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Abstract

In this paper, by the Minkovski inequality and the semigroup method we discuss the
stability of mild solutions for a class of SPDEs driven by a-stable noise, and the
methods are also generalized to deal with the stability of SPDEs driven by
subordinated cylindrical Brownian motion and fractional Brownian motion,
respectively.
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1 Introduction

The stability of stochastic partial differential equations (SPDEs) driven by Brownian mo-
tions or Lévy processes has been well established; see, e.g., Bao and Yuan [1], Bao et al.
[2, 3], Chow [4], Liu [5] and Yuan and Bao [6], to name a few, where the noise pro-
cesses are assumed to be square integrable. However, such restriction clearly rules out
the interesting «-stable processes since Wiener noise and Poisson-jump noise have arbi-
trary finite moments, while «-stable noise only has finite pth moment for p € (0, ) with
a < 2. Recently, stochastic equations driven by a-stable processes, which have plenty of
applications in physics due to the fact that the «-stable noise exhibits the heavy tailed
phenomenon, e.g., Solomon et al. [7], receives great attention. For example, Priola and
Zabczyk [8] gave a proper starting point on the investigation of structural properties of
SPDEs driven by an additive cylindrical stable noise, Dong et al. [9] studied the ergodicity
of stochastic Burgers equations driven by «/2-subordinated cylindrical Brownian motion
with « € (1,2), and Zhang [10] established the Bismut-Elworthy-Li derivative formula for
stochastic differential equations (SDEs) driven by «-stable noise. For finite-dimensional
cases, Wang [11] derived a gradient estimate for linear SDEs driven by «-stable noise,
and Wang [12] established the functional inequalities for Ornstein-Uhlenbeck processes
driven by «-stable noise by the sharp estimates of density function for rotationally invari-
ant symmetric -stable Lévy processes. However, there are few papers on the asymptotic
behavior of mild solution of SPDEs driven by a-stable processes. In this note, we shall
discuss the stability property of mild solutions of a class of SPDEs driven by a-stable pro-
cesses to close the gap. Due to the fact that «-stable noise only has finite pth moment for
p € (0,a) and that the stochastic evolution does not admit a stochastic differential, which
leads to the It6 formula being unavailable, then some new tricks need to be put forward
to overcome the difficulties brought about by «-stable noise.
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This note is organized as follows: in Section 2 we apply the Minkovski inequality and
the semigroup method to investigate the exponential stability of mild solutions for a class
of SPDEs driven by «-stable processes, and these tricks are extended to cope with the
stability of mild solutions of SPDEs driven by subordinated cylindrical Brownian motion

and fractional Brownian motion, respectively, in Section 3.

2 Stability of SPDEs driven by «-stable noise

We firstly give an overview of stable processes. An R-valued random variable 7 is said to
be stable with stability index « € (0,2), scale parameter ¢ € (0, 00), skewness parameter
B € [-1,1], and location parameter u € (—00,00) if it has characteristic function of the

form
¢, (u) = Eexpliun) = exp{—o“|u|°‘(1 —iB sgn(u)dD) + iuu}, ueR,

where ® = tan(r/2) for @ #1 and ® = —(2/7)log|u| for « = 1. We call 5 is strictly «-
stable whenever p = 0, and if, in addition, 8 = 0, 7 is said to be symmetric -stable. We
refer to, e.g., Applebaum [13] and Sato [14], for more details of stable distributions. Let
(1L, (-,+), || - llz) be a real separable Hilbert space, and Z(¢) a cylindrical «-stable process,
defined by

BE Zi(t)ex. 2.1)

K

Z(t) :=

>~
1l

1

Here {ex}x>1 is an orthonormal basis of H, {Z;(£)},>1 are independent, R-valued, normal-
ized, symmetric a-stable Lévy processes defined on the stochastic basis (2, ¥, { F;}:0, P),
and {Bk}r>1 is a sequence of positive numbers.

In this section, we shall consider an SPDE driven by «-stable process in H

dX(t) = {AX(2) + b(6,X(0)) } dt + 0 (1) dZ(2), £>0, (2.2)

with initial value X(0) = x.

In this section we shall assume the following.

(A1) (A,D(A)) is a self-adjoint compact operator on H such that —A has discrete
spectrum 0 < Ay <Ap <-+- <A < -+, limg, o0 A = 00 With corresponding
eigenbasis {ex}x>1 of H. In this case, by [15, Theorem 6.26, p.185] and
(15, Theorem 6.29, p.187], A generates a Cy-semigroup e, t > 0, such that
lle”d|| < e™*1%, where || - || denotes the usual operator norm.

(A2) b:[0,00) x H— H and there exist L; >0 and L, > 0 such that

Hb(t,x)—b(t,y)HH§L1||x—y||11-11: tZO,x:yEH
and
|62 < La(y @) + I%llg),  £= 0,2 € H,

where y : [0,00) — [0, 00) is a local integrable continuous function.
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(A3) o :[0,00) — R* is a continuous function such that
o t
8u(t)= ) B¢ / e g (5)ds, £>0,
k=1 0

is locally bounded, i.e., 8;(¢) is bounded on the time interval [0, T] for any T > 0,
where {Bi}i>1 is the sequence appearing in (2.1) and {Ax}¢>1 is the discrete
spectrum of A.
Under (Al)-(A3), equation (2.2) has a unique mild solution, see, e.g., [8, Formula 5.3],
that is, there exists a predictable H-valued stochastic process X(¢) such that

X)) =ex+ /te(”)Ab(t,X(s)) ds+ /t eg (s)dZ(s). (2.3)
0 0

Next we recall the following Minkowski inequality, which plays a key role in revealing
the stability property of SPDEs driven by «-stable processes.

Lemma 2.1 Let (Sy, 11) and (Sy, 1) be two measurable spaces and F : S; x Sy — R be
measurable. Then, for any q > 1,

q 1/q 1/q
( /S uz(dy)) < fs( /SZIF(x,y)Iquz(dx)) Jn(dy).

We now can state our main results in this section.

/S Flx,y)pua(d)

Theorem 2.2 Let (Al) and (A2) hold and assume further that

t
8y = sup(f ey (s) ds) <00 (2.4)
t>0 0
and
00 ¢
83 1= supy e’ Zﬂ/‘ff e M) g% (5)ds ¢ < oc. (2.5)
t>0 k=1 0

Then, for « € (1,2), p € (1, ) and L € (0, A1), there exists ¢; > 0 such that

E(|X@)]%) < et (2.6)

That is, the solution is exponentially stable in the pth moment with the Lyapunov exponent
ST AR

Proof Under (A1), (A2), and (2.5), (2.2) has a unique mild solution X(¢). Recall the fact that
(El - I5)"?, p € (1), is a norm, which will be utilized again and again. We then obtain

from (2.3)
t 1/,
E(XOI)"” = el (2(] [ < sxo)a )
0 H

+(=( D)

= L) + L) + (E(|®)]72)" 2.7)

/ t e g (s)dZ(s)

0



http://www.advancesindifferenceequations.com/content/2014/1/98

Wang and Rao Advances in Difference Equations 2014, 2014:98 Page 4 of 11
http://www.advancesindifferenceequations.com/content/2014/1/98

By (Al), it is readily seen that
L(t) < e |x||m. (2.8)
Next, applying Lemma 2.1 and using (A1) and (A2) yield
B0 < [ (B bl x0) [£)" 4
< [ e elnts x0) 1) as
=t /” (E(r(s) + [ x)[%))" ds

<L, /0 eIy (5) + (B(|X(5)[2)) 7} ds, (2.9)

where we have also used the fact that (E|| - ||§H)1/P, p € (1, ), is a norm. By virtue of (2.1)
and (Al), a direct calculation shows

L= A
k=1

where Ay(¢) := fot Bre 90 (s) dZk(s). Let {ry}x=1 be a Rademacher sequence defined on
a new probability space (', F',{F, }e=0, ), L.e., 1 : Q' — {1,-1} are i.i.d. with P'(r, = 1) =
P'(ry = —1) = 1/2. Recall Khintchine’s inequality: for a sequence of real numbers {c;}r>1
and any g > 0, there exists ¢, > 0 such that

1/2 q\ g
<Zc§> §cq(E/ ) . (2.10)

k>1

2 ek

k>1

Then, by (2.10) and following an argument similar to that of [8, Theorem 4.5], the stochas-
tic evolution I3(¢) has the estimation

00 t 2\ P2
E(|BO[5)" = E(Z( / Bre 95 (s) dzk(s)) )
k=1 WO

»
= cf,IE’IE

3

> reA(e)

k=1

> reA(e)

k=1

00 ¢ 1/a
5cp(2ﬂ? /0 e-“*k“-%“(s)ds) , (2.11)
k=1

< cﬁEE/

where ¢, > 0 is some constant. Substituting (2.8)-(2.11) into (2.7) gives

HEROR)” = a1 [0+ ((X01) ) o

00 ; 1/
+cpew<2ﬁif/ e‘”"“‘”a“(s)ds) .
0
k=1
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Thus, by (2.4) and (2.5), we arrive at

t
S E(XOL)"” = fIl + Lada + 83} + 1o [ (X)) o
0
In view of the Gronwall inequality,
SHE(|XO[2))" < {I1xllss + Lad + ¢85 e
holds and the desired assertion (2.6) follows due to L € (0, A;). O

In what follows, we establish an example to demonstrate that the condition (2.5) holds

in many practical situations.

Example 2.3 Let o (t) = e~ ™1+ where ¢ > 0 is a constant such that A; + & < A,. A direct

computation shows that

S t S t
ea)qt 213](5 f e—aAk(t—s)O,a(S) ds = eaklt Z ﬁge—akkt'/ ea(kk—)\l—s)s ds
k=1 0 k=1 0

t o t
_ ﬁla/ e ds + ea)qt Z ﬁge—akkt/ ea(lk—Al—s)s ds
0 k=2 0
00
Y
ae a(Ag— A —€)
k=2
i ZE oY
“as alhy—A—8) k

due to the increasing property of the spectrum {Az}is1. If Y50, % < 00 holds, then both
(A3) and (2.5) are satisfied. There are plenty of examples such that the condition Z/ﬁz % <
oo holds, e.g., [8, Example 4.4]. Moreover, if b(t,x) = c(e™*1 + b(x)), t > 0, x € H, ¢ > 0,
8 € (A1,00), where 1 is the identical operator on H and b is Lipschitzian such that b(0) = 0,

then (A2) and (2.4) holds.

Remark 2.1 To reveal the stability property of the mild solution of (2.1), we replace (A3)
by a little bit strong condition (2.5), although (2.1) admits a unique mild solution in finite-
time horizon under (Al)-(A3).

Remark 2.2 For o € (0,1),if b:[0,00) x H — H is bounded, then (2.1) has a unique mild
solution under (A1)-(A3); see, e.g., [8, Proposition 5.1]. For such case, by the fundamental
inequality

(a+b+c)9 <a®+v°+¢, ab,c>0,0¢ (0,1),

we have

(X)) < |+’ + E(H fo 95, X(9)) ds

p
)+ B0l
H
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where I5(¢) is defined as in (2.7). Then under appropriate conditions, we can also discuss
the stability property of the mild solution of (2.2).

Remark 2.3 Due to the fact that stochastic evolution does not admit stochastic differen-
tial, we apply the semigroup method, not the Itd formula, to study the stability property
of the mild solution of (2.2). Comparing with the current technique, we generally adopt
the following procedure to discuss the exponential stability of (2.2): For p € (1,«), by the
inequality (@ + b + ¢)f < 3P Ya? + b’ + c?), a,b,c > 0, (Al), and the Holder inequality

t p
BxOI) <3 {eriat s [ 9o x0) | ) +E(lB0I)|

- 3P—1{e—17)~1f||x||ﬁ + E(/te—(p—l)/ph(t—S)e—(h/p)(t—S) ||b(s,X(s)) ||Hds>p
0

rE(|n0l%)}
< 3pl{e“tnxnfiﬂ +"E /0 e 09 (s, X)) [, ds + E (|10 II’EH)}~
Hence it follows that
SYE(| X)) < 3{ el + 2,7 E / (s, X(0) |2, ds + (| 6(0)5) }

Thus, carrying out a similar argument to that of Theorem 2.2, we conclude by the pre-
vious method that the Lyapunov exponent is dependent on 3771, A}fp and L,. However,
by the technique introduced in the argument of Theorem 2.2, we find that the Lyapunov

exponent is —(A; — Ly), which only is dependent on A; and L,.

3 Extension to SPDEs driven by subordinated cylindrical Brownian motions
and fractional Brownian motions

In the last section, we introduce some tricks to study the stability of mild solutions for
a class of SPDEs driven by «-stable noise. In this section, following these tricks, we pro-
ceed to investigate the stability of SPDEs driven by subordinated cylindrical Brownian
motion and fractional Brownian motion, respectively. To begin with, we recall some no-
tions. For « € (0,2), let S(t) be an «/2-stable subordinator defined on the probability
space (2, F,{Fi}t>0,P), i.e., an increasing R-valued Lévy process; see, e.g., Applebaum
[13, pp.52-62] and Sato [14, Chapter 6], with Laplace transform

Ee S0 - e_”“‘m, u>0,
see, e.g,, [13, Example 1.3.14, p.51]. Let {W*(t),t > O}xen be a sequence of indepen-

dent standard one-dimensional Brownian motion defined on the probability space
(2, F,{Fi}i>0,P). The subordinated cylindrical Brownian motion on H is defined by

L(®):= ) B W (S(®))ex, (31)
k=1
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where S(t) is an a/2-stable subordinator independent of { WX(£)}x=1, { Bt }x>1 is a sequence
of real numbers, and {e;}> is an orthonormal basis of H. Note that Z*(¢) := WX(S(¢)),
which satisfies Z(t)(w) := W*(S(£)(w))(w) for each w € £, is a Lévy process by [13, Theo-
rem 1.3.25, p.56] and an «-stable process due to [13, Proposition 1.3.27, p.58].

In this section, we shall consider an SPDE driven by the subordinated cylindrical Brow-
nian motion L(¢), defined by (3.1), on H

dX(2) = {AX(¢) + b(t,X(0)) } dt + o (1) AL(2), £>0, (3.2)

with initial value Xy = x, where o : [0, 00) — R is local integrable continuous function. Let
(A1) and (A2) hold and assume further that

o t
5(t):=Y Bt / e 2 (s)ds, >0,
k=1 0

is locally bounded. Then (3.2) admits a unique mild solution in a finite-time interval; see,
e.g., [10, Proposition 4.3], that is, there exists a predictable H-valued stochastic process
X () such that

X =t [ e (s, x(5)) ds + / M () L),
0 0

One of our main results in this section is as follows.

Theorem 3.1 Let (A1), (A2), and (2.4) hold and assume further that

—supi nltZﬁ / “2h(E=9) 2(s)ds} < 00. (3.3)

t>0
Then, for o € (1,2), p € (1,«) and L € (0, A1), there exist c; > 0 and y € (0, A1 — L) such that
E(|X0L) < e

In other words, the solution is exponentially stable in the pth moment, where the Lyapunov
exponent is —y .

Proof Also by the fact that (E|| - ||%1)1/1’, p € (1,@), is norm, we deduce from (3.2) that
E(XOI))"™ <h) + b + E(LOI)™, (3.4)

where ,(¢) and I, (¢) are defined as in (2.7), and I,(t) is defined by
1i0):= [ e a(5)dz(s) - ( f Bre 495 (5) AWK (S (s)))

By the Gaussian formula, following an argument like that of [10, Proposition 4.2] and
(2.11), we get

/2

(E(|am])"” < (Z / Bre ) 2(s>ds) £3, (35)
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where C > 0 is some constant. In view of (2.8), (2.9), and (3.5), it follows from (3.4) that

HHE(X@[5)) < Il + Lo /0 {09+ (E(| X)) ds

1/2
+C1/pe)\1t<2/ ﬂz 22k (t-s) 2(s)ds> té’%.

Then, for arbitrary ¢ > 0 sufficiently small, one has

t

M (B (| x (e ”p))UPEHxHH‘FLz/
0

172
1_1
+ Cl/pe)qt( / 132 —2Xx (t—s) Z(S) dS) ta_fe_at

Thanks to (2.4), (3.3), and the uniform boundedness of ta-re et by a € (1,2) and ¢ > 0,
there exists C > 0 such that

ey (s)ds + L, /Ot e(Al_E)S(IE(”X(s) HH)‘U)UP ds

t
(X)) < CrLa [ (X)) s
0
This, together with the Gronwall inequality, leads to
e (5| x(0 1)) < Cet

Then, by L, € (0,211), we take ¢ > 0 such that A; — L, — ¢ > 0 and the desired assertion

follows immediately. O
Remark 3.1 We remark that Example 2.3 still satisfies the condition (3.3).

In what follows, we further apply the technique adopted in the argument of Theorem 3.1
to study the stability for a class of SPDEs driven by fractional Brownian motion. We also
need to recall some details of fractional Brownian motion. Let B (¢) be an H-valued cylin-

drical fractional Brownian motion defined by
)=y B (e, t=0. (3.6)
k=1

Here, { ,B,f[ }e=1, H € (0,1), are R-valued independent fractional Brownian motions with
Hurst index H, i.e., for each k > 0, ,B,f is an R-valued centered Gaussian process starting

from zero, defined on the probability space (2, F, {F;}:>0, P), with covariance function
R(t,5) == E[BI OB )] = (27 + 2 — [t =) /2, £520,

and {eg}x>1 is an orthonormal basis of H. {,B,f' he>1 are standard Brownian motions for

H = %, admit self-similarity, possess Holder continuity, but are not semi-martingales for
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H# %; see, e.g., [16, Chapter 5]. To the best of our knowledge, there are essentially two dif-
ferent approaches to construct stochastic integrals with respect to the fractional Brownian
motion, i.e., a path-wise approach and the Malliavin calculus; see, e.g., the monograph [16].

Forany 7> 0, H > % and o : [0,00) — L(H, H), the family of linear operators from H
to Hi, the stochastic integral with respect to the cylindrical fractional Brownian motion is
defined by

/Oo(s )dB"(s) Z/ s)ex By (s 2/ (Kii(oer)(s) dWils), te[0,T]

provided that Y 7, fOT Ky (o ex) ()13 dt < oo. Here, for each k > 1, B4 admits the Wiener

integral representation:

B (t) = /OtKH(t,s)de(s),

where W is an R-valued Wiener process, and the kernel K is given by
t
KH(¢,s) := cHsl/z’H/ (u—s)I32yH 12 qy, s<t
S

for some positive constant ¢y, and, for ¢ : [0, T] — H,

T 0K,
(K7;0) (@) ::/ qb(s)%(s, t)ds, tel[0,T].

For more details of the stochastic integration with respect to the infinite-dimensional frac-
tional Brownian motion, we refer to, e.g., Tindel et al. [17].

In the following section, we consider an SPDE driven by the cylindrical fractional Brow-
nian motion B (¢), defined by (3.6), on H

dX(¢) = {AX(2) + b(t, X(2)) } dt + o (1) dB™(2), >0 (3.7)

with initial value X(0) = x, where A and b are defined asin (2.2) and o : [0,8) — Lps(IH, H),
the space of all Hilbert-Schmidt operators, such that

T
/ ||a(t) ”i{g dt<oo forany T >0, (3.8)
0

where || - || denotes the usual Hilbert-Schmidt norm, i.e., || T |lus := (3o || Te:||%)"* for
a Hilbert-Schmidt operator. Under (Al), (A2), and (3.8), (3.7) has a unique mild solution;
see, e.g., [18, Theorem 1], that is, there exists a predictable H-valued stochastic process
X(t) such that

X)) =ex+ / e9p(X(s)) ds + /te(H)AG(S) dB"(s).
0 0

Note that the solution of (3.7) is even not a semi-martingale so that the It6 formula is
unavailable.
The other main results in this section is as follows.
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Theorem 3.2 Let (Al), (A2), and (3.8) hold and assume further that

8 :=sup </tem1 Ha(s)”is ds) < 00. (3.9)
0

t>0

Then, for H > % and L € (0, A1), there exist c3 >0 and y € (0, A\ — L) such that
2 _
E(|x()]5) < cse™".

In other words, the solution is exponentially stable in mean square, where the Lyapunov
exponent is —y.

Proof We here only outline the argument of Theorem 3.2 since it is similar to that of
Theorem 3.1. Recall from [18, Lemma 2] that

2

¢ t
EH/ Mo (5)dBH(s)| < cH(2H - 1)2H / [0 (s) |, ds
0 H 0

t
< cH(2H -1)¢?A1 / e 2t=9)M ||a(s)||i[5 ds (3.10)
0

for some constant ¢ > 0, due to the fact that e is a bounded linear operator and o is
Hilbert-Schmidt. Following the argument of Theorem 3.1, for any ¢ > 0 sufficiently small,

we have
t t
e(’\"g)t(E(”X(t) ||];1))1/2 < I%llm +L2/ ey (s) ds+L2/ e(h’g)s(]E(HX(s) ||H)2)1/2ds
0 0
¢ 12
+/cHQ2H — 1)t D2 et (f Mo (s) ”i[s ds) .
0

Taking (2.4), (3.9), and the uniform boundedness of *7~V/2¢~¢¢ into account and thus

applying the Gronwall inequality yields the desired assertion. O

Remark 3.2 By the approach introduced in the previous section, we discuss the mean
square exponential stability of (3.7) under the condition L € (0, ;). However, Caraballo
et al. [18] investigated the same problem under L, € (0,6724,). In other words, we have

improved some existing results in certain sense.

Remark 3.3 All the results in this paper can be further extended to functional SPDEs
driven by «-stable noise and fractional Brownian motion, including variable delay and dis-
tributed delay, while we here omit such discussions since there are no technical problems.
Furthermore, there are also some interesting problems for SPDEs driven by «-stable noise
to be investigated, e.g., since (2.2) is non-autonomous, the mild solution is not a homo-
geneous Markov process, which makes the investigation of the stability in distribution of
analytic solution, a weaker stability notion than exponential stability, and the correspond-
ing numerical stability, very interesting. Such a topic will be reported in our forthcoming

paper.
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