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1 Introduction

Using the concept of Hausdorff metric, Nadler [11] introduced the notion of multivalued
contraction maps and proved a multivalued version of the well-known Banach contraction
principle, which states that each closed bounded valued contraction map on a complete
metric space has a fixed point. Since then various fixed point results concerning multival-
ued contractions have appeared.

Without using the concept of Hausdorff metric, most recently Feng and Liu [4] extended
Nadler’s fixed point result, while Klim and Wardowski [7] generalized their corresponding
fixed point result in [4].

In [6] Kada et al. introduced the notion of w-distance and improved several classical re-
sults including Caristi’s fixed point theorem. Suzuki and Takahashi [12] introduced single-
valued and multivalued weakly contractive maps with respect to w-distance and proved
fixed point results for such maps. Consequently, they generalized the Banach contraction
principle and Nadler’s fixed point result. Generalizing the concept of w-distance, Suzuki
[13] introduced the notion of 7-distance on a metric space and improved several classi-
cal results including the corresponding results of Suzuki and Takahashi [12]. In literature,
several other kinds of distances and various versions of known results have appeared. For
example, see [1-3, 10] and references therein. Most recently, Ume [14] generalized the
notion of t-distance by introducing the concept of u-distance.

In this paper, first we prove our key lemma for multivalued general contractive maps
with respect to u-distance and then prove some results on the existence of fixed points
for such multivalued maps. Consequently, several known fixed point results get either
improved or generalized including the corresponding results of Feng and Liu [4], Klim
and Wardowski [7], Latif and Albar [9], Suzuki and Takahashi [12], Latif and Abdou [8],
and Nadler [11].

Let (X,d) be a metric space. We denote the collection of nonempty subsets of X,
nonempty closed subsets of X and nonempty closed bounded subsets of X by 2%, CI(X)
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and CB(X) respectively. Let H be the Hausdorff metric with respect to d, that is,

H(A,B) = max{sup d(x, B),sup d(y,A)},

x€A yeB

for every A, B € CB(X), where d(x, B) = inf,cp d(x, 7).

A point x € X is called a fixed point of T: X — 2% if x € T'(x). We denote Fix(T) = {x €
X:xe Tx)}.

A sequence {x,} in X is called an orbit of T at xy € X if x,, € T(x,,_1) for all # > 1. A map
¢ : X — R is called T-orbitally lower semicontinuous if, for any orbit {x,} of T and x € X,
x, — x imply that ¢(x) < liminf,_, o ¢(x,).

Most recently, Ume [14] generalized the notion of 7-distance by introducing u-distance
as follows.

A function p : X x X — R, is called a u-distance on X if there exists a function 6 :
X x X xR, xR, — R, such that the following hold for x,y,z € X:

(1) p(x,2) < plx,y) +p(,2);
(12) O(x,9,0,0) =0 and O(x,y,s,£) > min{s, ¢} for each s,t € R,, and for every € > 0, there
exists 8 > 0 such that s —so| <8, [t —to| <8, $,50,%, Lo € R, and y € X imply

}Q(x,y,s,t)—Q(x,y,so,t0)| <€ @
(u3)
lim x, = x,
. 2)
nlinolo Sup{e(WmZmP(Wn»xm)’P(mem)) mz ”} =0
imply
p(y,x) <liminf p(y, x,); 3)
(uq)

lim sup{p(xy,,wm) tm > n} =0,
n—oQ

lim sup{p(yn,zm) cm > n} =0,
n—00

(4)
lim 0(x,, Wy, S, t,) =0,
n—00
lim 0(yy, 2y, Sny tn) = 0
n—oQ
imply
lim 6(wy, 2,8, b)) = 0; (5)

n—00
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or
lim sup{p(wy,,xm) m > n} =0,
n—oQ
lim sup{p(zm,yn) tm> n} =0,
n—00
(6)
lim 0(x,, Wy, S, t,) =0,
lim 0(yy, 2y, Sy b)) = 0
n—oQ
imply
lim Q(Wn, Zns Sn» tn) =0; (7)
n—00
(us)
lim 9(WV,,Zy,,p(men);p(Zn:xn)) = 0’
. ®)
nhj;o9(WmZmP(men)»P(Zmyn)) =0
imply
lim d(x,,y,) = 0; )
n—00
or
1im 0 (@, b, p(&n» @), p%ns b)) = 0,
(10)
nhenolo 0 (am by, POy an), PG bn)) =0
imply
lim d(x,,y,) = 0. (11)
n—00

Remark 1.1 [14]

(a) Suppose that 0 from X x X x R, x R, into R, is a mapping satisfying (u,) « (¢5).
Then there exists a mapping n from X x X x R, x R, into R, such that n is
nondecreasing in its third and fourth variable respectively, satisfying (u3)n « (us)n,
where (u3)n « (us)n stand for substituting 1 for 6 in (u3) «~ (us) respectively.

(b) In the light of (a), we may assume that 6 is nondecreasing in its third and fourth
variables, respectively, for a function 6 from X x X x R, x R, into R, satisfying
(u) ~ (us).

(c) Each t-distance p on a metric space (X, d) is also a u-distance on X.

We present some examples of u-distances which are not r-distances. For detalils, see
[14].

Example 1.2 Let X = R, with the usual metric. Define p: X x X — R, by p(x,y) = (%)xz.
Then p is a u-distance on X but not a r-distance on X.
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Example 1.3 Let X be a normed space with norm || - ||. Then a function p: X x X — R,
defined by p(x,y) = ||x|| for every x,y € X is a u-distance on X but not a 7-distance.

It follows from the above examples and Remark 1.1(c) that u-distance is a proper exten-
sion of 7-distance. Other useful examples on u-distance are also given in [14].

Let (X,d) be a metric space and let p be a u-distance on X. A sequence {x,} in X is
called p-Cauchy [14] if there exists a function 6 from X x X x R, x R, into R, satisfying
(1) « (15) and a sequence {z,,} of X such that

lim sup{6(zu, 2> P> Xm)s P2 %)) : m > n} = 0, 12)
n—00

or
lim sup{6(zu, 2> PGms 2n)s P(Xms 20)) : > m} = 0. (13)
n—00

The following lemmas concerning u-distance are crucial for our results.

Lemma 1.4 [14] Let (X,d) be a metric space and let p be a u-distance on X. If {x,} is a

p-Cauchy sequence in X, then {x,} is a Cauchy sequence.

Lemma 1.5 [5] Let (X,d) be a metric space and let p be a u-distance on X. If {x,} is a
p-Cauchy sequence and {y,} is a sequence satisfying

lim sup{p(x,,,ym) T > n} =0,

n—00

then {y,} is also a p-Cauchy sequence and d(x,,y,) = 0.

Lemma 1.6 [14] Let (X, d) be a metric space and let p be a u-distance on X. Suppose that
a sequence {x,} of X satisfies

lim sup{p(x,,,xm) cm > n} =0, (14)
or

lim sup{p(xm,x,,) cm > n} =0. (15)

Hn—0Q

Then {x,} is a p-Cauchy sequence.

We say that a multivalued map 7 : X — 2% is generalized p-contractive if there exist a
u-distance p on X and a constant b € (0,1) such that, for any x € X, thereis y € J; satisfying

P TH)) < k(p(x,9))p(x,y),

where J; = {y € T(x) : bp(x,y) < p(x, T(x))} and k is a function from [0, c0) to [0, b) with
limsup,_, .+ k(r) < b for each ¢ € [0, 00).

Note that if we take u = d, then the definition of a generalized p-contractive map re-
duces to the definition of a generalized contractive map due to Klim and Wardowski [7].
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In particular, if we take u = d and a constant map k = & < b, h € (0,1), then the generalized
p-contractive map 7 reduces to the definition of contractive maps due to Feng and Liu [4].

2 Theresults

First, we prove our key lemma in the setting of metric spaces.

Lemma 2.1 Let (X,d) be a metric space. Let T : X — CI(X) be a generalized p-contractive
map. Then, there exists an orbit {u,} of T at uy € X such that the sequence of nonnegative
real numbers {p(u,, T (u,))} is decreasing to zero and {u,} is a Cauchy sequence.

Proof Since T'(x) € Cl(X) for any x € X, J; is nonempty for any constant b € (0,1). Let ug
be an arbitrary but fixed element of X, there exists u; € ]Z % C T(up) such that

p(u1, T(w)) < k(p(uo, w1))puo, 1),  k(p(uo,m)) < b, (16)

bp(uo, u1) < p(uo, T(uo)). 17)

Using (16) and (17), we have

p(uo, T(uo)) — p(ur, T(u1)) > bp(uo, ur) — k(p(uo, ur))p(uto, u1)
= [b - k(p(uo, w1)) |p(1s9, u1) > 0. (18)

Similarly, there is u, € ], € T(u1) such that

(2, T(u2)) < k(plur, u2))p(uir, u2),  k(p(ut1, 12)) < b, (19)

bp(ur, uz) < p(u1, T(w)). (20)

Using (19) and (20), we have

p(u1, T(m1)) = p(usa, T(12)) > bp(u, uz) — k(p(ur, ) p(usy, u2)
= [b - k(p(ur, u2)) |p(ur, u2) > 0. (21)

From (16) and (20), it follows that

k(p(uo, 1)) p(uo, 1) < pluo, uz). (22)

S| =

1
pluy, uz) < Zp(”lr T(w)) <
Continuing this process, we get an orbit {u,} of T in X such that u,,; € ]Z " C T(u,),

bp(un’ un+1) < p(unr T(I/ln))r (23)
P(Mn+1: T(un+l)) S k(P(Mm Mn+1))P(Mm un+l): k(P(Mn» Mn+1)) < b (24)

Using (23) and (24), we get

P(um T(un)) —P(Mml» T(”nﬂ)) > bp(up, Uns1) — k(p(un: un+1))p(um Ups1)
= [b - k(P(”m un+1))]p(”m un+1) >0, (25)

Page 5 of 9
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and thus for each #

p(”m T(Mn)) >P(Mn+1x T(”n+l))’ (26)

p(um un+1) =< p(un—l; Mn)- (27)

Note that the sequences {p(u,, T (11,))} and {p(u,, u,.1)} are decreasing and bounded, thus
convergent. Now, by definition of the function k there exists € [0, b) such that

lim sup k(p(u,,,u,,+1)) =q. (28)

n—o0

Thus for any bg € (@, b), there exists 1y € N such that for each #n > ng

k(p(ttns tn1)) < bo, (29)
and thus for each # > 1y, we have

k(p(ttny 1)) X -+ X k(D(thng 41, tng2)) < b ™. (30)
Also, it follows from (25) that for each n > ny,

P(tns T()) = P (i1, T(ni1)) = BO(thny 1) (31)

where B = b - by. Using (23) and (24), for each n > ny, we have

>~

P (et T(tne1)) < k(p(tns 1)) (s thyi1)

IA

S

k(p(n, ths1))p (s, T (1))

IA

=

k(p(unr Mn+1))k(P(Mn—1; un))p(un—l: T(un—l))

A

= %[k(p(’/‘nr un+1)) X X k(p(ul: MZ))]p(er T(ul))

k(p(tps 1)) X - X k(p(unoﬂ; un0+2))
bn—no
y k(p(tngs thng41)) X - -+ X k(p(ur, ua))p(ur, T(u1))
b"o

)

and thus

. (32)

@)n—no k(p(unorun0+1)) X X k(p(uh Mz))ﬁ(”l: T(ul))

p(unﬂx T(uml)) < ( b o

Now, since by < b, we have lim,Hoo(%")”‘”0 = 0, and hence the decreasing sequence
{p(u,, T(u,))} converges to 0. Now, we show that {u,} is a Cauchy sequence. Note that
for each n > ng

p(unrunﬂ) = ynp(u07u1)1 n= 0)1)27'--7 (33)
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where y = %0 <1. Thus, for any n,m € N, m > n > ny, we get

m-1
Pty ) < ZP(M/,MJ‘A)
j=n

<"y Yy ) p(uo, w) (34)

n

S p(MO: Ml),
I-y

and hence
lim sup{p(un,um) cm > n} =0.

Thus, by Lemma 1.6, {u,} is a p-Cauchy sequence, and hence by Lemma 1.4, {u,} is a
Cauchy sequence. O

Applying Lemma 2.1, we obtain the following main fixed point result.

Theorem 2.2 Let (X,d) be a complete metric space and let T : X — CI(X) be a generalized
p-contractive map. Suppose that a real valued function [ on X defined by f(u) = p(u, T (1))
is T-orbitally lower semicontinuous. Then there exists vo € X such that vy € Fix(T) and
p(vo,vo) = 0.

Proof By Lemma 2.1, there exists a Cauchy sequence {u,} in X such that the decreasing
sequence {f(u,)} = {p(u., T(u,))} converges to 0. Due to the completeness of X, there ex-
ists some vy € X such that lim,_, o u#, = vo. Since f is T-orbitally lower semicontinuous,

we have
0 <f(vp) <liminff(x,) =0, (35)

that is, f(vo) = p(vo, T(vg)) = 0. Thus there exists a sequence {v,} C T(vy) such that
lim,,—, o p(vo, v,,) = 0. It follows that

0< nl;n;o sup{p(uy,,vm) Tm > n} < nan;o sup{p(un,vo) +p(Vo, Vi) : 1 > n} =0. (36)
Since {u,} is a p-Cauchy sequence, it follows from (36) and Lemma 1.5 that {v,} is also
a p-Cauchy sequence and lim,,_, o (1, v,) = 0. Thus, by Lemma 1.4, {v,} is a Cauchy se-
quence in the complete space. Due to the closedness of T'(v), there exists zy € X such that
lim,, oo v, = 29 € T(vp). Consequently, using (u3) we get

po,20) <liminfp(vy,v,) <0,

and thus p(vo, z9) = 0. But, since lim,,_, o u,, = Vo, lim,,_, oo v, = 29 and lim,,_, o d(u,,, ;) = 0,
we have vy = zy. Hence vy € Fix(T) and p(vp, vp) = 0. O

As a consequence of Theorem 2.2, we obtain the following fixed point result of Klim
and Wardowski [7, Theorem 2.1] which contains the fixed point result of Feng and Liu [4,
Theorem 3.1] and Nadler’s fixed point theorem.
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Corollary 2.3 Let (X,d) be a complete metric space and let T : X — CI(X) be a multi-
valued map such that a real-valued function f on X defined by f(x) = d(x, T (x)) is lower
semi-continuous. If there exists b € (0,1) such that for any x € X there is y € I} satisfying

d(y, T() < k(d(x,9))d(x,),

where I = {y € T(x) : bd(x,y) < d(x, T(x))}; and k is a function from [0,00) to [0,b) with
limsup,_, .+ k(r) < b, for every t € [0, 00). Then Fix(T) # #.

Remarks 2.4
(a) Theorem 2.2 also generalizes fixed point theorems of Latif and Abdou [8,
Theorem 2.2], Suzuki [13, Theorem 2], Suzuki and Takahashi [12, Theorem 1].
(b) It is worth mentioning that in the proofs of [7, Theorem 2.1], [4, Theorem 3.1], and
[8, Theorem 2.2] a full force of the lower semicontinuity of the real-valued function
f is not used, but in fact T-orbitally lower semicontinuity of f is enough to obtain
the conclusions.

Applying Lemma 2.1, we also obtain the following fixed point result for a multivalued
generalized p-contractive map where we use another suitable condition.

Theorem 2.5 Let X be a complete metric space with metric d and let T : X — CI(X) be a
generalized p-contractive map. Assume that

inf{p(u, V) +p(u, T(u)) ‘u e X} >0, (37)
foreveryve X withv ¢ T(v). Then Fix(T) # ¢.

Proof By Lemma 2.1, there exists an orbit {u,} of T which is a Cauchy sequence in a com-
plete metric space X, so there exists some vy € X such that lim,_, « %, = vo. Thus, using
(#3) and (34), we have

n

Py, vo) < liminf p(u,, u,,) < (o, 1), (38)
m—>00 1- 1%
where y = %0 <1. Also, we get
P(Mm T(Mn)) SP(”m un+1) < ynp(M07 ul)' (39)

Assume that vy ¢ T(vo). Then we have

0 < inf{p(u,vo) + p(u, T(w)) : u € X}

< inf{p(un,vo) +p(tn, T(u)) i1 > no}

n

< inf{ ly pluo,m) + y"plug, u1) : n > Vlo}

92 _
= {l—yp(uo,ul)}inf{y”:n>no} =0,
-V

which is impossible, and hence vy € Fix(T). (|
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Remarks 2.6 Theorem 2.5 generalizes [8, Theorem 2.4] and [9, Theorem 3.3].
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