}, endowed with a metric d((x1,x>),
(ylryZ)) = |x1 _yll + |x2 _y2|' LetA= {(071)’ (110)} and B = {(013)) (3)0)} Then; for

d((0,1),(0,3)) =dist(4,B) and d((1,0),(3,0)) = dist(4, B)
we have

d((0,1),(1,0)) <d((0,3),(3,0)).
Also, Ay # . Thus the pair (4, B) satisfies the weak P-property.

Definition 1.4 [3] An element x* € A is said to be a best proximity point of a multivalued
non-self-mapping 7, if d(x*, Tx*) = dist(4, B).

Theorem 1.5 [3] Let A and B be two nonempty closed subsets of a complete metric space
(X, d) such that Ay is nonempty. Let T : A — CB(B) be a mapping satisfying the following
conditions:
(i) foreach x € Ay, we have Tx C Bo;
(ii) the pair (A, B) satisfies the P-property;
(ili) there exists a € (0,1) such that, for each x,y € A, we have H(Tx, Ty) < ad(x,y).
Then there exists an element x* € A such that d(x*, Tx*) = dist(A, B).

2 Best proximity theorems
We start this section by introducing the following definition.

Definition 2.1 Let A and B be nonempty subsets of a metric space (X,d), xy € Ay, and
B(xo,r) is a closed ball in X. A mapping T : A — CL(B) is said to be a proximal contraction
on B(xo, r), if there exists « € (0,1) such that

H(Tx, Ty) < ad(x,y) for eachx,ye B(xo,r)NA. (2.1)

Lemma 2.2 [16] Let (X, d) be a metric space, B € CL(X), and q > 1. Then, for each x € X,
there exists an element b € B such that

d(x,b) < qd(x,B). (2.2)

Now we are in a position to state and prove our first result.
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Theorem 2.3 Let A and B be nonempty closed subsets of a complete metric space (X, d).

Assume that A is nonempty and T : A — CL(B) is a mapping satisfying the following con-

ditions:
(i) foreach x € Ay, we have Tx C By;

(ii) the pair (A, B) satisfies weak P-property;

(iil) there exists xog € Ag such that T is a proximal contraction on the closed ball B(xy,r)

and d(xg, Txo) + dist(A4, B) < (1 — /a)r.
Then T has a best proximity point in B(x,r) N Ao.

Proof By hypothesis (iii), we have xy € Ay such that T is a proximal contraction on the
closed ball B(x, r) and d(xo, Txo) + dist(4, B) < (1 — \/a)r. As xo € Ao. By (i), we have y €

Txy C By. Then there exists x; € Ag such that
d(x1,90) = dist(A, B).
By using the triangular inequality, hypothesis (iii) and (2.3), we have
d(xo,x1) < d(x0, Txo) + d(Txo, %1) < d(%0, Txo) + d(yo, %1) < (1 - Va)r.
Since x; € Ag C A, x1 € B(xg,r) N A. From (2.1), we have
d(yo, Tx1) < H(Txo, Tx1) < ad(xo,x1).
As a > 0, by Lemma 2.2, we have y; € Tx; such that
d(yo,n) < id(,)/oy Txy) < vod(xg,x1).
Ve
Since Tx; C By, there exists x, € Ay such that
d(x2,y1) = dist(A, B),
as (A, B) satisfies the weak P-property. From (2.3) and (2.7), we have
d(x1,%2) < d(yo, y1).
From (2.6) and (2.8), we have
d(x1,%2) < Jad(xo,x1).
Considering the triangular inequality, (2.4), and (2.9), we have

d(xo,%x2) < d(xo,%1) + d(x1,%2)
< d(xo,%1) + v/ad(xo, %)

<(1-a)r<r.

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)
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By construction, we have x, € Ag € A. Thus x; € B(xg,r) N A. Again from (2.1), we have

d(y1, Txp) < H(Txy, Tx) < ad(x1, x7). (2.10)
By using Lemma 2.2, we have y, € Tx; such that

A1) = 0, To) = Vad(n, ). (11)
Since Tx, C By, there exists x3 € Ag such that

d(x3,y2) = dist(A, B), (2.12)
as (A, B) satisfies the weak P-property. From (2.7) and (2.12), we have

d(x2,%3) < d(y1,52). (2.13)
From (2.11) and (2.13), we have

d(x3,x3) < Vord(x1, %) < ad(x0, 21). (2.14)
By considering the triangular inequality, (2.9), and (2.14), we have

d(x0,%3) < d(xo,%1) + d(x1,%2) + d(x2,%3)
<[1+ Ve + (Va)*]d(xo, x1)
<[1+ Ve + V)] - Va)r<r,

asws € Ag € A. Thus, x3 € B(xo,7) N A. Continuing in the same way, we get two sequences
{x,} € Ao with x,, € B(xo,r) N A and {y,} C By with y,, € Tx, such that

d(xy,yu-1) = dist(4,B) for eachn e N. (2.15)
Moreover,
A% %p11) < AWno1,¥n) < (V)"d(x0,%1) for each n € N. (2.16)

For n > m, we have

m-1 m-1 o0
i) = Y i) = 3 (Ve dlso,m) < 3 (ad(xo, ) < oo. 217)

Hence {x,} is a Cauchy sequence in B(xo,7) N A € A. A similar reasoning shows that {y,}
is a Cauchy sequence in B. Since B(xy,r) N A is closed in A, and A, B are closed subsets
of a complete metric space, there exist x* € B(xo,r) N A and y* € B such that x, — x* and
yn — ¥*. By (2.15), we conclude that d(x*, y*) = dist(4, B) as n — oo. Clearly, y* € Tx™, since
limy,, o0 d(yy, Tx*) < lim,, oo H(Tx,, Tx*) = 0. Hence dist(4, B) < d(x*, Tx*) < d(x*,y*) =
dist(A, B). Therefore, x* is a best proximity point of the mapping T'. d
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Example 2.4 Let X = R? be endowed with the metric d((x1,%1), (x2,y2)) = %1 — %2 +
|y1 — ¥2|- Suppose that A = {(1,x) : x € R} and B = {(0,x) : x € R}. Define T : A — CL(B) by

T(1,%) = { {(0,0),(0,%/2)} if0<x<10,
{(0,%)} ifx >10.

Let us consider a ball B(xy,r) with xo = (1,0.1) and r = 7.5. Then it is easy to see that
T is a proximal contraction on the closed ball B((1,0.1),7.5) with o = % Also, we have
d(xo, Txo) + dist(A, B) < (1 — \/a)r. Furthermore, Ay = A, By = B; for each x € Ay we have
Tx C By and the pair (4, B) satisfies the weak P-property. Therefore, all the conditions of
Theorem 2.3 hold and T has a best proximity point.

Corollary 2.5 Let A and B be nonempty closed subsets of a complete metric space (X, d).
Assume that Ao is nonempty and T : A — B is a mapping satisfying the following condi-
tions:
(i) for each x € Ay, we have Tx € By;
(ii) the pair (A, B) satisfies the weak P-property;
(iii) there exists xg € Ag such that T is a proximal contraction on the closed ball B(xy,r),
that is,

d(Tx, Ty) < ad(x,y) foreachx,y € B(xo,7) N A, (2.18)

and d(xg, Txo) + dist(A, B) < (1 - /a)r.
Then T has a best proximity point in B(xg,r) N Ag.

If we assume that X = A = B, then Theorem 2.3 reduces to the following fixed point
theorem.

Corollary 2.6 Let (X,d) be a complete metric space and T : X — CL(X) be a mapping.
Assume that there exist xo € X and o € (0,1) satisfying

H(Tx, Ty) < ad(x,y) foreachx,y € B(xo,r)
and d(xo, Txo) < (1 — /a)r. Then T has a fixed point.

3 Stability of best proximity points
Stability of fixed point sets of multivalued mappings was initially investigated by Markin
[15] and Nadler [16] with some strong conditions. Lim [2] proved the stability theorem for
fixed point sets of multivalued contraction mappings by relaxing the condition assumed
by Markin [15]. Abkar and Gabeleh [3] discussed the stability of best proximity point sets
of non-self-multivalued mappings. In this section, we extend and generalize the stability
theorems due to Abkar and Gabeleh [3], and Lim [2].

In this section, by B, and Br, we denote the sets of best proximity points of 77 and 75,
respectively.

Theorem 3.1 Let A and B be nonempty closed subsets of a complete metric space (X, d).
Assume that Aq is nonempty and T; : A — CL(B), i = 1,2 are mappings satisfying the fol-
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lowing conditions:
(i) foreachx e Ay, we have Tix C By, i =1,2;
(ii) the pair (A, B) satisfies the weak P-property;
(ili) foreachi=1,2, there exists a; such that T; is proximal contraction on the closed ball
Blay, r;) with the same o as a contraction constant, that is,

H(Tix, Tyy) <ad(x,y) foreachx,y e Bla;,r;)NA, (3.1)

and d(a;, Tia;) + dist(A, B) < (1 - /a)r;.
Then

H(Br,,Br,) < sup H(T1x, Trx) + 2 dist(A, B)]

R
Proof Let xy € Br,, then we have y, € T>x( such that

d(x0,y0) < H(T1x0, Toxo) + dist(A, B).
Since yg € Toxg € By, we have x; € Ay such that

d(x1,90) = dist(A, B). (3.2)
We know that T is a proximal contraction for closed ball B(ay, ;). Without loss of gen-
erality, we take a; = xg and rp = r such that d(xg, Toxo) + dist(4, B) < (1 — /a)r. Clearly,
x1 € B(xg,r) N A, since x; € Ag C A and

d(xo,x1) < d(xo, Taxo) + d(Taxo,%1) < d(xo, Taxo) + d(yo, x1) < (1 - Va)r. (3.3)
By hypothesis (iii), we have

d(yo, Tox1) < H(Toxo, Tox1) < ad(xo,%1). (3.4)
As o >0, by Lemma 2.2, we have y; € Tox; such that

i ) = o, To) < Vad(zo.0). (35)
Since Thx; C By, there exists x5 € Ay such that

d(x2,y1) = dist(A, B), (3.6)
as (A, B) satisfies the weak P-property. From (3.2) and (3.6), we have

d(x1,%2) < d(¥o,y1)- (3.7)
From (3.5) and (3.7), we have

d(x1, %) < ad(xo,x1). (3.8)
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Considering the triangular inequality, (3.3), and (3.8), we have

d(x0,%2) < d(xo,%1) + d(x1,%2)
< d(xo,x1) + «/&d(xo,xﬂ
<(l-a)y<r.

Also, x, € Ag € A. Thus, x; € B(xg,r) N A. Continuing in the same way, we get two se-
quences {x,} € Ay with x,, € B(xg,r) N A and {y,} C By with y,, € Thx, such that

d(x,,yn-1) = dist(A,B) foreachneN. (3.9)
Moreover,
A, %ns1) < dWn-1,¥n) < (V@)"d(x0,%1) for eachn € N. (3.10)

For n > m, we have

m-1 m-1 00
A%y X)) < Zd(xi:xiﬂ) < Z(«/&)"d(xo,xl) < Z(\/&)id(xo,xl) < 00. (3.11)

Hence {x,} is a Cauchy sequence in B(xy,r) N A C A. A similar reasoning shows that {y, }
is a Cauchy sequence in B. Since B(xy,r) N A is closed in A, and A, B are closed subsets
of a complete metric space, there exist u* € B(xo,7) N A and v* € B such that x, — u*
and y, — v*. By (3.9), we conclude that d(u*, v*) = dist(A, B) as n — oo. Clearly, v* € Tou™.
Then we have dist(A, B) < d(u*, Tou™) < d(u*,v*) = dist(A, B). Therefore u* is a best prox-

imity point of T;. Now, we have
o0
d(xo,u*) < Zd(xn:xnﬂ)
n=0

<Y (Va)'d(xo,x)
n=0
= ! d(JC(), xl)

9

1
-Ja
1

1-Va

IA

S

[d(xo’yo) + d(YOrxl)]

[d(xo,yo) + dist(A,B)]

—_

< - ﬁ [H(TIJC(), Toxg) + 2dlSt(A,B)]

Similarly, if t, € Br,, then we have u* € By, such that

1

—

d(?mu*) =

[H(Tlro: Tox,) + 2dist(4, B)]

—

Q‘
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Thus, we have

1
H(Br.,Br,) < [ H(Tyx, T 2d'tA,B].
(B, Tz)_l_ﬁ ilelE (Tix, Tox) + 2dist(A, B) 0

Example 3.2 Let X = R? be endowed with the metric d((x1,y1), (%2,92)) = %1 — %2 +
|y1 — ¥2|. Suppose that A = {(1,x) : x € R} and B = {(0, x) : x € R}. Define T}, T, : A — CL(B)

by
{(0,0)} ifx<o0,
T1(1,%) = { {(0,0),(0,%x/2)} if0 <x <10,
{(0,x2)} ifx>10
and
Ty(Lx) = {(0,1)} ifx<1,

{(0,1),(0,(x +1)/2)} ifx>1.

It is easy to see that 77 is a proximal contraction on the closed ball B(xy = (1,0.1),7 = 7.5)
with o = % and d(xo, Txo) + dist(4, B) < (1 - </a)r. Further, T, is a proximal contraction on
the closed ball B(x; = (1,1.25),7, = 8) with « = % and d(xy, Tx;) + dist(4, B) < (1 — /a)r1.
Furthermore, it is easy to see that Ay = A, By = B, and for each x € Ay we have T;x C By
for each i = 1,2 and the pair (A, B) satisfies the weak P-property. All the conditions of
Theorem 3.1 hold. Thus the conclusion holds. That is,

1
H(By,By,) < [s H(Tyx, T. +2d'stA,B].
( Tp Tz)_l_ﬁ xlelE (Tix, Tox) ist( )

If we assume that X = A = B, then Theorem 3.1 reduces to the following stability result.

Corollary 3.3 Let (X,d) be a complete metric space and T; : X — CL(X), i = 1,2 be map-
pings. Assume that there exist o« € (0,1) and ay,a, € X such that, for each i, we have

H(Tix, Tyy) <ad(x,y) foreachx,y <€ Bla;r;) (3.12)

and d(a;, Tia;) < (1 - /o)r;. Let Fr, and Fr, denote the sets of fixed points of Ty and T,
respectively. Then

H(FTpFTz) =<

sup H(T1x, Tox).
1- /A yea

Note that in this theorem B(a;, ;) are closed balls.

Remark 3.4 Ifry, r; are sufficiently large, then B(a;, r1) and B(ay, ;) are equal to X. In this
case, from Corollary 3.3, we get the following result.

Corollary 3.5 (Lim [2], Lemma 1) Let (X,d) be a complete metric space and T; : X —
CL(X), i = 1,2 be a-contractions with the same «, that is,

H(Tx, Tyy) < ad(x,y) foreachx,ye€X,
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where o € (0,1). Then

1
H(Fr,, Fr,) < sup H(Tyx, Tox).
1-a yex

Corollary 3.6 (Lim [2], Theorem 1) Let (X, d) be a complete metric space and T; : X —
CL(X),i=1,2,..., be a-contractions with the same o. If lim;_, oo H(Tix, Tox) = 0 uniformly
for all x € X, then lim;_, o H(F7,, Fr,) = 0.
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