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1 Introduction

In recent years, the orthogonal polynomial has had a very important position in the ar-
eas of functional neural network and its properties, operators and identification of dis-
tributed parameter systems, intelligent instrument automatic calibration, operator and
control theory, and so on. And the Gegenbauer polynomial is very important of orthog-
onal polynomials. It seems to be interesting and important in the area of mathematical
physics. Recently, many authors have studied Gegenbauer polynomials related to mathe-
matical physics (see [1-6]).

The information entropy of Gegenbauer polynomials is relevant since it is related to the
angular part of the information entropies of certain quantum mechanical systems such
as the harmonic oscillator and the hydrogen atom in D dimensions (see [1, 7, 8]). In this
paper we will promote the results in [9, 10] to the generalized Gegenbauer polynomials.
It will help solve the above general problems.

The generalized Gegenbauer polynomials are given in terms of generating function

by
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By Newton’s binomial theorem, we get
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When |¢| > 0 is small enough, the double series is absolutely convergent, and the coeffi-
cient of ¢ is known by the diagonal summation method
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Thus, there are
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where (@) =ala+1)(a+2)---(a+k-1).
From [11], we have the recursion formula about the generalized Gegenbauer polynomi-
als
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By [11], we get
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Meanwhile, by the recursion formula about generalized Gegenbauer polynomials and
mathematical induction, we get
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It is not difficult to show that Cé,p’ 4n(®) is a solution of the following Gegenbauer differ-

ential equation:

1
I; (aq —pzxz)y(z) - p2r + Dxy + pn(n+21)y = 0.

From the above equation and mathematical induction, we acquire Rodrigues’ formula

for the generalized Gegenbauer polynomials

2 2\A% . 1 (=2"W), (4 5 pvmii-l
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Applying (1) and (2), we get
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where §,,, is the Kronecker symbol and it holds for each fixed A € Rwith A > —% and A #O0.
Equation (5) implies the orthogonality of C(’},pvq,n(x), and equation (5) is important in
deriving our results in this paper. From (1), we can derive the following derivative of gen-

eralized Gegenbauer polynomials Célp'q’n(x): fork>1,

d

k
(%) o) = 2O O (). 5)

The so-called Euler polynomials E,,(x) are defined by the generating function to be

- (6)
n

et +1

with the usual convention about replacing E”(x) by E, (x). In the special case, x = 0, Ey = E,,
are called the nth Euler number.

The Bernoulli polynomials are also defined by the generating function to be

t
el -1

o0 tn
ext — eB(X)t — ZBn(x);r (7)
n=0 :

with the usual convention about replacing B"(x) by B, (x). In the special case, x = 0, By = B,

are called the nth Bernoulli number. From the above equation, we note that
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For n € Z,, we have

dB,
(x) = anfl(x),
dx )
dE,(x)
P nE,_1(x).
By the definition of Bernoulli and Euler polynomials, we get
By=1, Bn(l) -B,= sl,n,
E() =1, E,,(l) +E, = 250',,.
The Hermite polynomials are defined by the generating function to be
2 > "
2wt—t2 _
et = ZH”(x);‘
n=0
ForneZ,, ke Z,,wehave
dH,(x) d\* P
=2nH,_1(x), — | Hy(x) =2 ———H, (), 10
Ix nH,_1(x) < dx) (x) P k() (10)
Hy@) = > ) Hocr ), (11)
= \k

where H,, is the nth Hermite number.
For each fixed A€ Rwith A > —% and A #0,let P, = {p(x) € R[x]| degp(x) < n} be an inner
product space with respect to the generalized inner product

i 1
(p1(x), p2(%)) = J; (g - p*x*) 72 pr(©)pa(x) dx. (12)

In this paper, we derive some interesting identities involving Gegenbauer polynomials
arising from the orthogonality of those for the generalized inner product space P, with
respect to the weighted inner product. Our methods used in this paper are useful in find-
ing some new identities and relations on the Bernoulli, Euler and Hermite polynomials
involving generalized Gegenbauer polynomials.

2 Some identities involving generalized Gegenbauer polynomials
Lemma 1 For p(x) € P,,, let

plx) = declip’q’k(x) (d; €R). 13
k=0
Then
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Proof Let us take p(x) = Y ;_, dkCAMk(x) € P, dix € R. Then by (4) and (12), we get
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Thus, by the above equation, we get
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From the above equation and (3), we have
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This proves Lemma 1. O

Theorem 1 Forn e Z,, we have
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Proof Let p(x) = x" € P, from (14) we have
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Let us assume that # — k = 0(mod2) and y = ,/x. Then we get
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where B(w, B) is the beta function which is defined by B(w, 8) = FIE‘Z‘;E;‘;)

It is not difficult to show that

<n—k+1> kT
r
2 2= k(Tk).

Therefore, from (13), we get
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Theorem 2 For n € Z,, we have the identities
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Proof Let us take p(x) = B,(x) € P,,. Then, applying (9) and (14), we get
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From (8), we have
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Theorem 3 For n,k € Z. with n > k, we have
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Applying some identities about gamma function, we get
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Theorem 4 Forn € Z,, we have

) ﬂn_kﬁBk—n

n ()\, + 1) (k + )\)22]( n+k+2x-1
Ca,p,q,,,(x) _ Z [ k-1 (n+)\_§) ( n—k
n-k

k=0

§ n—k ( P _) (I’l T %) ( 1)1 (k+k;l—%)(k+z—_ll—%) }C)» @
- n\ (k+2\+n\ (n+ a,p,g,k\"
=0 —k-1 ! (1)(k nsz )( kk)k! "

Proof By (2), (5) and (14), we get

P (k+ )P ( d* e ) N
%= gk (=2)k «/_F(k+k+1)/J— dk(aq ) Capan¥) 4%

(Mi(k+ AT () p / X
J—Fk+k+ gkt \/_aq v

)k+A Zcé-;kqn k(x) dx

&)

_ ()\-)k(k+)\,)r()\) p (l’l+k+2)L 1 nili( b

1y kin 1
VAT (k+1+3) " ”;*k pany

o <n+); ) (- 1)1( )n_ka_x—mk

T

1
szq (M—px)kﬂ*fﬂ(\/a_q+px)“"_%_ldx~
v

N MI»—-

It is not difficult to show that

NGz

\/; (\/O[_q—px)kﬁh_%ﬁ(«/d_q+[9X)A+n7%71dx

k+2\+n 1
N aq / (2 _ 2x)k+)\7%+l(2x))u+n7%fl dx
p 0

,/aqk+2k+”2k+mml’(k+ A+l+ %)F()\ +n-1+ %)
p Fk+21+n+1) '

Page 9 of 12



Zhang Advances in Difference Equations (2017) 2017:391 Page 10 of 12

Applying some identities involving gamma function, we get
1 1
F<k+x+l+—>:<k+“l )Z'F<k+k+—>,
2 / 2
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As we all know, the duplication formula for the gamma function is given by
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Proof Applying Theorem 1, we get
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Theorem 6 Forn < Z., we have
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Let us assume that / = 0(mod2), first let x = %y, then y = /x, we have
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