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Abstract

In this paper, we consider the existence of a positive periodic solution for the
following kind of high-order p-Laplacian neutral singular Rayleigh equation with
variable coefficient:

(@, (x(0) = cOx(t = o)™ + £(£,X (1) + g(t,x(0)) = (D).

Our proof is based on Mawhin’s continuation theory.
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1 Introduction
In this paper, we consider the following high-order p-Laplacian neutral singular Rayleigh
equation with variable coefficient:

(¢ ((2) — c(B)x(t — ) ™)™ 4 £ (1,4 (1)) + g(£,2(2)) = e(t), (11)

where p > 1, ¢, (%) = [x[P~%x for x # 0 and ¢,(0) = 0, c € C"(R,R) and c(¢ + T) = c(2), f is
a continuous function defined in R? and periodic in ¢ with f(t,-) = f(t + T,-) and f(£,0) =
0, g(t,x) = go(x) + @1 (¢, %), where g : R x (0,+00) — R is an L2-Carathéodory function,
at,)=@+T,-), g € C((0,00); R) has a singularity at x =0, e: R — R is a continuous
periodic function with e(¢ + T') = e(¢) and fOT e(t)dt = 0, T is a positive constant, and # and
m are positive integers.

In recent years, there are many works on periodic solutions for high-order neutral dif-
ferential equations (see [1-11] and the references therein). Wang and Lu [5] in 2007 inves-
tigated the existence of periodic solution for the following high-order neutral functional
differential equation with distributed delay:

0

(%(t) — cx(t - a))(") +f(x(t))x/(t) +g</

x(t+s) da(s)) = p(2). (1.2)
-r
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Using the continuation theorem of coincidence degree theory, they obtained the existence
of periodic solutions for (1.2). Afterwards, Ren et al. considered the following high-order
p-Laplacian neutral differential equation

(00 (x(0) — cx(t = 0)) ) "™ = F(t,x(0), ¢ (2), ..., s (). (1.3)

They obtained the existence of periodic solutions for (1.3) in the general case (|c| #1) in
[10] and in the critical case (|c| = 1) in [9], respectively.

At the same time, some authors began to consider high-order neutral differential equa-
tion with singularity. Recently, applying the coincidence degree theory and some analysis
skills, Xin et al. [11] discussed the existence of a positive periodic solution for the following
neutral Liénard equation with singularity:

(0 (x(0) = ex(t = 7)) ™)™ 4 £ (5(0))x'(2) + g (£, %(¢ - 7)) = (). (1.4)

Inspired by these results in [5, 9-11], in this paper, we consider the existence of a positive
periodic solution for (1.1) with singularity by applications of Mawhin’s continuation the-
ory. The obvious difficulty lies in the following two respects. Firstly, (x(t) — c(t)x(t — o))" #
2 (8) = c(£)x" (t — o), and the calculation of (x(t) — c(t)x(t — o))" is very complicated. Sec-
ondly, a priori bounds of periodic solutions are not easy to estimate.

2 Preparation
Firstly, we give qualitative properties of the neutral operator (Ax)(t) := x(£) — c(£)x(t — o).

Lemma 2.1 (see [12]) If |c(2)| # 1, then the operator A has a continuous inverse A~ on
Cri= (¢ € C(RR): (¢ + T) = $(0), satisfying

where T o= {0 e e
Lemma 2.2 (Gaines and Mawhin [13]) Let X and Y be two Banach spaces, and let L :
D(L) C X — Y be a Fredholm operator with index zero. Let Q C X be an open bounded set,
and let N : Q — Y be L-compact on Q. Assume that the following conditions hold:

(1) Lx #ANx, Vx € 9Q N D(L), A € (0,1);

(2) Nx ¢ ImL,Vx € 9Q2NKerL;

(3) deg{JQN,Q2NKerL,0}+#0, where J :Im Q — KerL is an isomorphism.
Then the equation Lx = Nx has a solution in Q N D(L).

Lemma 2.3 (see [11]) Ifx € Cf:= {x € CH(R,R) : x(¢t + T) = x(t)} and there exists a point
to € (0, T) such that |x(ty)| < d, then

1 T
Wm§d+—/|ﬂﬂwn
2 Jo

where |x| s := max;cg |x(£)].
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To use the continuation degree theorem, we rewrite (1.1) in the form

(Ax1)"(2) = @y (x2(2)),

o) (2.1)
xy " (t) = ~f (t, %, (1)) + g(t,x1(8)) + e(2),

where i + %1 = 1. Clearly, if a periodic solution of (2.1) is x(t) := (2), then x;(¢) must be a
periodic solution of (1.1). Thus, the problem of finding a periodic solution for (1.1) reduces
to finding a periodic solution for (2.1).

Now, set

X:={re C(R,R?) :x(t + T) = x(t)}
with the norm |x|s = max{|x1]so, [%2]c0} and
Y:= {x € Cl(R,Rz) x(t+T) Ex(t)}

with the norm ||x|| = max{|x|c, |*'|co}. Clearly, both X and Y are Banach spaces. Mean-
while, define

L:D(L)={xe C""(R,R*):x(t+ T) =x(t),t eR} CX > Y

by

{Ax)0)
(Lx)(t)-( x(zm)(t) )

and N: X — Y by

(2.2)

(Nx)(t) = ( 9q(x2(t)) ) .

—f (£, x1(t)) — g(t, x1(1)) + e(t)

Then (2.1) can be converted into the abstract equation Lx = Nx.
510 - 1t - o)™ =0,

Ifx = (2) € KerL, that is, { (m)

Mo then we have
57 (1) =0,

x1(8) —c)x1(t = 0) = Ay 1t + @yt + - + art + do,

%0(8) = byt N+ by ot + - + byt + by,

where aq,...,a,_1,bo,...,b,1 € R are constant. From x;(¢) — c(t)x1(t — o) € Cr and x»(¢) €

Crwehavea;=---=a, 1=0and by =by =---=b,,_; = 0. Let ¢(£) # 0 be a solution of
x(t) — c(t)x(t — o) =1. Then KerL = x = (“i(%lgR). From the definition of L we can easily
see that

KerL *R?,  ImL= iye Y/OT@;(&;) ds = (8)}

So L is a Fredholm operator with index zero.
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Next, we will consider L-compact N. Let P: X — KerZ and Q: Y — ImQ C R? be de-
fined by

[ (Ax1)(0) 1 T ()
Px_< 2,(0) ) and Qy= T/o <y2(s)) ds.

Then Im P = Ker L and Ker Q = Im L. Denote Lp = L|pynkerr and let Lp' : ImL — D(L) be
the inverse of Lp. Then

) (A1) (0
Lply|(t) = ,
L7 )® ( (Gy2)(®) )

n-1 t

ECAGE ;%aiti + (nil)! /0 (t —9)""yi(s) ds, (2.3)
= 1 i 1 ! m-1

(G0 = 3 i+ | -9 n0as

where a; := (Ax)?(0) are defined as follows:

EiZ=C, whereE; = € ,

€n-3 €n—4 €y5 " 10
en2en3euy---€0 (=D)x(n-1)
T ; i
Z=(anvanzm)’, C=(c,canern)Ts 6= =57 fo (T =8)n1(s)ds, and ¢ = 35, =

1,2,...,n—2. Similarly, we can get b; := x(zi)(O), i=1,2,...,m—1. Therefore, from (2.2) and
(2.3) we get that N is L-compact on .

3 Periodic solutions for (1.1) with repulsive singularity

For convenience, we list the following assumptions, which will further used repeatedly:

(Hi1) There exists a positive constant K such that |f(¢t,u)| < K for (¢,u) e R x R.

(H,) There exist positive constants « and 8 such that |f(t,u)| < a|ulP™! + 8 for (t,u) €
R x R.

(Hs) f(t,u) >0 for (t,u) e R x R;

(Hq) There exists a positive constant D such that g(¢,x) > K for x > D.

(Hs) There exists a positive constant D; such that g(¢,x) > |e|~ for x > D;.

(He) There exist positive constants y, ¢ such that

gt,x) <yx’t+¢ forallx>O0.

(H7) (Repulsive singularity) fol go(s)ds = —o0.
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Theorem 3.1 Assume that (H;), (Hs), and (Hg)-(H7) hold. Then (1.1) has at least one
T-periodic solution if

’

T2p ( T )(”2)(191)*'("’12) y

<2 \2x (I = L3 Chen iyt
where ¢,_k := MaX;e[0,0] | ().
Proof Consider the abstract equation
Lx=MNx, Ae€(0,1).

Set Q; = {x: Lx = ANx, A € (0,1)}. If 2(2) = (x1(2), %2(£)) T € €4, then

(Ax)) ") (1) = Ay (% (2)),

) (3.1)
() = ~Af (6,2(8)) - Ag(t, 3 (8)) + he(d).
Substituting x,(£) = kl‘P(pp[(Axl)(”)(t)] into the second equation of (3.1), we have
(0 Ax) ™ ()™ + WPF (£, %,0)) + X2 g (£, :1(8)) = WPe(t). (3.2)
Integrating both sides of (3.2) from 0 to T, we have
T
/ (f (6:x1(0) + g(t, 21(2))) de = 0. (3.3)
0

From the mean value theorem, there exists a point £ € (0, T) such that
f(Ex8) +g(6,:(8)) = 0.

Then by (H,) we have
g(&,:(8) = |-f(&,4(8))| =K,

and in view of (Hy), we get that x;(§) < D. Since x; (¢) is periodic with period T and x;(£) > 0
for £ € [0, T]. Then 0 < x,(§) < D. Therefore, from Lemma 2.3 we can get

1 T
[¥1loo <D+ 5/ |} (s)| dis. (3.4)
0

From (3.4) and the Wirtinger inequality (see [14], Lemma 2.4) we get

1

1 1 T 2
[%1loo <D+ ETZ ’xl(s)| ds
0

1 i/ T\ (" 3
<D+=-T3 — / |x§")(s)|2ds
2 27 0

T T n-1
<D+—(—) |"_. (35)
2\ 2x o0
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Since x1 (0) = l D (T) i=1,2...,n—1, there exists a point ¢/ € [0, T] such that xy)(t;") =

0. From the Holder and Wirtinger inequalities, we can easily get
o 1" @
=5 [ )

52(/ | l+1)(t)| dt)

T T n—i-1) (
3 e

On the other hand, since (Ax;)(£) = x1(¢) — c(t)x1(¢ — o), we have

(Ax ()" = (0 () - Oy (- o)™
= xin)(t) - <c(”)(t)x1(t —0)+ nc(”‘l)(t)xi(t —-0)

+w mDy(t o)+ - +c(t)x§”>(t-a))
= x§”>( ) - c(t) (t o) - (c(”)(t)xl(t —-0)+ nc(”_l)(t)xi(t —0)

nn-1
" %c" D't —o)+-- +nc/(t)x§"1)(t—0)).

So, we can get

AR (1) = (Am ()™ + (c(”)(t)xl(t — o)+ nc" V(O (t - o)

+$cn Dl(t—0)+ - +nc (O (- 6))

Applying Lemma 2.2, (3.5), and (3.6), we have

| K

1|oo

= max |A’1Ax§")(t)|
te(0,T]
< ( max | (Ax) ™ () + ¢ (O, (¢ - )
te[0,T]

+ nc" V(@O (¢ - o) + -+ nd OVt - U)i)/r‘

-1
_ Pal%2lo0) + Cnl1loo + MCn1 [ oo + -+ me " Voo
- r

T T n-1 .,
< (%(Ilem) +c,,<D+ 5(%) |x§ )|OO>
1 T n-2 ., e )
+ncn_1<§T<E) |x§)|oo>+...+ncla|x§)LXJ)/F
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T T n-1 T n-2
< <¢q(|leoo) + 5((%) Cn +ncn_1(g)
n(n—-1) T\"?
O a(57) e )l van) /0

-1 —1-
_ Pallaloe) + 5 (030 Chewi(ge)" M1t oo + €D

r

Since I' - Z( o Ckeni(55)"17%) > 0, we have

x +c,D
’xgn)’ < ¢q(| 2|oo) n

< nﬁ . (3.7)
T — L0 Chepi (G ym2k)

In view of fOT(goq(xg(t))) dt = fOT(Axl(t))(”)(t) dt = 0, there exists a point ¢, € (0, T) such
that x,(,) = 0. From the Wirtinger inequality and from (3.4) we easily get

1 /T / JT T / 3
ol < 5 /0 |x2(t>|dt57< /0 |x2(r)|2>

T( T\ (T 3
([

T T m-2 »
SI(L) o

Besides, from x(;"_z)(O) = x(zm_z)(T), there exists a point #3 € (0, T') such that x(zm_l)(tg) =0,
which, together with the integration of the second equation of (3.1) on interval [0, T, yield

T
20wy (@) 52<x§’”‘”(t3)+% /0 |x(2'")(t)|dt>
T
=2 /0 If (&:x1(2)) — g(t,2:1(2)) + e(t)| dt
T T T
= /0 [f (6:21(6)) | dt + /0 |g(,x(0))| dt + /0 le(t)| dt
T
SKT+/ lg(t,x1(2))| dt + Tlelos, (3.9)
0

since |f(t,u)| < K form (H;). From (H;) and (Hg) we have

T
/ ‘g(t,xl(x))‘dtzf g(t,xl(t))dt—/ g(tx1(0)) dt
0 g(tx1(6)=0

g(tx1()=0

T
=2/ g(tx(t) dt+/ flt,x () dt
g(tx1(2))=0 0

T T
52[ (yx’f_l +§)dt+/ If (£:%1(0)) | dt
0 0

<2y |m|P T +2¢ T +KT. (3.10)
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Since (1 +x)* <1+ (1 + k)x for x € [0,8], where § is a constant, which depends only on

k > 0, substituting (3.10) into (3.9), we have

33" O] < 2Ty bkl + 20T+ 2KT + Tlelog
1 !
<2Ty(p+ /|x1(t)|dt) Ny
D PNy T o
:2T7(1+1f> <_> (/ |xi(t)|dt> o
2Jo l@1de) A2/ Ao

D T p-1
= %TV (1 + %) (fo % ()] dt) +Ni, (3.11)
0 1

R

where N; := 2¢ T + 2KT + T'|e| . Substituting (3.6) and (3.7) into (3.11), we have

7y ,p1 DpT?'y | | po
S21’—2 ZO 2p-3 }x”p +Ni

TPy T\?Y/ T (n-2))p-1) () 1p-1
= o\ 5 Py }xl ’oo
2 2

Dpr—ly T p-2 T (n-2)(p-2) 9
- — 7% + Ny

2r-3 2 2
Iy ( T )“"W'” (¢q(l2210) + CuDY
T s \2m (I = 5 (k0 Chenk(GE) )t

(¢4(1%210c) + CuDY™
r- %(Zq Chens(Dyp N B

DPTZp—By T (n-2)(p-2)
2205 (E)

Combining of (3.8) and (3.12) implies

T/ T\ oo

i)

DpTzP 3 (n-2)(p-2)
22p 5 < )

Ty ( )<” -1 (@g(1%2]00) + C, DY
— D120 Chep g (L yn-1-kyp-1

22p 3

(s (|%2]00) + C,D)P2
T(Xq:Z Zo Ckepg (L )n-1-k))p-2 +Nl]‘ (3.13)

So, we have
T2py T (n=2)(p-1)+(m~2) |x2 | o
e =2 (1)
T 2w \2n (I = Z(C50p Cheni(Zym1kyyp-1

>, ci 1(|x2|’f‘ - (c,D))

T2py T (n-2)(p-1 _
t o\ s T k 1-ky)p-1
2 2 (I = 2(k20 Chen-r (G )14y
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DpT*%y ( : )MW_ZM (2 Cpoalleal& > (cuD)')
23 \2m (I = Z(ko0 Chenak(= ) 14))p-2
T(T\"?
+ 2(2—> Ni. (3.14)
T
Since
T2r T (n=2)(p-1)+(m-2) y 1
22p-1 E T n-1 ~g T \n-1-k\p-1 <b
) Zk:() Cncn—k(zn) )

there exists a positive constant M; such that
%200 < M. (3.15)

Therefore, from (3.7) we have

|x(n) < (pq(|x2|oo) +¢,D
1 - -1 —1-
X T = (0 Chenk(57 )17

M+ ¢,D
— - =M, (3.16)
Z Ckcn k )n—l—k

From (3.6) we have

T/ T\"? T/ T\"?
A W < () M =M, 3.17
|x1|°°_2<27r) [ |°°_2(27r> " 2 (8.17)

Hence, from (3.4) we have

1 [T TM
[%1loc <D+ Ef |x1(6)| dt <D + 2= Ms. (3.18)
0

From (3.6), (3.9), and (3.10) we have

T
/ x5 () dt’
0

1 (T )
= 5/0 |_f(t’x1(t)) —g(t,xl(t)) + e(t)| dt

"

1
< —max
2

1 /T 1 T 1 T
5_/ [f(t,x/l(t)|dt+—/ |g(t,x1(t)|dt+—/ lo(t)] dit
2 /o 2 Jo 2 Jo
1
§I(T+mM§_1T+nT+§|e|OOT:=Mm_1.

From (3.8) we get

T( T\ T( T\
%] < 5<g> 5" < 5(g> Mpn-11= M.

On the other hand, since g(¢,x1) = g1 (¢, x1(2)) + go(x1(£)), (3.2) can be rewritten as

(gop(Axl)(” ) + APF(6,%1(8)) + M (g1 (£ 21(0)) + go (x(2))) = Me(2). (3.19)
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Let 7 € [0, T] for any t < ¢ < T. Multiplying both sides of (3.19) by «/(¢) and integrating
on [1,t], we have

x1(2) .

¥ fx1(r) golue) e = )”pfr go(x1(9))] (s) s
=— / (Gﬂp(Axl)(n)(s))(m)xi(S) ds— NP / £(5,%,(9)),(s) ds

-~ /tgl e @l)ds + ¥ / e s (3.20)

By (3.2), (3.12), (3.17), and (3.18) we have

/ (0, (Ax) ™ (9)) "1 () ds

t
< / (2 Ao) ()™ ||, (5)| s
t
< il [ Tontan ) s
T
T T T
< MM, (/ If (& %,(2))| dt + / lg (£ 20(2)) | dt + f EG] dt)
0 0 0
< MM (2KT +2mM5 T + 2nT + le|o T). (3.21)
Moreover, we have
T
<4l / IF(6,%,(0))| dt < MyKT,
0

/ f(s, X (s))xi (s)ds

T
<+l /0 g1 (&:%1(0)| dt < Mov/T llgars s (3.22)

/ g1(s,%1(5))] (s) ds

t T
/ e(s)x}(s)ds| < ‘xi‘m/ ‘e(t)|dt§M2|e|ooT,
0

T

where gy, := maxoy<p, |€1(¢, )| € L*(0, T) and ||gass || := (fOT g1 (£, %(2)) |2 dt)? . Substitut-
ing (3.21) and (3.22) into (3.20), we have

x1(8)
/ 20(®) dx| < My (3KT + 2mM5 T + 21T + VT g, ||z + 2lel o T) := M.
x1(7)
From repulsive singular condition (H7) we know that there exists a constant Ms > 0 such
that
x1(t) >Ms, Vtel[r,T]. (3.23)

The case ¢ € [0, ] can be treated similarly.
Let

Q = {x=(x1,x) " : Es <x1(t) < By,

x|, <Ez %loo < B3, || < Ea},
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where 0 < E5 < Ms, Ey > max{D, Ms}, Ey > M,, E3 > My, and E, > M,. Next, we shall prove
that 2, is a bounded set. In fact, for all x € Q,, x5 = 0, x; = agp(t), and ag € R*, we have

T
0=/0 gt aog(v)) d.

From assumption (H;) we have 0 < ag¢(£) < D. So 2, is a bounded set.

Let Q = {x € (x1,%2) " : ||x]| < M}, where M = max{E, E», Es, E4}. Then , U2, C ©, and,
as it follows from the above proof, Lx # ANx for all (x,1) € 922 x (0,1), so that conditions
(1) and (2) of Lemma 2.2 are both satisfied. Define the isomorphism J: Im Q — KerL as
follows:

J(1,%2) " = (%3, —21) "

Let H(w,x) = —ux + (1 — u)JQNx, (u,x) € [0,1] x Q. Then, for all (u,x) € (0,1) x (32 N
KerlL),

Hju,) = (‘“’“l(” - o g xl(t»dt)

— ey () — (1= 1)@y (x2(2))

since fOT e(t)dt = 0 and f(¢,0) = 0. From (Hy) it is obvious that x " H(u, x) < 0 for all (u,x) €
(0,1) x (02 N KerL). Hence

deg{/QN, 2 NKerL, 0} = deg{H(0,x), 2 N KerL,0}
=deg{H(1,x), 2 NKerL,0}
= deg{I, 2 NKerL,0} #0.
So condition (3) of Lemma 2.2 is satisfied. Applying Lemma 2.2, we conclude that equation

Lx = Nx has a solution x = (x1,%5) " on N D(L), that is, (1.1) has a T-periodic solution
x1(8). O

Theorem 3.2 Assume that (H,)-(H3z) and (Hs)-(H7) hold. Then (1.1) has at least a non-
constant T-periodic solution if

2P TP+l T _
(22’% 57 [3 )(ﬁ)mw[ 4

<
(D = 3 37k Chen-i(g )1yt

0 <1

Proof We follow the same strategy and notation as the proof of Theorem 3.1. Now, we
consider ||x'|| < M,.
We first claim that there is a constant £&* € [0, T'] such that
0<x (S*) <D;. (324)

Since fOT((pp(Axl)’(t))/dt = 0, there exist two points £*,&, € [0, T] such that

(pp(Ax)(87)) 20 and  (g(Axm)(€.) <O.
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From (H3) and (3.2) we have

g(Enx(87) —e(t) = /(" m(¢7)) =0,

since f(£*,x1(§*)) > 0. Therefore, we get

g(E % (5%)) <e(8) < lelo-
From (Hs) we have

x1(§) < Di.

Since x(t) > 0, we get 0 < x1(§*) < Dy. This proves (3.24).
Similarly, from (3.4) we have

T
|%1(6)] <Dy + % / |x1(2)] dt. (3.25)
0
From (3.9) and (H,) we get

2| t)’<2< 017D (1) + / |y t)]dt)

T
< [ r(e5©) - len0) + 0]

T T T
5/0 V(t’xi(t))]dH/o \g(t,x(t))|dt+/0 le(t)| dt

T T
50{/ |xi(t)“yi1 dt+/3T+/ ’g(t,xl(t))|dt+ T\e|oo- (3.26)
0 0

From (3.10), (H,), and (H;) we have

f lg(£,%1(2)) |dt—f g(tx(0) dt—f g(tx1(0)) dt
(tx1(9)=0 2(tx1(6)<0
T
2/”1“ g(t,x1(0)) dt+/o Sf(tx(0)dt

T
2/gtx1 )+§)dt+f0 If (£,%1(0)) | dt

T
< 2y|x1|"_1T+2§T+a/ |xi(t)|p_1dt+,3T. (3.27)
0
Substituting (3.27) into (3.26), from (3.11) we have
T 1 T 1
2|x(2m_1)(t)| <2y / |x(t)|p_ dt+2¢T + Zaf {x/(t){p_ dt + 28T + le|o T
0 0

yZ p-1
< (G 207 il + 2T e 28
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where N, =2T(¢ + B) + |le|| T. From (3.12), (3.13), and (3.14) we get

%y Trg\ [ T " 22 %2 |00
%200 < w1t Py T (N1 ok T \n-1-k\\p-1
2 2° 2 (F - E( k=0 Cncn—k(ﬂ)n_ B ))p—

. Ty (1)(ﬂ—2)(p—1)+(m—2) (Zi_ol C[l;_l(|x2|gg1)p—l—i(an)i)
2\ 2 I = 3 (k%0 Cheni(5r )1t

DpT?-2y ( T )(n2>(p2>+(m2> > C 2(|x2|"’1)1”‘2“'(c D))
223 \ 27 ~ T80 Cheni (G y1-kyp-2

T( T )Wl—2
+—\ — N2.
4\ 2n

2p +1
(27"217711 + szp o )(%)(VI*Z)(}?*I)+(M*2)

(M= 7 Y40 Cren-k (5 V1P
M, such that

Since

<1, it is easy to see that there exists a positive constant

[« = M.
The rest of the proof is the same as in Theorem 3.1. g
We illustrate our results with an example.

Example 3.1 Consider the neutral functional differential

((pp (x(t) - é sin(4t)x(t — o))w> : +cos?(2¢) sinx'(¢) + ﬁ (sin(4t) + S)xs(t) - ﬁ
= 5cos(4t), (3.29)

wherep =4, 0 and u are constants, and 0 <o < T. It is clear that T = ’;, n=3,m= 3
c(t) = gz sin4t, e(t) = 5cos 4¢, ¢; = maxe(o,7] |16 cos4t| = 16, €y =MaXee(o,7] | — 7 sm 4t =

and c3 = max,c(o,7] | — cos4¢| = 1. In this case, f(£,u) = cos?(2¢) sinu, f(t 0) = 0 [f(t, u)|
|cos?(2t)sinu| <1, K = 1; and g(t,x) = = (sindt +3)2°() - - < 1a¥+1,y=1,¢0=1;

Obviously, conditions (H;) and (Hg)-(H7) hold. Choose D = 47 such that (Ha) holds. Now
we consider the following condition:

I »PI

T2P T (n=2)(p-1)+(m-2) y
22771 <E> r-% Yo Chen- k(55 )1kt
(3 VA 1
bis
27 (27r) B Ix(Ixg+3xix3+3x5)?
8
~ 27 <1

So, by Theorem 3.1, (3.29) has at least one nonconstant 7 -periodic solution.

4 Conclusions
In summary, a periodic solution of (1.1) with singularity is illustrated by Theorems 3.1 and
3.2. In Theorem 3.1, we consider the existence of a periodic solution for (1.1) in the case
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|f(t,u)| < K. Furthermore, in Theorem 3.2, we give a condition on f(¢, u) that is weaker
than |f(,u)| < K in Theorem 3.1, that is, we obtain the existence of periodic solution for
(L.1) in the case where |f(t,u)| < o|u|’~! + B. From the mathematical point of view, the
results are valuable to understand the periodic solutions for high-order neutral differential

equations.
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