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Abstract

A nonautonomous modified Leslie-Gower predator-prey model with Holling-type ||
schemes and a prey refuge is studied in this paper. Persistent property and stability
property of the system are investigated. Some findings about the influence of prey
refuge are obtained.
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1 Introduction
Throughout this paper, for a bounded continuous function g defined on R, let g© and g™
be defined as

gh=infg(t), g™ =supgl(s).

teR

During the last two decades, the study of dynamic behaviors of predator-prey system in-
corporating a prey refuge become one of the most important research topic, see [1-45]
and the references cited therein. In [1], Yue proposed and studied the following modified
Leslie-Gower predator-prey model with Holling-type II schemes and a prey refuge:

() = x<r1 e mmy )

1 -mx+ ki

<oy _ azy
) —y<r2 (1-m)x+ kz)’

where x(£) and y(¢) denote the densities of the predator and prey species at time ¢, respec-
tively, and all the coefficients are all positive constants, 0 < m < 1. Such a topic as the global
stability property of the positive equilibrium was investigated.

Many authors [2, 4, 5, 8, 9] argued that with the biological and environmental change of
the circumstance, it is reasonable to propose and study the nonautonomous system, the
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success of [2, 4, 5, 8, 9] motivates us to propose the corresponding nonautonomous case
of system (1.1), i.e., the following system:

Mﬂ=x(nuy-mun @)1 - m(t))y )

T (- m)x+ k(D)

ax(t)y >

ym=ycﬂ”‘aTZ®ETE@

where x(¢) and y(¢) denote the densities of the predator and prey species at time ¢, respec-
tively; One could refer to [1] for the biological meaning of the coefficients. Throughout
this paper, we assume that

(Hy) ri(t), ki(t), ai(t), i = 1,2, m(¢), bi(¢) are continuous and strictly positive functions,
which satisfy

min{r},k},af,m", by} >0,
max{r, kM, al, m™, b} < +o0.
We consider (1.2) together with the following initial conditions:
x(0) > 0, ¥(0) > 0. 1.3)
It is not difficult to see that solutions of (1.2)-(1.3) are well defined for all £ > 0 and satisfy
x(t) >0, y(t)>0 forallt>0. (1.4)
The paper is arranged as follows: In Section 2, we obtain sufficient conditions which
guarantee the permanence of the system (1.2). In Section 3, we obtain sufficient conditions
which ensure the global attractivity of the system (1.2). In Section 4, an example together
with its numeric simulations illustrates the feasibility of the main results. We end this

paper by a brief discussion.

2 Permanence
Lemma 2.1 Let (x(t),y(¢))T be any solution of system (1.2) with the initial conditions (1.3),

then
e
limsupx(f) < bl—L def M;,
[—+00 1 (2 1)
(1= mMy + K1) ge '
limsupy(¢) < 2 (( mL) 1+hk) d=fM2.
t—+00 a,

Proof Let (x(t),y(2))T be any solution of system (1.2) with the initial conditions (1.3). From
the first equation of system (1.2), it follows that

xm:x&ﬂrwmn_“ﬂmfmmW)

A - m(®))x + ki (2)
<x(r}' - bix). (2.2)
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Applying Lemma 2.3 in [46] to (2.2), it immediately follows that

™M e
limsupx(¢) < bl_L = (2.3)
t—+00 1

For any positive constant ¢ > 0 small enough, it follows from (2.3) that there existsa 77 > 0
such that

x(t) <My +¢& forallt> Tj. (2.4)

For ¢ > T1, (2.4) together with the second equation of system (1.2) leads to

S(F) = as(t)y
i) = y(rz(t) - m)
a5
: y(,gw T A -mE) (M e) + kg”)' (2.5)

Applying Lemma 2.3 in [46] to (2.5), it immediately follows that

L M
lim sup y(£) < ' (-m )(Af‘ re)rky). (2.6)

t—+00 ay

Setting ¢ — 0, then

L
limsup y(¢) < ' (A=m L)Ml +hy') def

t— +00 a,

M. 2.7)
O

Lemma 2.2 Let (x(2),y(t))T be any solution of system (1.2) with the initial conditions (1.3),
assume that

al (1 - mh)M,

ks o (2.8)
holds, then

L ikt — ' (- m" )My g

ltlinglofx(t) > P = my, (2.9)

PE (L= MYy + ) 4o

liminfy() > 2 UMK wr (2.10)

t—>+00 az
Proof Condition (2.8) implies that one could choose ¢ > 0 small enough such that

M1 - mh) (M,
s a A=) + ) (2.11)

ki
holds. For this ¢, it follows from (2.7) that there exists a T, > T7 such that

y(t) <My +e forallt>T,. (2.12)
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Let (x(¢),y())” be any solution of system (1.2) with the initial conditions (1.3). For ¢ > T,
(2.12) together with the first equation of system (1.2) leads to

A =m(D)x + ki (2)

M L
> x(rf _a- ’”kL’(Mz —e) _ b{”x). (2.13)
1

510 = (0 - b0 00O )

Applying Lemma 2.3 in [46] to (2.13), it immediately follows that

A al(1-mb)(Ma—e)

. K
ltlglglofx(t) > A (2.14)
Setting ¢ — 0, then
riki —a)'(1 - m" )M
liminfa() > L0 =4 A=mIMs ar (2.15)

t—+00 leb{w

1

Let ¢ > 0 be any positive constant small enough such that ¢ < 3

(2.15) that there exists a T3 > T5, such that

m. It then follows from

x(t)>my —¢e forallt> T;. (2.16)

From the second equation of system (1.2), it follows that

. a(t)y
£) = £ —
= (’2( ) (1—m(t))x+k2(t)>
ay'y(t)
> y(t)| 5 - 2 . 2.17
J”[” (1—mM)(m1—s)+k§] 217
Applying Lemma 2.3 in [46] to (2.17), it immediately follows that
(= m™)(my - €) + kS
liminfy() > 2L )(;’]1 &) +hy) (2.18)
t—>+00 (,12
Setting ¢ — 0, then
rH (1 = M kL) de
liminf y() > (Ao Om 4 Ky) et (2.19)
—+00 az
O

As a direct corollary of Lemma 2.1 and 2.2, we have the following.

Theorem 2.1 Assume that (2.8) holds, then system (1.2)-(1.3) is permanent.
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3 Global attractivity
Before we state the main result of this section, we introduce some notations. Set

Ay (m) € (1= m@)my + k()7
Aa(m) € (1= m(©)my + ko (1)), (3.1)

Aoy(My) € (1= m(e)) M, + k(@)

and

def a1(t)1—m(t))>M,  ay(t)(1 — m(t)) My
P8 = bae) - Ay () - Ay (my) ’
Iy () ax(t)ka(t) . ax(t)(1 — m(t))my
Ay (M) Ao (M)
_ a1 -m@)ki(t)  ai ()1 - m(t)*My

A1 () Aq(mm)

(3.2)

Theorem 3.1 Assume that all the conditions of Theorem 2.1 hold, assume further that
liminf{Ty(2), T2(¢)} > 0, (3.3)
t—+00

then for any positive solutions (x(t), y(t))T and (x1(£),y1(t))T of system (1.2), one has

lim (|x(2) - x1(8)] + [y(8) = 1 (®)]) = 0.

t—>+00

Proof Condition (3.3) implies that there exists a small enough positive constant ¢ (without
loss of generality, we may assume that ¢ < %{ml, my}) such that

a1 ()1 - m(2))*(M; + &)

['i(e, t) = bi(2) -

Aq(my)
_ @O -m@O)M, +¢)
Ay (my) -
(3.4)
Iy(e, 1) = wOk(t)  a(t)A - m(0)im - e)
NV Ay (M)
_a@U-me)k()  a®)d-m@P M +e)
A1 (mf Ay (mf -
where
Ar(mf) = (1 - m(2)) (my — ) + /<1(t))2,
Ao (ml) = (1= m(®))my - €) + ks(£))°, (35)

Ao (M) = (1- m(®)) (M + &) + k(1))

For two arbitrary positive solutions (x(¢), y(£))T and (x;(£),1(t))T of system (1.2), for the
above ¢ > 0, it then follows from (2.1), (2.15), and (2.19) that there exists a T > T3, such
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that for all £ > 7,
x(8),x1(8) < My + &, Y(£),91(t) < My + ¢,
X)) >m—e, YO0 > my—e.
Set
A1 (x(2), %1 (2)) = (1 = m(8)) w1 () + ke (2)) (1 = m(8))x(2) + ka(2)),
Ao (x(0),%1(0)) = (1= m(0))x1(2) + ko (1)) (1 = m(2))x(8) + ko ().
Now we let
V(o) =

Va(t) = [Iny(t) - Iny (8)].

Then for ¢t > T, we have

D*Vi(2)

a1 (£)(1 — m(2))y(¢)
(1 = m(0)x(t) + ka(2)
ar () = m(9)y1(2) )
(1 = m(£))x1(2) + ka(2)

< -bi(t)|%(t) — %1(2)]

< sgn(x(t) - x:(t)) (—b1(t)x(t) -

+ bi(t)x1(2) +

n() ) 0
A= m@p(®) + k(0)  L— m@)(0) + ka(0)

a1 (t)(1 —m(2))
A (t), %1(9))

x [y (@)((1 = m(@)x(t) + ki (2)) - y@) (1 = m(0)x1(2) + k1 (1)) |

+ ay(t) (1 - m(t))‘

= ~bi(B)]x(t) -1 (0)] +

a1 ()1 — m(2))ki(£)

= —by(t)|x(£) — %1(8)] + A GOm0 HOESNG]
ar(t)(1 - m(t
+ mb’l(t)x(t) y(t)x1(t)|
- b0 - ()] + LOLOD )y

A (x(2), x1(2))
ai(t)(1 - m(t))*

+ Wbﬁ(f)x(f) =71 (8) + ) (B2 (2) - YO (2) |

ai(8)(1 — m(2))k(2)
Aq(x(2), %:1(2))

= —by () |x(t) — %1(£)| + y(6) = 31(2)|

ai ()1 = m(t))*n(t)
Ay (x(8), x1(2))

ar(£)(1 = m(8))*x (2)
A (x(8), %1(2))

|%(2) — %1()|

i) - y(@)|

a1 (t)(1 - m(2))
Aqi(m ‘9)

<-bi(®)]x(t) - x1(8)] + Iy(t) ()]
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(3.6)

(3.7)

(3.8)
(3.9)



Xie et al. Advances in Difference Equations (2016) 2016:184 Page 7 of 11

ar(t)(1 = m(8))* (M3 + ¢)

A |(t) = 21(2)|
a ()1 - m(t)*(M; + )
e y1(8) - ¥(8)]
and
D*V,(t)

= sgn(y(t) —yl(t))(

_ san(y(6) - (0)
Ax(2), x1(2))

+ax()y1 () (1 — m(0))x(2) + k(1))

C Ao(x(8), x1(2)) (~a2(Oka () (y(0) - 1(1)))

sgn(y(t) - n ()
+ AGOn0) (—ﬂz(t) (1 - Wl(t)) ()’(t)xl(t) —yl(t)x(t)))

- —ay (ks (£) sgn(y(t) — n(t))
- Az(Mf) A2(x(t)rxl(t))

x (—az(t)(1 = m(2)) (y()x1(£) — y1(£)x1(2) + y1(E)x1(2) — y1.(£)x(2)) )
-2k as (t)(1 — m())(m, — &)

B ax(t)y(t) N a () (2) )
A= m()x(e) + kao(£) (1 —m(D)x1(2) + ko (2)

(a2 (y@) ((1 - m(2))x1(2) + ko (1))

ly(®) — ()] +

<A1 |y(£) = 1 (®)] - AOL) |y(£) = 3(8)|
OIS ‘A’:“(%MZ ") |at) - m (@),
Now let us set
V(t) = Vi(t) + Vo(2).
Then
D*V() < ~Ty(e, () =21 (6)] - Tale, O]y (©) - 1 (0. (3.10)

Integrating both sides of (3.10) on the interval [T, £),

t

V() - V(T) < /T [—I‘l(s,s)|x(s) —xl(s)‘ - Fg(s,s)‘y(s) —yl(s)‘] ds fort>T. (3.11)

It follows from (3.4) that
t
V() + 8/ [|x(s) —xl(s)| + |y(s) —yl(s)|]ds <WV(T) fort>T. (3.12)
T
Therefore, V (¢) is bounded on [T, +00) and also

/T [|x(s) —xl(s)| + !y(s) —yl(s)|] ds < +00. (3.13)
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By Lemma 2.1, 2.2, and Theorem 2.1, |x(£) — x1(£)|, [y(£) — 1(¢)| are bounded on [T, +00).
On the other hand, it is easy to see that x(¢), y(¢), x1(¢), and y,(¢) are bounded for ¢ > T.
Therefore, |x(£) —x1(¢)], |y(£) — y1(¢)| are uniformly continuous on [T, +00). By the Barbalat

lemma [47], one can conclude that

lim [|x(6) = m(@)] + [y(@) - n(0]] = 0.

t

This ends the proof of Theorem 3.1. d

4 Numeric example

Now let us consider the following example.

Example 4.1

1.5 +0.5sin£)(1-0.1
k(t):x<11+cost—6x—( +05sini)( )y>,

1-01)x+1
) (4.1)
. Y
=y(2—- ———— ).
@) y( (1—0.1)x+2>
Corresponding to system (1.2), one has
ri(t) =11 + cost, by(t) =6, ai(t) =15+ 0.5sint, m(t) =0.1,
kl(lf) = 1, Vz(t) = 2, az(t) =2, /(2(t) =2.
And so,
e (@A - mh )My + kYY) 209 x2+2
M=D o o UMM Ky) 209x242) o0 (4.2)
b a3 2
Consequently
M1 - mh)M. 2x09x39
ﬁ-%:m—%:wsm, (4.3)
1

Equation (4.3) shows that (2.8) holds, thus, it follows from Theorem 2.1 that system (4.1)

is permanent, and numeric simulations (Figures 1, 2) also support these findings.

Figure 1 Dynamic behavior of the first 4
component x(t) of the solution (x(t), y(t))

of system (4.1) with the initial condition (x(0), 3 |
y(0)) =(0.2,5),(0.4,1),(0.6,3),and (4,2),

respectively. w0 2\

Page 8 of 11
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Figure 2 Dynamic behavior of the second 5]
component y(t) of the solution (x(t), y(t)) \
of system (4.1) with the initial condition (x(0), 4‘\
— ‘A

y(0)) (9-2, 5),(0.4,1),(0.6,3),and (4, 2), o0 3*J(—’/ =
respectively. /v/

5

/
! 2 4 6 8 10
t

5 Discussion
In this paper, we propose and study a nonautonomous modified Leslie-Gower predator-
prey model with Holling-type II schemes and a prey refuge. We first obtain a set of suffi-
cient conditions which ensure the permanence of the system, after that, by constructing a
suitable Lyapunov function, we also investigate the stability property of the system.
Condition (2.8) implies that the prey refuge has a positive effect on the persistence prop-
erty of the system, indeed, with the increasing of prey refuge, the predators have difficulty
in catching the prey species, this directly increasing the survival possibility of the prey
species.
We mention here that in condition (H;) we make the assumption that the intrinsic
growth rate of the prey species is a positive function, however, in some cases, the growth
rate may be negative (see [48—50]) and the references therein), we leave this for future

investigation.
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