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1 Introduction

In recent years, there has been a growing interest in physical applications of boundary
value problems with a spectral parameter, contained in the boundary conditions. The rela-
tionship between diffusion processes and Sturm-Liouville problem with eigen-parameter
in the boundary conditions has been shown in [1]. Another example of this relationship
between the same problem and the wave equation has been examined in [2, 3]. Sturm-
Liouville problems with a discontinuous coefficient arise upon non-homogeneous mate-
rial properties.

In a finite interval, inverse problems for the Sturm-Liouville operator with spectral pa-
rameter, contained in the boundary conditions, have been investigated, and the unique-
ness of the solution of these problems has been shown in [4-9]. The inverse problem has
been analyzed by zeros of the eigenfunctions in [6], by numerical methods in [9] and by
two spectra, consisting of sequences of eigenvalues and the normed constants in [10]. In
[11,12], eigenvalue-dependent inverse problem with the discontinuities inside the interval
was examined by the Weyl function. In a finite interval, discontinuous and no eigenvalue
parameter containing direct problem and inverse problem with the Weyl function were
discussed in [13, 14]. The similar problem was investigated in the half line by scattering
data in [15, 16].

We consider the boundary value problem

—y" +q(x)y = A*p(x)y, 1)
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Ui (y) :=y(0) =0, (2)
Us(y) = M By () + Bay(m)] + cay(r) + a2y () = 0, 3)

where g(x) € L,(0, ) is a real valued function, A is a complex parameter, oy, o, B1, B2 are

real numbers and

1, 0<x<a,

a?, a<x<m,

p(x) =

where 0 <o #1.

2 Special solutions

Let ¢(x, 1) and ¥ (x, A) be the solutions of equation (1) satisfying the initial conditions
(p(or}\) = 0: (ﬂ/(O,)L) = ly (4')
Y n)=-22Bi-a, Ym0 =2p+an ©)

For the solution of equation (1), the following integral representation is obtained in [13]
for all A:

_ l 1 irpt(x) l _ 1 i (x)
e(x,\) = 5 (1 + ——p(x))e HEx) g 5 <1 ——,o(x))e 1

) )
+ / K(x, ) dt,
—ut(x)
where K(x,-) € Li(-u* (x), u*(x)).
The kernel K(x, t) has the partial derivative K} belonging to the space L;(—ut* (x), u*(x))
for every x € [0, 7], and the properties below hold:

d
—K (%, 1" (x)) =

o ),

1 1
1 (
4\/p(x)< " \/p(x)>q *

d _ _ 1 1
E{K(x,u (%) + 0) —I((x,pL (x) — 0)} = 250 (1 - )q(x),

K(x, —/f(x)) =0.
Moreover, if g(x) is differentiable, then the following are valid

p(X)K,, - K. +qx)K =0, [t|<p*(x),

wF(x) x
/ |K(x,t)dt| < C<exp{/ |q(t)| dt} - 1), 0 < C = const.
—ut(x) 0

Using the representation of the solution e(x, A) and formula

_ e(x, 1) —e(x,—A)

»y
¢ ) 2iA
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we obtain the integral representation of the solution ¢(x, A)

e sin At

"
o, L) = @o(x, 1) + /0 A(x, t) dt, (6)

where A(x, t) = K(x,t) — K(x, —t). The kernel A(x, £) can be represented with the coefficients
p(x) and g(x)

d 1 1
—A ) * = 1 )
. (% " (%)) il (x)( + T (x))q(x)

d.
d ) . 1 1
a{A(x,u (%) +0) —A(x,u (x) - 0)} = N (1 p(x)>q(x).

With the help of equation (6), we have a representation for the function ¥ (x, 1)

a )sink(u*(ﬂ) - ')

p(x) ak

1 <1_ o )sink(u*(ﬂ - (@)
Vo) ak

wr ) -ptx) Sin At
¥ / A(x, t) 1)\ dt, (7)
0

where A(x, ¢) is a real function.
Denote

A = (o, 1), ¥ (%, 1)) = p(x, MY (%, ) — @' (6, M) (, 1), (8)

which is independent of x € [0, ]. Substituting x = 0 and x = 7 into (8), we get

AQ) = Uz(p) = -Lh(¥).

A(A) is an entire function of A and is called the characteristic function of the boundary
value problem (1)-(3).

3 Some spectral properties

Lemmal Thesquare values of the roots (A,)2, of the characteristic function coincide with
the eigenvalues of the boundary value problem (1)-(3), and for every X, there exists a se-
quence (k) such that

W(x, )\‘}’l) = kn‘p(x: )\n) (kn 7!0)7 (9)

where V(x, 1,,) and ¢(x, 1,,) are the eigenfunctions of the boundary value problem (1)-(3),
corresponding to the eigenvalue A,,.

Proof The proof can be done in a similar way to [8]. Indeed, let us assume that X is an
eigenvalue of the function A(X). Then

90(95,)%) w(x,)‘-O)
@'(x,20) Y (% 40)

AR =
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holds, i.e., the functions ¢(x, A¢) and ¥ (x, 1o) are linearly dependent v (x, 1¢) = k,¢(x, Ao)
(ks = const.), and they satisfy the boundary conditions (2), (3). Hence A3 is an eigenvalue,
¥ (x,A0) and ¢(x, Ao) are eigenfunctions, related to this eigenvalue. Conversely, let A% be
an eigenvalue of the operator A, and let yo(x, A0), ¥o(x, —Xo) be the corresponding eigen-
functions. Then the boundary conditions (2), (3) hold both for the eigenfunctions y,(x, A¢)
and yo(x, —Xo). Additionally, if the functions yg(x, o) and yo(x, —1¢) satisfy the conditions
¥'(0,20) =1, '(0,-Xo) = 1, then yo(x, Ao) = ¢(x, 2o), yo(x, —Ao) = @(x, —Ao). According to
boundary conditions (2), (3), we have

A(ro) = Ua(9(, 1)) = Ua (yo (o, h0)) = 0,

A(=%o) = U (@, —10)) = Ua(yo(mr,—2o)) = 0.

Similarly, if we assume that y; (77, o) = A2 B2 + a1, ¥ (71, —ho) = A3 Ba + a1, then yo(x, Ag) =
¥, Xo), Yo (o, —ro) = ¥ (x, —Xo). Again from the boundary conditions (2), (3), it is obvious
that

A(ho) = =Uh (¥(0, 40)) = U (%0(0, 20)) =0,
A(=%o) = =Uy (¥(0,~10)) = Ui (%0(0, —20)) = 0.

Therefore, we have proved that for each eigenvalue A2, there exists only one (up to a mul-
tiplicative constant) eigenfunction. d

In the Hilbert space H, = L, ,(0,7) @ C an inner product defined by

(F,G):= /0 ' F1(%)Gi(x)p(x) dx + E ZXGZ )

where

F, G
F= ( l(x)> €H,, G= ( l(x)> €H),, X =0 —oafs>0.
Let us define

A (—F{(x) +q@F, (x))

o Fi(m) + agFi ()

with
D(A) = FeH,:F(x), F{(x) € AC[0, ], IF) € Ly, ,(0,7)
- Fi(0) =0, F, = BiF{(r) + poFr () ’
where
I(F) = ﬁ {—Fl” +q(x)F, }

The boundary value problem (1)-(3) is equivalent to the equation AY = A2Y.
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The eigenfunctions of operator A are in the form of

D(x, 1) = Dy = # % 2n) .
ﬁl(ﬂ/(ﬂ; )‘«n) + ﬂZ(/)(n: }‘n)

Lemma 2 The eigenfunctions ®; and ®,, corresponding to different eigenvalues Ay # Ay,
are orthogonal.

Proof Since ®; and ®; are the solutions of the boundary value problem (1)-(3), the equa-
tions below are valid

—®"(x, 1) + g(x)D(x, 11) = AT p(x) D (%, A1),

—®"(x, 12) + q(x) D(x, 12) = A5 p(X) D (x, A2).

Multiplying the first equation by ®(x, A,) and the second equation by —®(x, 1;) and adding
together, we have

d
o [ A1) D (%, 1), D (x, 1) P, 12) } = (AT = A3) p (%) D (%, A1) D, Ao).

Integrating it from 0 to 7, and using the boundary condition (3), we obtain
(A —Ag)[/ D (x, 1) P(x, 12) p (%) dx]
0

+ (A7 =23) [% (B9 (%, 1) + Bogp(x, 11)) (B’ (%, 12) + Bogp(, )»2))] =0.

Since A; # Ay, the lemma is proved. O
Corollary 3 The eigenvalues of the boundary value problem (1)-(3) are real.

The values

(B1g' (7, hn) + B2g(70, 1))
X

(10)

y,,:/ 0% (x, A,) dx +
0

are called the norming constants of the boundary value problem (1)-(3).
Now, let us agree to denote differentiation with respect to A with a dot A = % A (A #0).

Lemma 4 The following equality holds

AQhn) = 20k V- (1)
Proof Since

9" (6, An) +qWP@ ) = Map@A),  —Y (06 1) +g@) Y (x2) = 1Y (x,2),

we get

d

_ 2_ 2
A0 = (3 = 22) e A (. 2).

Page 5 of 16
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With the help of (2) and (3),

-80) = =)0+ 20| [ o0+ |
Taking into consideration (9) and (10), for A — A, we arrive (11). O
Corollary 5 All zeros of A(L) are simple, i.e., A(r,) #0.
4 Asymptotic formulas of eigenvalues

Let ¢o(x, A) be the solution of equation (1) satisfying the initial conditions (4) when g(x) =
0

wo(x,k):%(1+ 1 )sin}\(;u(x)) 1(1_ 1 )sin)\(u‘(x))‘

— 12
o(0) ' o) x 12

A 2

The eigenvalues A2 (n = 0,+1,£2,...) of the boundary value problem (1)-(3) when g(x) =
0 can be found using the equation

Ao(W) = X2[Brgy(mm, 1) + Bago (7, M) | + a1 o (T, 1) + oy (o, 4) = O

from [17] (see also [18]) and can be represented in the following way

+hy n=0%1,42,..., (13)

where sup,, |1,,| = h < +00.

Lemma 6 Roots A of the function Ao()) are separated, i.e.,
inf[A) —A7| =7 >0.
inflh, — 2¢| = 7>

Proof Assume the contrary. Then there are sequences (A,?’), ()»,‘3”) of zeros of functions
A2 [By () + Boy(m)] + any(m) + ary'(;r) = 0 such that

A A, A — oo, 1Y — o0,

lim (AY =19} = 0.
kl)oo( Kk~ Mk )
Since the eigenfunctions ¢g(x, A,?/), o, )»,‘3”) are orthogonal, we have

/g
0=AYAY /0 p®)@o (%, 17 ) o (%, A7) dx
T
- [ o ) vl 48) -1 ) s
T
v [ o o 29)* s
0

- / () (g0 (x, 1)) dx
0
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a a
> I + / p) (A 9o (i, A,?’))Z dx =1 + / sin® Ay x dx
0 0

a sin2\)a
=h+—-— 0
2 4

’

where
T
I = / pIAY @0 (% A0 ) [AY 0o (% AY") = A o (%, A7) ] dx.
0

Thus,

a sin2\a
0>I+—-- 0
27

(14)

Let us prove that Iy — 0 as k — oo. In fact, (12) implies the following estimate
e (@) = 20 (") = Clag =23

Consequently, limk_mo[)ng’w(x, )L,?’) - Ag”(p(x, )»2”)] =0 holds uniformly on x € [0, 7]. Now,
passing to the limit in equality (14), as kK — oo, we have 0 > % This is a contradiction, and

it proves the validity of lemma’s statement. O
Lemma 7 The eigenvalues of the boundary value problem (1)-(3) are in the form of

dp N
A=A+ —+—, 1, >0, (15)
Ak

where d,, is a bounded sequence

1

1 T 1
dn: ry - 1_
412Ao(>»2){ /0 \/,O(t)< Vv o(t)

)q(t) cos(Adu (1)) dt}

q(t) cos(Agu* () dt},

1 {/ \/,0 t ( AV, ,0 t )
1)";«IAO(“';«I) 0 ( ) ( )
ﬂ]ld { ]VI} € 12'

Proof From (6), it follows that

i

) .
AG) = Ag(h) + / AGr, 0S4 (16)

0 A

Lemma 1.3.1 in [19] and from [17], we get

AL) — Ao(A) = O( !

m)e‘m““*m, |A] = 0. 17)

Therefore, for sufficiently large #, on the contours

T
rnz{x;|x|=|x2|+5},

Page 7 of 16
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we have
|AM) = Ao(W)] < [Ao(1)].

By the Rouche theorem, we obtain that the number of zeros of the function {A(}X) —
Ag(A)} + Ap(A) = A()) inside the contour T',, coincides with the number of zeros of the
function Ag()). Furthermore, applying the Rouche theorem to the circle 0,(8) = {A :
|A—A%] < 8}, we get that, for sufficiently large # there exists only one zero A, of the function
A(X) in 0,,(8). Owing to the arbitrariness of § > 0 we have

P Ag +€, €,=0(1),n— o0. (18)
Substituting (18) into (16), we get

sin(A% +¢,,)

wh(m)
A(A) +€4) = Ag(A + €x) +/ A(m,t) dt=0.
0

20 +e,

Hence, as n — 00, taking into account the equality Ag(12) = 0 and relations sin e, u* () ~
€t (1), cose,ut () & 1, integrating by parts and using the properties of the kernel
A(x, t), we have

1 o wCos(Ad +e,)
€~ ﬁ{A(TF;M (n))T ()
AOA(AD) PR
1 ~ _ cos(A +€,) _
—m{[A(ﬂ,M (7{)+0)—A(j7,',/,(, (7T)+O)]W (T[)
1 ut(m) A0 .
1 / A, S8t e
AOA(O) Lo A0+ e,
dy Mn
= —
Mie, M+e,
where

()
{1} = {/u Ay, t) cos(AY +e,,)tdt}.
0

Let us show that {7, } € ,. It is obvious that

w*(m)
/ A;(r,t)cosAtdt
0

can be reduced to
w*(m) )
/ R(t)e™ dt,
-t ()

where R(£) € Ly(—u* (), u* (;r)). Now, take

M

ur(m) )
Z(A) = / R(t)e™ dt.
—ut(m)

Page 8 of 16
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Itis clear from [19] (p.66) that {¢,} = {¢(X,)} € [o. By virtue of this we have 7, € /5 (see [20,
21]). Therefore, as

S
"0 ve,)
the validity of n,, € [; can be seen directly. Lemma is proved. g

5 Expansion formula
Assume that A2 is not a spectrum point of operator A. Then, there exists resolvent operator
R;2(A) = (A — A2D)™!. Let us find the expression of the operator R;2(A).

Lemma 8 The resolvent R;2(A) is the integral operator with the kernel

1 oM YW2), t=<ux

G, t;A) = ———
@54) AR 1y, Mk, r), t=>x.

(19)

Proof To construct the resolvent operator of A, we need to solve the boundary value prob-

lem
="+ qx)y = 1> px)y + p()f (%), (20)
y(0) =0, (21)
APy () + Boy(m)] + oy () + a2y () = fi, (22)

where f(x) € D(A). By applying the method of variation of constants, we seek the solution
of the problem (20)-(22) in the following form

Y, 1) = cr(x, M) (x, 1) + calx, Ao, A), (23)

and we get the coefficients ¢;(x, A) and ¢, (x, 1) as

1, 2) = c1(0,2) — ﬁ /0 (6, ) (0)p(0) dt, (24)
co(x,A) = —ﬁ /x Y, N f (&) p(2) dt + ca(m, A). (25)

Substituting (24) and (25) into (23) and taking into account the boundary conditions (21)
and (22), we have

Y,2) = /0 " Gl ) (D (6) i - %w(x,k), (26)
where G(x, ;1) is as in (19). O

Theorem 9 The eigenfunctions ¢(x, 1,),>1 of the boundary value problem (1)-(3) form a
complete system in Ly ,(0,7) & C.
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Proof With the help of (9) and (11), we can write

A(hy)

;)‘-n =
v (x, An) s

(% Ap). (27)

Using (19) and (26), we get

% } (28)

Res;-y, y(x, 1) = - <p(x,kn){ [ (&, Aa)f (D)p(t) dt +
0

2AnYn

Now, let f(x) € L,,,(0,7) @ C and assume

.}(2(:31§0/(7T’ )\n) + ﬂ2§0(7[: )\n)) _
X

(606 1),f () = / o5, )P dx + 0. ()
0
Then from (28), we have Res; _;, y(x, 1) = 0. Consequently, for fixed x € [0, 7] the function
y(x, 1) is entire with respect to A.
Let us denote that

Gs:={r:|A-A)| =8,n=0,F1,F2,...},

where § is a sufficiently small positive number. (16) is valid from Theorem 12.4 in [22] for
AE Gg.

On the other hand, we can say from Lemma 1.3.1 in [19] that for every f(x) € L;(0, ),
the following relation holds

lim max {e /mA
|A|—00 0<x<m

/xf(t) cosktdt‘ }
0

= lim max e ImAl
|A]—00 0<x<m

/xf(t) sinAtdtH =0. (30)
0

Also, for |A| — o0, the relations below hold

1 +

wmm=oGﬂdm“®> (31)

1 + +

@' (%, 1) = (p(/)(x’)\) + O(mellmz\lu (x)) - O(e\lmklu (x)), (32)
1 )t

V(x,A) = O(_elm)\l(u (m)-n*@) | (33)

’ |A]
W(x’)‘) - wé(x,k)o(l)lL_'el lm}»(/u(n)—/u(x))) _ O(e‘ lm)»\(/ﬁ(ﬂ)—u‘r(x)))' (34)

From the estimates (31)-(34), it is obvious that
Lt
|AQ)| zqme A e Gs. (35)

From (26), it follows that for fixed § > 0 and sufficiently large " > 0, we have

Cs
|y(x1)")|§m) )\GGS»M"Z)\«
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Using maximum principle for module of analytic functions and Liouville theorem, we get
y(x,1) = 0. From this and the expression of the boundary value problem (20)-(22), we
obtain that f(x) = 0 a.e. on [0, ]. Thus, we reach the completeness of the eigenfunctions
o, A,)in Ly ,(0,7) @ C. O

Theorem 10 Iff(x) € D(A), then the expansion formula

@)= anp, 1) (36)
n=1

is valid, where

4 - % /0 " ot A Opd)dt,

and the series converges uniformly with respect to x € [0,1]. For f(x) € Ly ,(0, ), the series
converges in Ly ,(0, 1), moreover, the Parseval equality holds

INCREES SR
n=1

Proof Since ¢(x, 1) and ¥ (x, 1) are the solutions of the boundary value problem (1)-(3), we

have
X, A ———1 lﬂx)\. —(ﬂ” A +q @Z}» 4 d

1 " "
- m{w(x,k) /x [-v"(@&2) +q(t)1/f(t,/\)]f(t)dt}

b
- mﬂﬂ(x: A). (37)

Integrating by parts and taking into account the boundary conditions (2), (3), we obtain

1 1
) = =5 )= 553 + 2o 1)) - gt 9)
where
Zi( ) = ﬁ {w(m) /0 " (g0 dt+ o) ] g dt},

Za(x,2) = ﬁ{w(x,x) /0 o (6, )g(0)f (0) dt}

1 g
* m{‘ﬂ(’cr/\)/x Y (t, L)q@)f (¢) dt+¢(x,k)1p/(n,k)]f(n)]’

as g(t) =f'(¢). Let us consider the following contour integral

1
In(x) = . f )»J’(%)») d)‘)
2mi Jr,
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where T, = {A: [A| = [A0] + 3} is a contour oriented counter-clockwise, and # is a suffi-
ciently large natural number. With the help of Residue theorem, we get

1,60 =23 Resson 9 20] = Yl 1) + Y 0 1), (39)
= n=1 n=1 n

where

an= / o6, 1) (Op(0) .

VYn Jo

On the other hand, taking into account (38), we have

L(x) = —f(x) + L f (Zl(x,k) + Zz(x,k)) d. (40)

2mi Jr,

Comparing (39) and (40), we obtain

Zantp %, Z AA({XZ”) (% h) = ~f (x) + €,(),
where

€q(x) = —ﬁ /r,, (Z1(x, 1) + Zy(x, 1)) d
Thus, we obtain

f@=Y" yl o(x, n){ /0 o (6, ) (1) p(0) dt} - €n(x). (41)

n=1 "
Now, let us show that
lim max |e,(x)| =0 (42)

n—00 xe[0,]

From estimates (31)-(34) of solutions ¢(x, A), ¥ (x, 1) and the inequality (35) for the func-
tion A(R), it follows, for fixed § > 0 and sufficiently large A >0

C .
max |Z,(x, 2)| < |72 AEGs A =1 (43)

xe[0,7] |

Let us show that lim |, oc MaXo<x<x [Z1(x, 1)| = 0. If we suppose that g(¢) € AC[0, ], and
by then integrate by parts the expression of Z; (x, 1), we obtain

Zi(, ) = Aa{ (x,2) / (6, g (0)dt + 9 (x, 1) / e, A)g(t)dt}

Hence, similar to Z,(x, 1), we have

G

v reGs A=A (44)

n%ax |21 x,k)’ <

Page 12 of 16
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In general case, let us take an arbitrary fixed number € > 0 and assume that g.(¢) €
AC[0,7], such that [ |g(t) — g(¢)|dt < €. Then we can find a A" that for 1 € G5 and
[A| > A”. Also, using the equation below,

2 A(A){‘”(x’ )/0 (¢ (t)—ge(t))w’(t,k)dt}
1 m /
AV {‘P(xr/\) / {ORYAGIE (t,k)dt}
ﬁ{‘ﬁ(x,K)fox(ge(t))wl(t,k)dt+(p(x,)\)'/xn(gg(t))w/(t,k)dt}’

and with the help of the estimates of functions ¢(x, 1), ¥ (x, 1) and A(1), we get

xrer%g§]|Zl x,M)| < C/ lg(t) — g (t)| dt + C;j) <C- C;\el)
as A € Gs, |A| > 1", Hence we have
l)\li)_n;olmax|21(x,k)| <C-¢ (Ae@Gy).
From the arbitrariness of €, we reach
lim max |Z1(x,k)| , AEG;. (45)

|A]— 00 x€[0,7]

The validity of (42) can be easily seen from (43) and (44). Thus, we obtain
© 1 7
f@=) — A n){ / ot 2n)f (0)p(0) dt}.
n 0

n=1

If we take

a =L / ot A (Op0)dt,
Vn 0

the last equation gives us the expansion formula

f®) =) anp(@, 1)

n=1

Since the system of ¢(x, 1), is complete and orthogonal in L, ,(0,7) ® C, the Parseval
equality

| e pwds =3 nia
n=1

holds. Extension of the Parseval equality to an arbitrary vector-function of the class Ly (a, b)
can be carried out by usual methods. O
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6 Weyl solution, Weyl function
Let ®(x, A) be the solution of equation (1) that satisfies the conditions

®(0,1) =1,

M[Pi®(r, 1) + Boa®(r, M) + 01 D, A) + @' (o, 1) = 0.

Denote by c(x,A) the solution of equation (1), which satisfies the initial conditions
¢(0,A) =1, ¢'(0,4) = 0. Then the solution ¥ (x, A) can be represented as follows

1ﬁ(xr)‘-) = 1/f,(0y)»)<ﬂ(x»)\) - A(}\)C(xr)\)

or
Vi) ¥/(0,3)

- AG) clx, M) — A0 o(x, A). (46)

Denote
R ACES

M) = — AG) (47)
It is clear that

D(x, 1) = clx, A) + M(M)p(x, 1). (48)

The functions ®(x, 1) and M(A) = (0, 1) are respectively called the Weyl solution and
the Weyl function of the boundary value problem (1)-(3). The Weyl function is a mero-
morphic function having simple poles at points A, eigenvalues of boundary value problem
(1)-(3). Relations (46), (48) yield

D(x, 1) = — ‘”A(’(c;\’;). (49)
It can be shown that
(@ 1), 0% 1)) =1. (50)

Let us take into consideration a boundary value problem with the coefficient g(x) similar
to (1)-(3) and assume that if an element & belongs to boundary value problem (1)-(3), then
& belongs to one with g(x).

Validity of the equation below can be shown analogously to [8]

[ee]

M) =M(©0) + )

n=1

)\’2
_. 51
722 =) o
Theorem 11 The boundary value problem (1)-(3) is identically denoted by the Weyl func-
tion M(X\). (If M(X) = M(}), then q(x) = g(x).)
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Proof Let us identify the matrix P(x, 1) = [P (%, A)]jx-1,2 as

H%M<@mm ?@J»:<wmﬂ ¢Miv‘ )
§n) dwa) \¢mn) @)

From (50) and (52), we have

(p(x¢)\) = Pll (x’ )\.)QZ(QC, )‘-) + PIZ(x, )‘-)(ﬁ/(x, )‘-): (53)
D(x, 1) = Pry(x, 1) P(x, 1) + Pra(x, 1) P (x, 1),

or

Pll(x))‘) = (Z)/(x))‘)cb(x¢ )\) - 90/(96: )\)&),(x, )")) (54)
Pro(x, 1) = (o, 1) D' (0, 1) — @, 1) D(x, 1).

Taking equation (49) into consideration in (54), we get

PuwR) =1+ —— 6, 1)(¢/ () — 33, 1) (5 1) (F(61) — ¥ (1),

1
A(Y) TAam?

(55)
Puat 1) = —— (=t ) (1) + 3 )Y (3, 1)).
A())

Now, from the estimates

1 +
!d@M—ﬂMMFOGﬂwm“M) Al = oo,

and

’ ~ 1 () -t (x
[¥/ (2, 1) = (%, )| :o(mellm“ﬂ )= ”), ] — o0,

we have from equation (55)

lim max ’Pu(x,)») - 1‘ = lim max |P12(x,)»)| =0 (56)

|A|—00 0<x<m |A|—00 0<x<m

for A € Gs. Now, if we take consideration equation (48) into (53), we get

Pry(x, 1) = @' (3, M)l 1) — 9, ME (x5, 1) + @ (6, Wep(oe, ) [M() — M(2)],

Pry(%,2) = @(x, 1) = €(x, ) — @, 1) (%, 1) + 9, 1)@, A) [ M(1) = M(L)].

Therefore, if M()) = M()), then Py;(x, A) and Pj»(x, 1) are entire functions for every fixed .
It can easily be seen from equation (56) that Py;(x,A) = 1 and Pjp(x, 1) = 0. Consequently,
we get p(x,A) = ¢(x,A) and P(x, 1) = d(x, 1) for every x and A. Hence, we arrive at g(x) =
q(x).

O

Theorem 12 The spectral data identically define the boundary value problem (1)-(3).
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Proof From (51), it is clear that the function M(X) can be constructed by A,,. Since A, = Aou
for every n € N, from Theorem 10, we can say that M()) = M(1). Then from Theorem 11,
it is obvious that A = A. O

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the manuscript and read and approved the final manuscript.

Acknowledgements _
This work is supported by the Scientific and Technological Research Council of Turkey (TUBITAK).

Received: 5 April 2013 Accepted: 29 July 2013 Published: 14 August 2013

References

1. Fulton, CT: Two-point boundary-value problems with eigenvalue parameter contained in the boundary conditions.
Proc. R. Soc. Edinb. 77, 293-308 (1977)

2. Tikhonov, AN, Samarskii, AA: Equations of Mathematical Physics. Dover Books on Physics and Chemistry. Dover, New
York (1990)

3. Kapustin, NY, Moisseev, El: On a spectral problem with spectral parameter in boundary condition. Differ. Equ. 33,
115-119 (1997)

4. Benedek, A, Panzone, R: On inverse eigenvalue problem for a second order differential equation with parameter
contained in the boundary conditions. Notas Algebra Analysis 9, 1-13 (1980)

5. Mamedov, SG: Determination of a second order differential equation with respect to two spectra with a spectral
parameter entering into the boundary conditions (Russian). Izv. Akad. Nauk Azerb. SSR, Ser. Fiz-Tekh. Mat. Nauk 3,
15-22(1982)

6. Browne, PJ, Sleeman, BD: Inverse nodal problems for Sturm-Liouville equations with eigenparameter dependent
boundary conditions. Inverse Probl. 12(4), 377-381 (1996)

7. Binding, PA, Browne, PJ, Watson, BA: Inverse spectral problems for Sturm-Liouville equations with eigenparameter
dependent boundary conditions. J. Lond. Math. Soc. 62(1), 161-182 (2000)

8. Yurko, VA: Method of Spectral Mapping in the Inverse Problem Theory. VSP, Utrecht (2002)

9. McCarthy, CM, Rundell, W: Eigenparameter dependent inverse Sturm-Liouville problems. Numer. Funct. Anal. Optim.
24(1-2), 85-105 (2003)

10. Guliyev, NJ: Inverse eigenvalue problems for Sturm-Liouville equations with spectral parameter linearly contained in
one of the boundary conditions. Inverse Probl. 21(4), 1315-1330 (2005)

11. Amirov, RK, Ozkan, AS, Keskin, B: Inverse problems for impulsive Sturm-Liouville operator with spectral parameter
linearly contained in boundary conditions. Integral Transforms Spec. Funct. 20(8), 607-618 (2009)

12. Amirov, RK, Topsakal, N: Inverse problem for Sturm-Liouville operators with Coulomb potential which have
discontinuity conditions inside an interval. Math. Phys. Anal. Geom. 13(29), 29-46 (2010)

13. Akhmedova, EN: On representation of solution of Sturm-Liouville equation with discontinuous coefficients. Proc. Inst.
Math. Mech. Natl. Acad. Sci. Azerb. XVI(XXIV), 5-9 (2002)

14. Akhmedova, EN: The definition of one class of Sturm-Liouville operators with discontinuous coefficients by Weyl
function. Proc. Inst. Math. Mech. Natl. Acad. Sci. Azerb. 22(30), 3-8 (2005)

15. Mamedov, KR: On an inverse scattering problem for a discontinuous Sturm-Liouville equation with a spectral
parameter in boundary condition. Bound. Value Probl.. 2010, Article ID 171967 (2010)

16. Mamedov, KR, Kosar, NP: Inverse scattering problem for Sturm-Liouville operator with nonlinear dependence on the
spectral parameter in the boundary condition. Math. Methods Appl. Sci. 34(2), 231-241 (2011)

17. Zhdanovich, VF: Formulae for zeros of Dirichlet polynomials and quasipolynomials (Russian). Dokl. Akad. Nauk SSSR
135, 5 (1960)

18. Krein, MG, Levin, BY: On entire almost periodic functions of exponential type (Russian). Dokl. Akad. Nauk SSSR 64, 3
(1949)

19. Marchenko, VA: Sturm-Liouville Operators and Their Applications. AMS, Providence (2011)

20. Akhmedova, EN, Huseynov, HM: On eigenvalues and eigenfunctions of one class of Sturm-Liouville operators with
discontinuous coefficients. Trans. Acad. Sci. Azerb. Ser. Phys.-Tech. Math. Sci. XXIll(4), 7-18 (2003)

21. Nabiev, AA, Amirov, RK: On the boundary value problem for the Sturm-Liouville equation with the discontinuous
coefficient. Math. Methods Appl. Sci. (2012). doi:10.1002/mma.2714

22. Bellman, R, Kuk, KL: Difference-differential equations (Russian). (1967)

doi:10.1186/1687-2770-2013-183
Cite this article as: Mamedov and Cetinkaya: Inverse problem for a class of Sturm-Liouville operator with spectral
parameter in boundary condition. Boundary Value Problems 2013 2013:183.



http://www.boundaryvalueproblems.com/content/2013/1/183
http://dx.doi.org/10.1002/mma.2714

	Inverse problem for a class of Sturm-Liouville operator with spectral parameter in boundary condition
	Abstract
	MSC
	Keywords

	Introduction
	Special solutions
	Some spectral properties
	Asymptotic formulas of eigenvalues
	Expansion formula
	Weyl solution, Weyl function
	Competing interests
	Authors' contributions
	Acknowledgements
	References


