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Abstract

In the present work, we study properties of some integro-differential operators of the
Hadamard-Marchaud type in the class of harmonic functions. As an application of
these properties, we consider the question of the solvability of a nonlocal boundary
value problem for the Laplace equation in the unit ball.
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1 Introduction
Let Q2 = {x € R" : |x| < 1} be the unit ball, # > 2. A paradigm in the theory of elliptic partial
differential equations and harmonic functions is the Laplace equation

Au(x)=0, xeQ. 1)

If we prescribe the values of the solution at the boundary 02 of €2, then we can solve
equation (1) uniquely. Of course, one can consider many other boundary conditions such
as Neumann’s boundary conditions.

In some applied problems of hydrodynamics [1], it is necessary to prescribe the value of a
fractional derivative of the solution on the boundary. Fractional differential equations and
boundary value problems involving fractional derivatives appear in many applied prob-
lems ranging from the spring-pot model [2] to geology [3] or from nonlinear circuits [4]
to alternative models to differential equations [5].

Hence, in this paper we study the Laplace equation concentrating on some conditions
on the boundary involving derivatives of fractional order.

Note that numerous works of authors [6—13] were dedicated to the research questions of
the solvability of boundary value problems for partial differential equations with boundary
operators of high (whole and fractional) order. In the paper of A.N. Tikhonov [14] bound-
ary value problems with boundary conditions containing derivatives of higher order have
been investigated for the heat equation. Research questions as regards the solvability of
similar problems for higher-order equations with boundary operators of whole and frac-
tional order were carried out in [15, 16]. Later in [17], these results were generalized for
partial differential equations of fractional order. In [18—20] questions about the solvability
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of boundary value problems with boundary operators of high order were studied for the
Laplace equation. In the studies of these authors the exact conditions for the solvability
have been established and the integral representations of solutions of the studied problems
have been found. The cycle of studies by the authors [21-26] is devoted to the study of the
existence and smoothness of solutions of boundary value problems for the second-order
elliptic equations with boundary operators of fractional order. In the paper mentioned
above local boundary value problems with boundary operators of fractional order in the
Riemann-Liouville or Caputo sense are studied. In this paper we study nonlocal problems
with boundary operators of fractional-order derivatives of Hadamard type. Definitions of
Hadamard operators, a statement of the main problems, and the history of the questions
on this topic are in Section 3.

The organization of this paper is as follows. In Section 2, we present the operators of in-
tegration and differentiation in the Hadamard sense and some modifications. In the third
section we provide a formulation of the basic problem of this paper and some historical
information as regards nonlocal boundary value problems. In the fourth section we study
the properties of integral and differential Hadamard-Marchaud operators in the class of
harmonic functions in the ball. In Section 5 we provide some auxiliary propositions. Fi-
nally, Section 6 is devoted to the study of the fundamental problem, where we formulate

and prove the main statement of the paper.

2 Definition of Hadamard operators of integration and differentiation and
some modifications
In this section, we give a statement on the operators of fractional differentiation in the
sense of Hadamard, Hadamard-Marchaud, and their modifications.
For any positive «, fractional integrals and derivatives of the order « in the sense of

Hadamard are defined by the following formulas [27]:

N 1o e\ “ Do)
J gD(t) = @ \/O\ <1H ;) T dS, t>0, (2)
a(p(t) — 6m+1]m+1—a(p(t)’ (3)

where § = t% is the Dirac operator, m = [«] is the integral part of «.
If 0 < o <1, then, in the class of sufficiently ‘good’ functions, operator (3) can be reduced

to the following form [27]:

o 1-a St)
Do(t) = 8] ¢(t) = m_) S“nsw ds. (4)

This operator is said to be the differentiation operator of order « in the sense of
Hadamard-Marchaud.
In [28], the following modification of the Hadamard-Marchaud operator was consid-

ered:

D)= a)/‘”“ D ds s o), =0, 5)

sl-n |lns|a+1
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In [18], in the class of harmonic functions in a ball, the properties and applications of
the operators in the form of

5 8\
5;4:75%% 8 = rostH (6)

are considered. Here u > 0, r = |x|, x = (x1,...,%,), and r% is a differential operator in the
3 n 3
formof ro- =3 xig -
Let u(x) be a harmonic function in the domain €2, and let 0 < «, 0 < u be arbitrary real
numbers. Let us consider a modification of the Bavrin operator (6).

Introduce the operators

e = | =0,
ujx) =
' L [ty (s ds, >0,
u(x) a=0,
Dy lul(x) = | wigy Jo Fomcste, S ds + pou(x), 0<a<l,

( $+/,L)mD;i " [u](x), m<a<m+l,m=12,....
If o =m, u >0, then we obtain the Bavrin operator D}/ [u](x) = (r% + )",

3 Statement of the problem
Lett;: 0Q — 'y € Q1 C Q, k=1,2,..., [t #, be continuous mappings, and let a;(x) be
continuous functions satisfying the condition

Z|ak(x)| <00, X€IR. (7)

k=1

We assume that the series (7) converges uniformly on 9€2.

Further, let © >0,0 <8 <a,and ¢ + B #0, i.e. « and B are not equal to zero simulta-
neously.

Consider the following boundary value problem:

Aulx)=0, xe€g, (8)
D2ul() - Y an(®)Dh [ul (b)) =f(x), € 0L, ©)
k=1

where f(x) € C(992).
A harmonic function u(x) from the class C2(Q2) N C(R), such that Dju(x) € C (Q) and
condition (9) is realized in the classical sense, will be called a solution of problem (8)-(9).
The above-mentioned problem is a simple generalization of Bitsadze-Samarskii’s non-
local problem [29]. For convenience of the reader, we formulate the Bitsadze-Samarskii
problem.
Let D be a finite simply-connected domain of the plane of complex variables z = x + iy
with the smooth boundary S = 3D, and let S; be a closed simple smooth curve lying in D.
We denote by t = v(t), t € S, T € §; a diffeomorphism between S and S;.
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Formulation of the problem: We are to find a harmonic function u(z) = u(x, y) in D, which
is continuous in D = D U S and satisfies the boundary condition

u(t) —u(v(®) =f@), tes,

where f(¢) is a given function.

Similar problems with operators of integer order were considered in [30-32], and for
operators of fractional order with fractional-order derivatives in the sense of Riemann-
Liouville and Caputo in [33—41]. It should also be noted that some questions of solvabil-
ity of nonlocal problems for fractional-order equations in the one-dimensional case were
studied in [42-44].

4 Properties of operators J;’i and D;‘j
In this section, we study some properties of the operators /i and D, in the class of har-
monic functions. Further, for convenience, we shall take everywhere y = o — m.

Lemmal Leto >0, ;0 >0, and Hi(x) be a homogeneous harmonic polynomial of the power
k € Ny ={0,1,...}. Then the following equalities are correct:

Jii[Hil(x) = (k + )™ *Hy(x), >0,k € No, (10)

D [Hil(x) = (k + 1)* Hi(x),  k € No, > 0. (11)
Proof Let i > 0. Then, using homogeneity of the polynomial Hi(x), we obtain

JulHi(x) = = /1 [Ins|* s Hy (sx) ds = i) /1 |Ins|* Lkl s
' F@) Jo ') Jo '

The value of the last integral can easily be calculated with the help of the change of
variables z = —Ins. In fact,

1 [t Y
- / | lnslu—lskﬂJ_—I ds = —— / Za—le—(k+;z.)z dz
() Jo () Jo

(k + )™ f“’ o _
= — t““etdt = (k+p)™*.
') Jo

The equality (10) is proved.
Further, note that the relation

a m

8, Hy(x) = (ra— + M) Hy(x) = (k + )" Hy(x), keNo,u=>0, (12)
r

holds for the operator §)7".
Now, let us study actions of the operator D}, to the functions Hy(x). Using the definition
of D}, and the homogeneity of Hy(x), we have

% ! Hi(x) — Hy(sx)
rd-y)Jo st #|lnslr+!

Hi(x) !
_ yHi() f (s*7t = s Ins] =0V ds + Y Hie ().
0

r1-y)

ds + ' Hy(x)

DY [Hel(x) =
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Denoting I = fol (s* —s&1)(In %)‘(V”) % and integrating by parts, we get

1! N
I[=-—— / [1s" ™! = (k + p)s ] <1n —> ds.
o s

After the change of variables z = —Ins, as in the proof of equality (10), we easily obtain

I=—

ra- V)My s F(ly— J/)(k+ Wy,

14

which implies D}, [Hy](x) = (k + )Y Hy(x).
Further, taking into account fulfilling of equality (12), we obtain in the general case for

m<a<m+l:
DETH@) = 87D [Hi) () = (K + ) He ().
The lemma is proved. O

Lemma?2 Let o >0, u> 0, and u(x) be a harmonic function in the ball Q. Then the func-
tions Dy [u](x) and J; [u](x) are also harmonic in Q.

Proof Let u(x) be a harmonic function in the ball 2. Then it is known [45] that the function
u(x) is represented in the form of the series

oo Hg
u@) =y > uH(x (13)
k=0 i=1
where {H} Dx)ii=1,... b} isa complete system of homogeneous harmonic polynomials

of power k, and uk are coefﬁaents of the expansion (13). Applying formally the operator
D, to the series (13) and taking into account equality (11), we obtain

oo Hi

Dyl = ) )k + ) H (). (14)

k=0 i=1

Now let us check convergence of the series (13) and (14). The following asymptotical
estimate is valid for /:

2k 3 2k"2
e (1 g e gy Kz

Moreover, the series (13) converges absolutely and uniformly by x at |x| < p <1,
hence, for any |x| < p and any i,k € Ny, the equalities |uk ( )| < ¢, hold. Since
limg_ 00 </ (k + )% = 1, we have for |x| <rpand r<1

oo hg

ZZ(’”M)“!M? Pl i (k + w)* hkr < 00.
k=0

k=0 i=1

Therefore, the series (14) converges absolutely and uniformly by x at |x| < rp, where
r<1, p <1, and its sum is a harmonic function. By virtue of the arbitrariness of r <1 and
p <1, the function D [u](x) is defined in the whole ball .
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Let us study the function Jj;. Applying formally the operator J;; to the series (13), taking
into account equality (10), we obtain

oo hy

Jelul@) =Y > "k + ) ud HY ().

k=1 i=1

Convergence of this series can be checked as in the case of series (14), and that is why
J[u](x) is a harmonic function in the ball €2. The lemma is proved. O

Now we show that the function u(x) can be represented in terms of the function
Dj [u](x).

Lemma 3 Let « > 0, u > 0, and u(x) be a harmonic function in the domain Q2. Then for
any x € 2 the equality

u(x) = e )/ [Ins|*Ls#~ 1D‘”[u](sx)ds

is valid.

Proof Let u > 0. Represent a harmonic function #(x) in the form of the series (13) and
transform it to the form of

oo hy

u@) =y > (k+ W ! HY (). (15)

k=0 i=1 )

Further, taking into account equalities (10)-(11), and the absolute and uniform conver-
gence of the series (15) by x at |x| < p <1, it can be reduced to the form of

o0
u(x) = ZZ k+“)ar( )/ lIns|* s T HY (sx) ds
k=0 i=1
oo hg
- T )/ [Ins|*~1s#~1 D" |:Z Zu O pp ’)(sx):| ds
k=0 i=1
1 1
= m/o |lns|"‘_1s"_1DZ[u](sx) ds.
The lemma is proved. d

One can similarly prove the following lemma.

Lemma 4 Let 0< B <, u>0,and u(x) be a harmonic function in the domain Q2. Then
for any x € Q the equality

1
Dfi[u](x) = F(Oé;—ﬁ)/o |1ns|"‘_ﬂ_ls"_1Dfi[u](sx) ds (16)

is valid.
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Lemma 5 Let o >0, u >0, and u(x) be a harmonic function in the domain Q. Then the

following equalities hold:
e[ D6 ]| (x) = DS (] ] (x) = ulx).

Proof Let > 0. Applying the operator Jj; to the function DY [u](x), we obtain

1 1
T [D;’i[u]](x) = m./o |lns|“_ls“’1DZ[u](sx) ds.

By virtue of Lemma 3, the value of the last integral is equal to u(x), i.e. T [DG [u]](x) = u(x).
To prove the second equality, apply the operator D}, to the function T [u](x). We get

1]0t ]a
T R e
__ Y ! 1 1 U u(rx) — u(rsx) Y
_Fu—y)ﬂ ﬁwmwv“rw)ﬁ e 47O H @)
_ L 1 Y U u(rx) — u(tsx) .
T ,/0 [Int|‘eel-#T(1 - V)/o |In 5|+ gl dsdv + uJ [u](x)

Dl [u](zx) - ,u”u(rx) N
mf RIATI)

|Ing|l-arl-n

~ /‘Dy[u w)dr 1 U u(rx)dr
" I(a) [Ing|l-agl-n o) Jo [Int|l-egl-n

W)

' Dylul(zx) . )
) W)omﬂmﬂuﬁ-ﬂth+waMm

~ L Dl u](tx)
N F(a) [Intl-ogl- “

Then, in the general case,

1/WﬂMmm)

T(a) Jo [Mnr[teri-e

/ [Int|*teh- ID“ [2](Tx) dT = u(x).

Da [T u]](x) = 877D, [J2 1] ] (x) =

" T(a)

The lemma is proved. O

5 Some auxiliary propositions
Let #; and ay(x) satisfy the conditions from Section 2.
Consider the following problem in the domain :

Aulx)=0, xe€€, @17)
V() = > ax@ P () =f(x),  x€0Q, (18)
k=1

where £ >0,0< B <a,and @ + 8 #0, i.e. « and B are not equal to zero simultaneously,
fx) e C(0R).
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A harmonic function v(x) from the class C2(2) N C(R), satisfying condition (18) in the
classical case, will be called a solution of problem (17)-(18).

It should be noted that problem (17)-(18) was investigated for the case of o = 8 in [30].

Let us investigate uniqueness for the solution of problem (17)-(18). The following state-
ment holds.

Lemma 6 Let T, C Q1 CQ,k=1,2,..., ar(x), k=0,1,2,..., be continuous functions sat-
isfying the condition

Y lax)| <t xeoq, (19)

and let a solution of problem (17)-(18) exist.
Then:

@ I

> ax) £t xeodq, (20)

k=1

then the solution of problem (17)-(18) is unique.
) If

oo
Y aw =pt, xedq, (21)

then the solution of problem (17)-(18) is unique up to a constant summand.

Proof Let v(x) be the solution of problem (17)-(18) at f(x) =

Denote M = |v(xo)| = maxyq |v(x)|, xo € 0K2.

Then if v(x) # const, then, by virtue of the maximum principle for harmonic func-
tions [46], the inequality |v(x)| < M holds for any x € Q2.

The boundary condition (18) at f(x) = 0 implies

Zak(xowﬂ[v] [tx(x0)] Z|ak(xo)||f“ﬂ 1 (t(@o)) |

1 1
< |ak(x0)|ﬂa——/3),/() sA7 lnsl(""ﬁ’l)lv(stk(xo))|ds.

Further, since £ : 0Q — [y C 1 C Q, k=1,2,..., [y # 0, then t(xo) € 2, and for any
s € [0,1], stx(xg) € Q2. Therefore |v(str(xg))| < M.
Hence,

[ 1 1 )
M< MZ|ak(x0)| _— / s ns|*P1ds = MuP— Z|ﬂk(9€0)|~
Py Ia-B) Jo

k=1

If now condition (19) is realized , then uf~* "2, |ax(xo)| < 1, and we obtain from this
the contradiction M < M.

Page 8 of 13
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Hence, if condition (19) holds, it is necessary that v(x) = C = const. Since ]/‘f‘ﬂ [C] =
wP= . C, substituting the function v(x) = C into the boundary condition (18), for f(x) = 0
we have

C-uf™. CZak(x) =0, x€0d.
k=1
The last equality is equivalent to the equality
C- |:1 — b Zak(x):| =0.

k=1

We obtain from this the result that either C = 0 or Y 2, ax(x) = n*#.

Thus, if conditions (19) and (20) are fulfilled, we obtain C = 0, i.e. v(x) = 0.

If the conditions (21) are fulfilled, then any constant is a solution of the homogeneous
problem (17)-(18). In fact, substituting v(x) = C into equation (18), we obtain

C-Y almu’<C= C[l - uh Zak(x)} = C[1-pf<ur]=o.

k=1 k=1

The lemma is proved. d

Now investigate existence of a solution of problem (17)-(18). Let 0 < 8 < « and let

P(x,y) = ~ Hx‘i be the Poisson kernel of the Dirichlet problem, and w, the area of the
on |x=y|

unit sphere.
Introduce the function

P(X:)/), lfOt — ﬂ’
Pa—ﬁnu (x;y) = . L . o ‘ (22)
T@—p) Jo s“HIns|* P P(sx, y)ds, ifa> B,
and consider the equation
o0
P (x) — / |:Z ax(y)Pa—pu (tk(y),x)} ¥ (y)dS, =0. (23)
| g

The following statement holds.

Lemma7 Let Ty C Qi C Q, ax(x), k =1,2,..., be continuous functions satisfying the con-
dition (19). Then:
(1) Ifthe condition (20) is realized, then problem (17)-(18) is uniquely solvable at any
fx) € C(0R).
(2) Ifthe condition (21) is realized, then problem (17)-(18) is solvable if the following
condition is realized.:

aQf ()0 (x) dsy = 0, (24)

where the function o (x) is a solution of equation (23), moreover the number of
independent solutions of this equation under these conditions is equal to 1.

Page9of 13
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Proof Since v(x) is a harmonic function, a solution of problem (17)-(18) can be found in
the form of the Poisson integral v(x) = f 20 P(x, y)v(x) ds, where v(x) is an unknown func-
tion. Substituting this function into the boundary condition (18), we obtain the integral

equation with respect to the unknown function v(x),

v(x) — ” |:Z ar(x)Py_p 1 (tk(x),y):| v(y)dSy =f(x), xe€d. (25)

k=1

Designate

K(x,y) == ar(®)Pa—p i (tc(x), ).
k=1

Then equation (25) can be rewritten in the form of

v(x) + /;Q K(x,y)v(y)dS, =f(x), xed. (26)

To investigate the solvability of the integral equation (26), we study the properties of the
kernel K(x,y). We show that K(x, y) is a continuous function on 92 x 9€2.

In fact, since £ (x) € Q; C 2, we obtain [st(x) — y| > 0 for all x,y € 3%, and therefore
the function P(st(x),y) is continuous on 92 x 3. Further, the function s#~1|Ins|*#~!
has an integrable singularity, and that is why the function P,_g , (tx(x),y) is continuous on
9§2 x 9. Then by virtue of the uniform convergence of the series ) -, ax(x), the kernel
K(x,y) is also a continuous function on 9Q2 x 9<2.

Hence, one can apply Fredholm theory to equation (26). Since in the case of f(x) = 0 and
fulfillment of the condition (20), the solution of problem (17)-(18) can only be v(x) = 0, for
f(x) = 0 the integral equation (26) has only a trivial solution.

Hence, for any f(x) € C(3S2) the solution of equation (26) exists, is unique, and belongs
to the class C(d€2). Using this solution, we construct the function v(x) which will satisfy
all the conditions of problem (17)-(18).

If the condition (21) is valid, then v(x) = C satisfies the condition (18) at f(x) = 0, i.e.
the corresponding homogeneous equation (26) has the nonzero solution v(x) = C. Then
the adjoint homogeneous equation has also a nonzero solution, and that is why in this
case fulfillment of the condition (24) is necessary and sufficient for solvability of problem
(17)-(18). The lemma is proved. O

6 Study of the basic problem
We now formulate the basic statement.

Theorem1 Letu>0,0<B<oa,ax+B#0,T; C Q1 CQ,arx), k=1,2,..., be continuous
functions satisfying the condition (19). Then:
(1) Ifthe condition (20) is fulfilled, then problem (8)-(9) is uniquely solvable at any
fx) e C(0R).
(2) Ifthe condition (21) is fulfilled, then the condition (24) is necessary and sufficient for
solvability of problem (8)-(9) where the function vy (x) is a solution of equation (23).
If a solution of the problem exists, then it is unique up to the constant summand.
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(3) If a solution of problem (8)-(9) exists, then it is represented in the form of
u(x) = J,; [vl(x), where v(x) is a solution of problem (17)-(18).

Proof (1) Let a solution u(x) of problem (8)-(9) exist. Apply to this function the opera-
tor Dy, and denote v(x) = D} [u](x). Take the problem which the function v(x) satisfies.
Since by Lemma 2, in the case of harmonicity of the function u(x), the function D [u](x)
is also harmonic in €2, and the function v(x) is harmonic.

Further, since according to Lemma 5 the equality Dﬁ [2](x) = ]fj‘ﬂ [D} [u]l(x) holds, the
boundary condition of problem (8)-(9),

[e¢]

D)) = an(x) D [u] (tx (%)) = f (),

k=1

with respect to the function v(x) will be rewritten in the form of

v(®) = Y a@ P (tw) =f(x), x €0

k=1

In addition, since Dﬁ[u](x) € C(), we have v(x) € C(3). Thus, if u(x) is a solution of
problem (8)-(9), then the function v(x) = Df [u](x) will be a solution of problem (17)-(18).

Now, let the conditions (19) and (20) be realized. Then by Lemmas 6 and 7, for any f (x) €
C(9Q) the solution of problem (17)-(18) exists, is unique, and designate u(x) = Jj; [v](x),
x € Q2. Then we have by Lemma 5 D} [u](x) = Dy []l‘f [v]](x) = v(x) in 2, and therefore we get
Dy, [u](x) € C(2). Harmonicity of the function u(x) follows from Lemma 2, and fulfillment
of the conditions (9) can be checked immediately:

D)) = an(x) D [u] (t(x))
k=1

oo

= V@) - Y )]s (D] () = @), x € B2
k=1

The first statement of the theorem is proved.

(2) Let now the condition (21) be fulfilled, and let the solution u(x) of problem (8)-(9)
exist. Consider the function v(x) = D}, [u](x). As in the first case, we show that the function
v(x) satisfies the conditions of problem (17)-(18). Then according to Lemma 7, fulfillment
of the condition (24) is necessary. Thus, we prove the necessity of the condition (24) at
fulfillment of the equality (21).

We show that if the equality (21) is fulfilled, then the condition (24) is also sufficient for
the existence of the solution of problem (8)-(9).

In fact, if the conditions (21) and (24) are realized, a solution of problem (17)-(18) exists,
is unique up to constant summand, and v(x) € C(Q). Then, similarly to the proof of the
first statement of the theorem, the function u(x) = J;[v](x) satisfies all the conditions of
problem (8)-(9). The theorem is proved. a

Remark 1 One can show that in the case of Y v, |ax(x)| > 1 #, the corresponding ho-
mogeneous problem (8)-(9) has nontrivial solutions.
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Example 1 Leta; #0,a; =0, k=2,3,..., and £ (x) = 8x, 0 < § < 1. Further, let Hi(x) be a
homogeneous harmonic polynomial of the power k. By virtue of the equality (11), we have

DE[H®) = (k+ )" Hy ().

Then

Hi(1(x)) = Hi(8x) = 8" Hi(x),

D}y H(8x) = 8" (k + 1)) Hy ()

and

D [Hi)(x) — an D Hy (6(%) = (k + 1) Hi () — a18* (k + 2)° Hy (x)

= [k + w)* - 8" (k + ) | Hi ().

Hence, for a; = % (k + ;)*~* the harmonic polynomial Hy(x) will be the solution of the

homogeneous problem (8)-(9). If § is a number close to zero, then we have a; > 1.

If the dimension of the space # = 3, then the number of these polynomials is equal to

2k +1 [47].
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