Xie et al. Boundary Value Problems (2015) 2015:52 0 BOU nda ry Va | ue PrOblemS

DOI 10.1186/513661-015-0313-9

a SpringerOpen Journal

RESEARCH Open Access

Periodic and subharmonic solutions for a
class of the second-order Hamiltonian
systems with impulsive effects

Jingli Xie', Jianli Li*" and Zhiguo Luo?

"Correspondence: ljianli@sina.com
2Department of Mathematics,
Hunan Normal University,
Changsha, Hunan 410081, PR. China
Full list of author information is
available at the end of the article

@ Springer

Abstract

This paper is concerned with the existence of periodic and subharmonic solutions for
a class of the second-order impulsive Hamiltonian systems. It employs the linking
theorem.
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1 Introduction and main results
In this paper, we consider the second-order impulsive differential equation

—4(t) = VF(t,q(1), t#4,teR,

) . (1.1)
Aq(t) = -g(q(t), jeZ,

where g € RN, VF(t,q) = grad, F(t, q), g(q) = grad,, Gj(q), G; € (R, R) for each j € Z, and
the operator A is defined as Ag(¥) = é](tj*) - i](tj‘), where i](t}-") (q(t;)) denotes the right-
hand (left-hand) limit of ¢ at ¢;. There existan m e Nand a T > 0 such that 0 = ¢y < ; <
o <ty=T, tiym=1t+T,and g = g, j € Z. F: R x RN — R is T-periodic in its first

variable and satisfies:

(HO) F(t,q) is measurable in ¢ for each g € RN and continuously differentiable in ¢ for a.e.
t € [0, T] and there exist a € C(R*,R*), b € L([0, T); R*) such that

|F(t,q)| <a(lql)bt),  |VF(t q)| <a(lql)b(?)

forallg e Randae. t € [0, T].

Let
Hy={q:R—R"|q,4eL*(([0,T]),R"),q(t) = q(t + T),t € R}.
Then HY is a Hilbert space with the norm defined by

T ) i
||q||H1T=( fo (la()] +|q|2)dt) . qEH].
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For the norm in L%([0, T), we put

T }
lgll;> = ( [o !q(t)|2dt) :

Next we set Q ={1,2,...,m — 1}, and define a functional ¢ as

1T, T X
o= /0 o] de - fo F(t.q®)de- 3" Gy(a), q€H. (12)

je
Note that ¢ is Fréchet differentiable at any g € H}. and for any p € H}, we have

hp) —
¢/(@)p) = lim (g + 1;1) ¢(q)

T
= fo (G@p(e) - VE(t,q0)p®) dt - gi(a(t)p(t).

je

It is clear that the critical points of the functional ¢ are classical T-periodic solutions of
system (L.1).

When the impulsive function g; = 0, the system (1.1) reduces to the following second-
order Hamiltonian system:

-4(t) = VF(t,q(t)), teR. (1.3)

The existence of periodic solutions for system (1.3) has been discussed extensively in the
literature; see [1-5].
Note that system (1.3) is called a superquadratic second-order Hamiltonian system if the
potential function F satisfies
F(t,q) _

lim 5 = +00. (1.4)
gq—+00 |q|

In 1978, Rabinowitz [6] got the nonconstant periodic solutions under the following con-
dition: there exist i > 2 and L > 0 such that

0 < uF(t,q) <VF(t,q)q, Vlql=L,t€]0,T], (1.5)

which is stronger than (1.4) and is known as the Ambrosetti-Rabinowitz condition (A-R
condition). From then on, many authors have devoted their work to the investigation con-
cerning the existence of solutions of second-order systems under condition (1.5); see [7, 8]
and references therein. In 2002, Fei [9] obtained the existence of solutions for system (1.3)
under a kind of new superquadratic condition which is different from the A-R condition.
Subsequently, Tao and Tang [10] gave the following two results, more general than Fei’s.

Theorem A Assume that F satisfies (HO) and the following conditions:

(H1) F(t,q) =0, (t,q) €[0,T] x RY,
(H2) limyg-o % < Y0 uniformly fora.e. t € [0, T,
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(H3) liminfj;_ .00 % > %wz uniformly for a.e. t € [0, T,

(H4) limsup, o % < +00 uniformly fora.e. t € [0, T],

(H5) liminfiy 100 W > 0 uniformly fora.e. t € [0, T],

where w = 27”, r>2,and p>r—2. Then there exists a nonconstant T-periodic solution of

system (1.3).

Theorem B Assume that F satisfies (H0), (H1), (H3), (H4), (H5), and the following condi-

tion:
(H2') limyg—o0 % =0 uniformly for a.e. t € [0, T].

Then there exists a sequence {k,} C N, k, — +00, and the corresponding distinct k, T are
periodic solutions of system (1.3).

It is well known that the theory of impulsive differential equations has emerged as an
important area of investigation. Some classical tools such as some fixed point theorems in
cones, topological degree theory, the upper and lower solutions method combined with
monotone iterative technique [11-13] have been widely used to get solutions of impulsive
differential equations. Recently, some researchers have studied the existence of solutions
for impulsive differential equations with boundary conditions via variational methods
[14—22]. For the second-order differential equation u” = f(¢,u, u’), we generally consider
impulses in the position u and #’. However, in the motion of spacecraft instantaneous im-
pulses depend on the position, which results in jump discontinuities in velocity, with no
change in position. This motivates us to consider the second-order impulsive Hamilto-
nian system (1.1). By employing critical point theory and variational methods we obtain
the existence of periodic and subharmonic solutions for it. The following results can be

regarded as a generalization to Theorems A and B.

Theorem 1.1 Assume that F satisfies (HO), (H1), (H3), (H4), (H5) and the following con-
ditions hold:

(H2") limyy o ﬁg;;” < 1% uniformly for a.e. t € [0, T,

(Gl) Gi(g)>0,q€eRN,j=12,...,m,

(G2) limyjoo % =0,j=12,....,m,

(G3) there exists My > 0 such that Gi(q) < Milq", g € RN, j=1,2,...,m,
(

G4) g(q9)q-2Gi(g) =0, RN\ {0},j=1,2,...,m.

Then system (1.1) has at least one non-trivial T-periodic solution.

Theorem 1.2 Assume that F satisfies (HO0), (H1), (H2'), (H3), (H4), (H5) and G; satisfies
(G1), (G2), (G3), (G4). Then system (1.1) has a sequence of distinct periodic solutions with
period k, T satisfying k, € N and k, — +00 as n — +0o0.

In order to prove our theorems, we need the following result. For u € H}, let i =
7 Jy w(t)dt and (t) = u(t) - i. One has

T T
)2, < E/ |it(t)|2dt (Sobolev’s inequality) (1.6)
0
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and
T 3 T2 T 9
/ ’ﬂ(t)’ dt < F/ ’zlt(t)‘ dt (Wirtinger’s inequality). 1.7)
0 7= Jo

Lemma 1.3 If u € HL, then there exists a constant Cy such that ||q||c < C0||q||H1T, where
lgllco = maxzefo, 7y 1g(£)].

Proof The proof follows easily from the Holder inequality. The detailed argument is sim-
ilar to the proof of Lemma 2.1 in [23] and we thus omit it here. O

Lemma 1.4 [24] Let X = X; & X, be a real Banach space, where Xi is a finite dimensional
closed subspace of X and X, = Xi-. Suppose that ¢ € CY(X,R) satisfies the Palais-Smale
condition and the following conditions:
(i) there exist constant p > 0 and a such that ¢(x) > a, Vx € X, N 0B, where
B,={xeX:|xlx<p),
(ii) there exist a constant w < a and e € Xy, |lelx =1, 5 >0, sy > p such that p(x)|sq < w,
where Q={x € X |x=2z+le,z€ X1, |z] <s1,1 €(0,s7)}.
Then ¢ possesses a critical value.

2 Proof of Theorem 1.1
Proof of Theorem 1.1 1t is well known that Lemma 1.3 holds true with the condition (C)
replacing the usual Palais-Smale condition. We say the functional ¢ satisfies the condi-
tion (C), ie., for every sequence {g,} C H}, {g,} has a convergent subsequence if {¢(q,)}
is bounded and lim,,_, o (1 + ||q||H1T)||g0/(qn)||H1T = 0. To this end, we prove Theorem 1.1 in
the following steps.

Step 1. Pick {g,} C H}. such that {gx(g,)} is bounded and lim,,, 5o(1 + IIqIIHlT) lle'(gn) e, =
0, then there exists a constant C; > 0 such that

@] <G U+ lgull) @] = G
for all n € N. By (H4), there exist constants C; > 0 and d; > 0 such that
E(t,q) < Clql (2.1)

for all |g| > d; and a.e. t € [0, T]. It follows from (HO) that F(¢,q) < max,e[o,4] a(s)b(t), for
all |g| <d; and a.e. t € [0, T]. Therefore, we obtain

F(t,q) < Glql” + max a(s)b(t)
sel0d)]
forallg e Rand a.e. £ € [0, T]. Set C3 = maxye[o,4,] 4(S) fOT b(t) dt. By (1.2), we have

1 1 T T
Sty =5 [ a0 de o)+ [ Fea0)ds Y 6a.0)

je

T P 1 T 2
sc1+c2/ 40| dt+5/ (0 dt
0 0
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T
+ n[lax a(s)/ b(t)dt+M12|6In|r

s€[0,d1] 0 jeo

T 752 T 2
<G +Cs+(Cy +M1)/0 g @) dt + T(/o |qn(t)|rdt> . (2.2)
On the other hand, by (H5), there exist constants C4 > 0 and d5 > 0 such that
VE(t, q)q - 2F(t,q) = Calql”,  |ql = da,t € [0, T]. (2.3)
By (HO), we have

s€[0,dy
Therefore by (2.3), (2.4), and (H4), we have

3C1 = 2¢(qn) — ¢'(9n)(qn)

T
_ fo [VE(tq0)a, - 2F(.q,)] dt + Y _[g(ax(6))an(6) - 26 (ax(8) ]

jEQ

T T
> C4f |gn|* dt — (2 + dy) max a(s)/ b(t) dt,
0 s€[0,dz] 0

1
which implies ( fOT |g.|" dt)# is bounded, i.e., there exists a constant Cs > 0 such that

T i
(/ |61n|”“dt) <Gs.
0

If 1 > r, then we have fOT lgn(O)|"dt < T%(fOT lgn ()" dt)ﬁ, which, combining with
(2.2), implies that Igall 1, is bounded. If 4 < r, then we have fOT lg. ()" dt < Cy " ||q,,||;f X
foT |q.(£)|* dt. Since p > r -2, it follows from (2.2) that ||g, ||H1T is bounded too. In a similar
way to Proposition B35 in [24], we can prove that {g,} has a convergent subsequence. So,
the functional ¢ satisfies the condition (C).

Step 2. We show that the functional ¢ satisfies the assumption (i) of Lemma 1.4. Let
X =Hb, X, =R", X, = Hy. = {g € H}. | fOT q(t)dt = 0}. Then HL = X; @ X, and X; is a finite
dimensional subspace of H..

By (H2"), there exists a constant 0 < d3 < dj such that F(¢,q) < %2 lq12, 19| <ds3,t<[0,T].
So we have

2
1))
F(t,q) < Zlql2 + max a(s)b®)d;"|q]" + Calql’, qeRN,te(0,T]. (2.5)
selds,di]
By (1.2), (1.6), (1.7), (2.5), and (G3), Yq € X3, we have

1 T ) 9 T
o) = 5 [ i ae- [ Feaw)de- Y Gla)

JjeQ
1 (7. o [T 2
=5 | lawf ar-% [ g ar
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T T
—d;" max af(s b(t)|q(t)| dt-C N dt—M G
3 selds,di] ( )/(; ( )M( )| 2/0 |q( )| I/EXQ:M( 1)|
72 5 T
Z oo - | Cods” b(t) dt
> ol ( b7 max a(s) /0 )

+ GG MIC{;Z) Il - (2.6)

Hence, there exist constants a > 0 and p € (0, 1), such that
¢@)=a>0, YgeX, and gl =p,

which proves (i).
Finally, we show that the functional ¢ satisfies the assumption (ii) of Lemma 1.4. For a
given z € X; = R”, by assumptions (H1), (G1), we have

T
o(z) = —/ F(t,z)dt—ZGj(z) <0<a.
0

je

In what follows, we construct a bounded manifold Q C X such that ¢(q) < a, Vg € Q.
Picke=(,/ ﬁ coswt,0,0,...,0) € X,. By calculation, we have ||e||H1T =1. By (H3), for

F(¢, 2
S= inf lminfL29 _ 9
t€[0,T] lgl>+00  |g|? 2

there exists a constant dy > 0 such that when |g| > d4, we have

2
F(t,q) > (8 + %)mz. (2.7)

Therefore, we have
w? w?
F(t,q) > (5 + 7>|q,|2 - (5 + 7)012, geRN,tel0,T]. (2.8)

Then for any given g = z + ke, z € X3, L € R, from (1.2), (G1) and (2.8), we get

1 T 9 T
@(z + Ae) 5 /0 |re(t)|” dt - /o F(t,z + he(t)) dt - Z Gj(z + re(ty))

jeQ

1 2 2)\2 T 2 T 2
f—wi—— 5+ / ‘z+ke(t)’2dt+ 5+ T

21 +w?)T 2 2 /) 2

2,2 2 02 T 2 2
Y (F T N AR S S 1 F P T
21+ w?) 2 JA+0)T 2 2 2

SA2 2 2
- s+ L)1 (5+ 2 diT.
1+w? 2 2

Let

2 2
filx) = —<5 " %)sz " <5 " %)diT, xeR
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and

2

ox
fz(x) = —m, xeR.

Clearly, it can be seen that fi(x) and f; attain their maximum at zero. Therefore,

wz
p(z+re) <f1(0) + 2 (1A]) =2 (IAl) + (5 + 7>dﬁT,
p(z+ re) < fi(l2l) +£2(0) = fi(I2]).

Since lim,_, oo fi (%) = limy_, o f2(x) = —00, we can choose s; > 0,5 > p such that p(z+se) < 0,
for |z] =s;,orA=s. Let Q={qge X |g=2z+re,z € X3,|z| < 1,1 € (0,52)}, we obtain
¢lsq < 0 < a, which proves (ii). From the above proofs, we know that the assumptions of

Lemma 1.4 are satisfied. Consequently, system (1.1) admits at least one periodic solution.
O

3 Proof of Theorem 1.2

Proof of Theorem 1.2 Let k > 2. Replace T by kT in the definitions of Hx, HL., ¢, and ¢’ in
Theorem 1.1, then we obtain the corresponding spaces and functionals. We denote them
by Hly, Hip, @1, and g}, respectively. Define

1

kT ) !
b, = ([ (a0 1)), qery

Similar arguments to Theorem 1.1 show that the functional ¢y satisfies the condition (C).

By (H2'), for 0 < &; < %, there exists a constant 0 < ds < d; such that when |g| < d5

and ¢ € [0, T], we have |F(¢,q)| < &1]q|*, and combining (2.1) and (HO), we obtain

F(t,q) <elql* + max ]a(s)b(t)dg’lql’ +Clql", qeRN,tel0,T].
s€lds,al

So for any given g € X;, we have

km-1

1 kT . kT
3 /0 |g(0)| dt - fo F(tq(®)dt-Y . Gi(q(t)

1 kT 9 kT 9
25/ )| dt—&/ ) de
0 0
km-1

j=1
kT P kT . ,
—d;" max a(s) /0 b(t)|q(t)|" dt - Cy fo |q()|"dt - My Y |q(8)]
j=1

or(g)

s€[ds,di]

2.7'[2 2 —_ —2 -2
= (m - 81) ||Q||H11T - (CGdSrCS + GGy + MG )||6]||;_,]1T,

where Cs = maxe(q; 4,1 a(s) fokT b(t) dt. Hence there exist constants a; > 0 and p; € (0,1)
such that

o(@) = ar>0, YgeXo and gl = pi
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which proves (i) of Lemma 1.4. By the periodicity of F(¢,¢) in ¢, (2.8) holds, i.e.:

w? w?
F(t,q) > (5 + 7>|q;|2 - (5 + 7)dﬁ, g€ RNt € [0,kT). (3.1)

Let HkT = span{e;} + R with e, = (cosktwt,0,0,...,0) € X,. For any given q = z + Aeg,
z€ X, A € R, from (1.2), (G1), and (3.1), we get

km—-1

1 kT
or(z+ rey) = 5/0 |héx(®)] dt—/o F(t,z+ hex(t)) de - Z Gj(z + Aex(t)))

j-1

1 kT kT
ikzk 20? - (5 + %)/ |z+kek t)| dt + (8 + —)dsz

w?TA? w? ka2 w? o\ ,
= -{6+— S+ — |kTZ* + 8 + — |dGkT
4k 2 2 2 2

k2 = 1Dw? + 28k2)T)\> 2 2
:_((( Jo” + 25K —(8+%>sz2+(6+%>dikT.

4k

Let
w? w?
filx) = —<8 + E)ka2 + <8 + Y)dikT, xeR,keN

and

(K2 =1)w? + 28k%) T?

, R, .
v xeR,keN

folx) =—

Clearly, it can be seen that fi(x) and f; attain their maximum at zero. Therefore, we have

2

o(z+ ne) <£(0) + (M) =f(IA]) + (5 + %)dﬁkT,
o(z + Ae) Sfl(lzl) +/2(0) :ﬁ(lzl).

Note that ¢i(2) = —fOkTF(t,Z) dt— ka 1G (2) = —kfo Ft,z)dt —k} ;.o Gi(z) <0, forall
z e X; = RYN. Since limy, o0 f1 (%) = lim,_, oo fo(x) = —00, we can choose s; > 0, 53 > p such
that ¢(z + sex) < 0, for |z| = 51, or A = 55. Here, we put s; = 2r, s, = r, where r = max{2, 3d,}.
Itisclearthats, >1>p.Let Qx ={ge X |g=2z+re,z€ X1, |z| <s1,A € (0,52)}.

For any given z + Aex € Qk, we have

Tw?ss

1 kT )
orle+re) < 5 / lhée(0) > dt <
0

For every z + Lex € dQy, where |z| = s, by (3.1), we have

km-1

1 kT
or(z+ rey) = 5/0 |néx ()] dt—/o F(t,z+ hex(t)) dt - Z Gj(z + hex(t)))

j-1

2 1y2 2y779 2 2
o (-1 + 258 T2 (5 . _>sz v (5 ¥ w—)cﬁkT <o0.
4k 2 2
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Let E = {t € [0,kT] : |z + syex| > @}, where z = {z1,25,...,2,} € R. We claim that
meas(E) > %T We have

N
L2
|z + sper|? = |zl +rcosk 1a)t| +X:|z,»|2
i=2
-1 2
> |21 + reosk ot
Ifz; >0, forall t € [0, L] U [WTT,kT], we obtain

V2r

|zl + rcos k‘lwt| =z +rcosk ot > 5

Ifz; <0, forall t € [SI‘TT, “TT], we obtain

2r

’zl + rcos k’la)t| = —z; —rcosk ot > —~

Therefore, the assertion is established. So, for every z + ey € dQy, where |A| = 52, combin-
ing with (2.7), we have

1 kT 9 kT
or(z+ rep) < 5 / |Aéx(0)|” dt - / F(t,z + hex(t)) dt
0 0

2TI"2
< @ - / F(t,z+ Aek(t)) dt
4k {t:\z+rek\z@}

0*Tr?

4 2 {t:\z+rek|2@}

IA

zZ+ )»ek(t)‘2 dt

*Tr*  kTw*r? -
4 8 -

=

So, functional ¢y has at least one critical point g for every k € N and

To’s; Tw?r*  To®max{4,9d;)
4 4 4 '

er(gx) < (3.2)
We claim that there exists a positive integer ky > k; such that g, # qi, for all kk; > k.
Otherwise, @i, (qrt;) = k@, (qr,) — +00 as k — +00, which contradicts (3.2). Repeating
this process, we get a sequence {gy, } of distinct periodic solutions of system (1.1). O
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