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1 Introduction
In this paper, we consider the discrete Klein-Gordon-Schrodinger system with a small

random perturbation,

(A W
i\ +au; | — (Au); + uv; = f(t) + sajujz,
, (1.1)
d*v; dv; dw?
ﬁ +(Av); + Md—tl +Vj— |u,»|2 =gi(t) + sb,-d—t],
with initial conditions
u;(0) = ujo, v;(0) = vjo, ;(0) = vijo,

where j € Z", n <3, t > 0, Z is the integer set, «, i, and ¢ are positive constants, i2=-1,
a = (a)jezn € €2, and b = (By)jezn € €2, f(1) = (fi()jezn, &(t) = (gi(1))jezn € Cp(R, €?), the
space of bounded continuous functions from R into £>. {w}(#) :j € Z"} and {w}(t) :j € 2"}
are two independent two-side real valued standard Wiener processes, linear operator A
and space £2 will be described in detail in the next section.

The coupled Klein-Gordon-Schrédinger (KGS) system is an important model in non-
linear science. It is encountered in several diverse branch of physics, for example in the

description of the interaction of a scalar nucleon interacting with a neutral scalar meson,
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as in the following nonautonomous KGS equations in R:

i(uy + au) + Au+uv = f(t,x),

Vi — Av+ v + uv - Blul® = g(t, %),

where u denotes a complex scalar nucleon field and v represents a real meson field; the
complex-valued function f(£,x) and the real-valued function g(x,t) both are the time-
dependent external sources. By using the Galerkin method, Fukuda and Tsutsumi [1] first
studied the coupled KGS equations, and they obtained the existence of global strong so-
lutions. We refer the readers to [2-7] for the existence of global solutions, asymptotic
behavior, and stability for the KGS system and KGS system on infinite lattices.

Various properties of solutions for lattice dynamical systems (LDSs) have been exten-
sively investigated. For example, the long time behavior of LDSs were studied in [6, 8—17];
the traveling wave solutions of LDSs were studied in [18]; the chaotic properties of solu-
tions for LDSs were examined in [11]. Lattice dynamical systems play an important role in
their potential applications such as biology [19], chemical reactions [20], pattern recogni-
tion and image processing [21], electrical engineering [22], laser systems [23], etc. How-
ever, a system in reality is usually affected by external perturbations, which in many cases
are of great uncertainty or have a random influence. These random effects are not only
introduced to compensate for the defects in some deterministic models but also to ex-
plain the intrinsic phenomena. Therefore, there is much work concerned with stochastic
lattice dynamical systems [24—27]. To the authors’ knowledge, Ruelle [28] first introduced
a corresponding generalization of the attractor (random attractor) to the stochastic PDEs.
After that, the study of random attractors gained considerable attention during the past
decade; see [29, 30] for a comprehensive survey. Bates et al. [24] first investigated the ex-
istence of global random attractor for a kind of first order dynamical systems driven by
white noise on lattice Z; then Lv and Sun [25] extended the results of Bates to the higher
dimensional lattices. After that, there are several papers considering with stochastic evo-
lution equations in an infinite lattice [26, 27, 31]. In this paper, we first extend the result
[31] to the higher dimensional lattices, then, by comparing to the case without random
perturbation [16] (¢ = 0), we see the relationship between a random attractor and a global
attractor for a small ¢ random perturbed Klein-Gordon-Schrédinger lattice system, i.e.
upper semicontinuity of the attractors for a small ¢ perturbed Klein-Gordon-Schrodinger
lattice system. Roughly speaking, let A, be the attractor of the perturbed system, Ay be
the attractor of the unperturbed system; we say that those attractors have upper semicon-

tinuity if
liII(l) dist(A,Ao) =0,

where dist(-, -) denotes the Hausdorff semidistance.

This paper is organized as follows. In Section 2, we recall some basic concepts and al-
ready known results related to random dynamical systems and random attractors. In Sec-
tion 3, we prove the existence of the random attractor for stochastic KGS lattice dynamical
systems of (1.1) on Z". In Section 4, by comparing to the case without the random pertur-

bation, i.e. € = 0 case, we obtain the upper semicontinuity of the attractors.
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2 Preliminaries
In this section, we first introduce the definitions of the random dynamical systems and
random attractor, which are taken from [24, 30].

Let (H, | - ||z) be a Hilbert space, (€2, IF,[P) be a probability space.

Definition (Q,F,P, (0;);cr) is called a metric dynamical systems, if 6 : R x Q — Q is
(B(R) x FF,[F)-measurable, 6y =1, 6,,5 =0; 0 6; for all £,s € R, and 6;P =P for all £ € R.

Definition A stochastic process ¢(t, w) is called a continuous random dynamical system
(RDS) over (2,F, P, (6;):cr) if ¢ is (B(R*) x F x B(H), B(H))-measurable, and for all w €
« the mapping ¢ : R* x Q@ x H — H is continuous;
e ¢(0,w) =T on H;
o P(t+s,0,%) =Pt 60, 9(s, w,x)) for all £,s > 0 and x € H (cocycle property).

Definition 2.1 A random bounded set B(w) C H is called tempered with respect to (6;);cr
iffora.e.we Qandalle >0

lim e™**d(B(6_,»)) = 0,
t—>00
where d(B) = sup,g |*]l -

Consider a continuous random dynamical system ¢(¢, ) over (2, F, P, (6;):cr) and let D

be the collection of all tempered random set of H.

Definition 2.2 A random set K(w) is called an absorbing set in D if for all B € D and a.e.
w €  there exists tg(w) > 0 such that

q)(t, 0_10,B(6_;0)) C K(w), t=> tp(w).

Definition 2.3 A random set A(w) is a random D-attractor for RDS ¢ if
+ A(w) is a random compact set, i.e., ® — d(x, A(w)) is measurable for every x € H and
A(w) is compact for a.e. w € 2;
+ A(w) is strictly invariant, i.e., ¢(t, v, A(w)) = A(6,w), V¢ > 0 and for a.e. w € 2;
o A(w) attracts all sets in D, i.e., for all B€ D and a.e. w € Q2 we have

:ILTO d(¢(t, G_tw,B(Q_tw)),A(a))) =0,
where d(X,Y) = sup, .y infyey lx - yl|lm, X, Y C H.
The collection D is called the domain of attraction of A.

Definition 2.4 Let ¢ be a RDS on Hilbert space H. ¢ is called asymptotically compact if
for any bounded sequence {x,} C H and t, — 00, the set {¢(¢,,6_;,w,%,)} is precompact

in H, for any w € Q.

From [24], we have the following result.
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Proposition 2.1 Let K € D be an absorbing set for an asymptotically compact continuous
RDS ¢. Then ¢ has a unique global random D-attractor

M Ue(6-0,KE-0)),

KZTK () E2K
which is compact in H.

Throughout this paper, let # € N be a fixed positive integer. We set

(]11]2’ )]n)GZ MIGC Z|u] <OO}

2
L {u (w))jezn |j
jezr

=(vjas--rjn) €Z", v €R: Zv <oo}

2
0 = {V (Vl 162”
jezn

For brevity, we use H to denote the Hilbert space I.? or £2, and we equip H with the inner

product and norm as

wv)=Re uw,  |ul*=@u)=Y_ |u? YVuveH,

jezn jezn

where V; denotes the conjugate of v;.

In our paper, we introduce the transformation v = d L +ov;with o = 2"+ ; <min{yu,1}
a small positive constant. Then system (1.1) becomes
. du/ dW/l
i s +ou; ) — (Au); + upvy = fi(t) + saju,»%,
dVl'
E = w/ — UVj, (2‘1)
¢1 a,'w2
o +(u=-0)j+[l-o(u-0)+Aly - |l g](t)+8b,
with initial conditions
1;(0) = ujo, v;(0) = vjo, ¥;(0) = vijo + o vjo,

where u = ()jezn € L?, v = (V))jezn € €2, ¥ = (Yj)jezn € £2, and the linear operator A is
defined by

(Au)j = 211, jo,. . j) = WirLizsefin) = UGja—Loj) = * = Ui josefin1)

— Ui+, T UG o tLein) T T W(iLasenjintl)

In fact, the linear operator A has the following decomposition:

A=A1+Ay+---+ Ay,
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and there exist bounded linear operators By : H — H defined by

(Biu); Z My, Yu=(W)jezn e Lk =1,2,...,n,
I=—by

where ji; = (j1, /2, - - . jk—15Jk + L jks1s - - -5 jn) € Z", such that
Ay = B{Byx = ByBj, |Bkllo < C (constant), k=1,2,...,n,

where || - ||o denotes the norm of operator in the set of linear operators from H into itself
and Bj is the adjoint operator of By, k =1,2,...,n, that is,

Bku Z My ity s (Biu,v) = (u,B,fV), Vu = (uj)jezr,ve H,k=1,2,...,n
I=—by

Let Wi(¢) = > jean 4w wl(t)e and W2(t) = P bjwf(t)ej, where (a))jezn, (b))jezn € £2. Here
{¢/} denotes the standard complete orthonormal system in ¢2, which means that the jth
component of ¢ is 1 and all other elements are 0. Then W(-) and W?2(-) are £2-valued
Q-Wiener processes. It is obvious that EW(¢) = 0 and EW?(¢) = 0. For details we refer
to [32].

We abstract (2.1) as a stochastic ordinary differential equations with respect to time ¢
in E=12 x £* x €% Let a = (a))jezn, b = (b)jezr, v = V)jezn, ¥ = (V))jezn, f = (f)jezr and
g = (g)jez». Then the equations in (2.1) can be written as the following integral equations:

u(t) = ug + fot[iu(s W(s) — au(s) — iAu(s) — if (s)] ds — Lfo s)dwl,
V() = vy + fo [V (s) — ov(s)] ds, (2.2)
V(t) = Yo + fo o —w(s)+ (o (n—0)—A-1)us) + |ul* +g(s)] ds + W2

For our purpose we introduce the probability space as
Q={weC(R,€?):(0) =0}

endowed with the compact open topology [29]. PP is the corresponding Wiener measure
and I is the P-completion of the Borel o -algebra on €.

Let 6,0(-) = w(- + t) — w(t), t € R. Then (2, F, P, (6;):cr) is a metric dynamical system
with the filtration F; := \/,_, I}, t € R, where F! = o (W (ty) - W(t1) :s <t <t <t} is the

smallest o -algebra generated by the random variable W(t,) — W(#;) for all £, £, such that
s <t <ty <t;see [29] for more details.

3 The existence of a random attractor

In this section, we study the dynamics of solutions of Klein-Gordon-Schrédinger lattice
system under the e-random perturbation (1.1). Then we apply Proposition 2.1 to prove the
existence of a global random attractor for (1.1). In order to show the existence of a global
solutions of system (2.2), we first change (2.2) into deterministic equations. Due to the

special linear multiplicative noise, the first equation in system (2.1) can be reduced to an


http://www.advancesindifferenceequations.com/content/2014/1/300

Li and Sun Advances in Difference Equations 2014, 2014:300 Page 6 of 16
http://www.advancesindifferenceequations.com/content/2014/1/300

equation with random coefficients by a suitable change of variable. Consider the process
z(t) = ¢"'® which satisfies the stochastic differential equation

dz(t) = %z(t) dt + iez(t) AW,

The process u(t) = z(t)u(t) obeys the random differential equation

dii 1
id—L; 4 i(a - 5)12 —(A@D) + v — f(B)z(t) = 0. (3.1)
Lemma 3.1 Assumef(t) = (fj(t))jezr € Cp(R, €2). Then the solution of the first equation in
(3.1) satisfies
~2 _ atys 2L Lo
llzll® < e llaoll” + =IfII°, £>0,a.a.w € Q, (3.2)
o

with ||f|| = sup,cg [f(£)]*

We denote ¥ (¢) = ¥ (¢) — e W2(¢), then system (2.2) can be changed into the following
system:

u(t) = gy + fot[iz?t(s)v(s) —i(a - %)12(5) —iAu(s) — if (s)z(s)] ds,

v(t) =vo + fot[&(s) —ov(s) + e W?2(s)] ds,

V() = Yo+ follo =W (s) + (0 (=) = A=1)u(s) + ul® + g(s)
+e(o — w)W2(s)] ds.

(3.3)

For each fixed w € 2, system (3.3) is a deterministic equation, and we have the following
result.

Theorem 3.1 For any T > 0, system (2.2) is well-posed and admits a unique solution
(u(®), v(t), ¥ (t)) € LA(2; C([0, T1; E)). Moreover, the solution of (2.2) depends continuously
on the initial data (1, vg, Vo).

Proof By the standard existence theorem for ODEs, it follows that system (3.3) possesses
a local solution (i(¢), v(¢), ¥ (¢)) € C(0, T; E), where [0, Tmax) is the maximal interval of ex-
istence of the solution of (3.3). Now, we prove that this local solution is a global solution.
Let w € 2, from (3.3) it follows that

li@)]” + [v@)|* + [ @)]

~ 12 2 2
= llo[I” + lIvoll™ + [l¥oll

-2 -1) /:(it(s), i(s)) ds -2 /: Im(f (s)z(s), #(s)) ds + 2 /Ot(&(s), v(s)) ds

t ) B
+2/0 (8W (s),v(s)) ds 2/0

+2/0 (g(s),l/}(s))ds+2/ ((a(,u—a)—A—l)v(s),&(s))ds

t

(av(s), v(s)) ds + 2/0 ((a — WV (s), 1/7(5)) ds
0

+2 /t(lulz, &(s)) ds + 2/ (s(a — )W), 1/}(5)) ds (taking the real part).
0 0
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By the definition of the linear operator A, we have

—(Av, ) = =Y (A, ¥) == ) (BiBev,¥) = > (Biv, Bip)
k=1 k=1 k=1
1« y c? _
< 5 D (IBIP + 1B I?) = (W12 + [11P).
k=1

By the Young inequality, direct computation shows that

- 2 - 1 -
-2Im(fz, i) < = |fI*|1l* + gIIMII2 < —(IFI*+ W1||4) + gllullz,
o 2 o 2

42 o
28(W2,V) < 7” W2H2 + Z||v||2,

- 4 H—0 -~
2g, V) < lgl? + 1%,
nw—o 4
n—-o

2((o(n—0))v, ) <4(a*(u—0))lvI* + 1 112,

- 4
2(|ul?,
(Jul ¢)§M

p-o -
lull* + ——119 117,
-0 4

2e((0 - W2 ) < 4e2(u - o) [W2]* 4 T,
Combining the above inequalities with Lemma 3.1, we obtain
la@]” + v " + [ o)

<llizoll* + lIvoll* + 9o >
~Co [ + [0 + 1O s
" q/ot(ufw + gl + [W* + w2 [) ds
< llizol® + Ivol® + o1 +le0t(H Wt w2 ]) ds

t
+ Cl/ IFI> + gl dis,
0

(3.4)

where Cy, C; are constants depending on «, 7, 4, &, and ||f||?. By the Gaussian property
of W' and W2, (3.4) implied that system (3.3) admits the global solution (i(z), v(t), ¥ (£)) €

L2($2; C([0, T); E)). The proof is completed.
From the definition (0;):cr, we know
W(t+h,w)= Wt 0hw)+ Wh,w), VtheR

and combining the above theorem we have the following result.

O

Theorem 3.2 System (2.2) generates a continuous random dynamical system (p(t,

0_1w))e=0 over (Q,F, P, (6:)icr)-

Page 7 of 16
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The proof is similar to that of Theorem 3.2 in [24], so we omit it.

Now, we prove the existence of a random attractor for system (2.2). By Proposition 2.1,
we first prove that RDS ¢ possesses a bounded absorbing set K(w). We introduce an
Ornstein-Uhlenbeck process in ¢2 on the metric dynamical system (2, F,P,6,) given by
a Wiener process:

0
21 (6,0) = —v/ e"0,0(h)dh, teR,

(o]

0
2(O,0) = -\ / e0,0(h)dh, teR,

(o]

where v and A are positive. The above integral exists in the sense that for any path o with
a subexponential growth z!, 2% solve the following It6 equations:

dzt + vzt dt = dwW(¢),
dz* + 222 dt = dW2(¢).
In fact, the mapping ¢ — z'(6,w), i = 1,2, are the Ornstein-Uhlenbeck process. Further-
more, there exists a 6, invariant set Q' C Q of full P measure such that:

(1) the mappings t — z'(6,w), i = 1,2, are continuous for each w € ';
(2) the random variables ||z/(w)||, i = 1,2, are tempered.

Lemma 3.2 There exists a 6, invariant set Q' C Q of full P measure and an absorbing

random set K(w), w € ', for the random dynamical system (¢(t,0_;®))>0-

Proof We use the estimates in Theorem 3.1. By (3.4), we have

d(|a@)1% + v + 1y O11?)
dt

< -G+ @) [* + [F @)
+ Clp(gtw))

where p(6,0) = IIf > + lgI> + IW' @OII* + [ W2(@)]>.
By Gronwall’s lemma, it follows that

la@)|” + [v@|* + [T < (loll® + Ivoll® + 1o |1?)e !

t
+ f e p(9,w) ds.
0

Replace w by 6_,w in the above inequality to construct the radius of the absorbing set and
define

t 0
0%(w) = 4 lim e 99 (0, _,w) ds = 4 tlim / e %% p(O,0) dis.
—oo J_,

t—00 0

Define

4
R@) = ¢%@) + ~ I I W] "+ | w2

Page 8 of 16
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Then K(w) £ K(0, R(w)) is a tempered ball by the property of W', W2, and, for any B € D,
o € Q. Here, D denotes the collection of all tempered random set of Hilbert space H. This
completes the proof. d

Lemma 3.3 Let (uo, vo, Vo) € K(w), the absorbing set given in Lemma 3.2. Then for every
e>0andP-a.e.w € Q, there exist T(e,w) > 0 and N (g, w) > 0 such that the solution (u, v, )
of system (2.2) satisfies

Z [’Lt,,(t,(9_ta))|2 + |v,,(t, Q_ta))|2 + |¢,,(t, G_ta))|2] <eg, Vit>T(s,w),
7lI>N (&)

where [l = maxi<xzy x| for j = G jas- -1 jn) € 2.

Proof Let n(x) € C(R,,[0,1]) be a cut-off function satisfying
n(x)=0, forallxe]l0,1]; n(x) =1, forallx € [2,+00),

and |n'(x)| < no (a positive constant).

Let M be a suitable large integer. Taking the inner product of (3.3) with (n(%)i‘t/)/ezn,
vz, and (n(H ez, we get

%Zn(ﬂ)l i

jezn

I, ~ I/l - )
:—2a2n(ﬁ |u1~|2—21m277 5 (fizj,14;)  (taking the real part),

jezn jezn
d
EZn(”’M”) e
jezn
_ZZ (||}||>(1/f], V) - 20 Z <|X/I||)|]| Z (||}||> ’, j)
jezn jezn jezn
and
d
EZ (IIJII)W]'z
jezr
~20 -0 L )i -2 X n( 5y ) )
jezn jezn
Z[G(IL—O)—I]Z <“]”)(Vp1/f1)
jezr
22 (”]”) 1|2,w} Z (”]”)(gpw}
jezn jezr

Page9of 16
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We also use the estimates in Theorem 3.1. Similar to (3.4), it follows that, for fixed con-

stant Ty > 0,

) n(%”)(l%ﬁ + Iyl 1951%)

jezn
< e—C()(t*TK) Zn<k/[—”) |£{1(Tk,a))|2
jezn
+e—Co(t—T1<>Z Uil (‘V'(T a))‘2+|1ﬁ(T w)‘z)
. "\ M AR AR
jezr
t
+C1/ £Co(s=1) Z (|Z}(93w)|4+ |z12(95w)|2) ds
k [IjlI=M
t
+G / €N (I + Igl?) ds. 32
T =M

Replace w by 6_;w in (3.5). Then we estimate each of the terms on the right-hand of (3.5),
and it follows that

=0T Z ﬂ(%) (|8 T 0-0)|* + |vi(Ti 60 [* + |( T, 6-0) )
jezn

< e Cole-Ti0) |:(|u0(9_tw)|2 + [10(0-10) | + [0 (6_10)[*) =0

Tk 4 2
+f e‘CO(TK_S)OZl(@s—tw)‘ + |Zz(93—tw)‘ ) ds
0

Tk
+ e_CO(t’TK)f <2_C°(T’<_S)([]’|2 + |g|2) ds:|. (3.6)
0

Since ||Z/(w)||, i = 1,2, are tempered and z/(A;), i = 1,2, are continuous in ¢, there is a

tempered function r(w) > 0, such that
|2 @0)|* + |22 6:0)| < rB.o). (3.7)

Combining (3.6) with (3.7), there is a constant T;(g, ) > Tk, such that

e*CO(t*TK)jé U(%) (|ﬁj(Tk,9—tw)|2 + |Vj(Tkr9—tw)|2 + W;‘(Tk,@—tw)fz)

< (3.8)

Wl m

Next, we estimate

¢
le £Co(s—1) Z (|Z}(957t0))|4 + ‘zf(@s,ta))r) ds.

Tk =M
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Let T > CLO ln(%:i‘“)) and N (¢, w) be fixed positive constants. Then, for ¢ > T + Ty and
M > Nj (g, w), we have

t
G / el 37 (] 2(0ee0)| + 22 (60)[*) ds

T« 1l =M

0
= C1/T pCot Z (|z}(9§a))|4 + |z/2(65w)|2) dg
i Ijli=M

v [ (G| + o) d

Tx—t

0
< C1/ e“08 Z (|Z}(95a))|4 + |zf(9;w)|2) dé + %r(w)e‘c"T*
T il =M

< 2 ¥ (by the Lebesgue theorem). (3.9)

N ™
W] ™

Since f(t) € Cy(R, £2) and g(t) € Cy(R,£?), there exists Ny(e,w) such that for M >
NZ(S,C{)),

t
. e
le 06D 37 (|6 + g ) ds < : (3.10)

T il=m
Therefore, let
T(e,w) = max{Ti(e,»), Tx(e,w)} and N(e,0) = max{Ni(e,»),N(e,w)}.
Then, for ¢ > T(¢,w) and M > N (¢, w), we obtain

> (|6, 0:0) [ + vt 60)|* + [1(,6,0)[*) <.

il>M
Direct computation shows that
. ~ 2
e+ 1vIZ + Il < 2(l1l® + [VIP + 19 11%) + 4| 22 0r0) ||
Therefore, we obtain

Z (!uj(t,etw)|2 + |vj(t,9ta))|2 + |1/fj(t, Qtw)|2) <e.

ljl>mM
This completes the proof. d
Lemma 3.4 The random dynamical system (¢p(t,0_,w))>0 is asymptotically compact.

Proof We use the method of [18]. Let w € Q. Consider a sequence (,),cn With £, — oo as
n — 0. Since K(w) is a bounded absorbing set, for large #, (4., Vs, V1) = ¢(t, 01, ) (110, Vo,
Yo) € K(w), where (g, vo, ¥o) € K(w). Then there exist (i, v,{¥) € E and a sequence, de-
noted by (u,, v, ¥,,), such that

(41, Vis Y1) = (u,v, )  weakin E. (3.11)
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Next, we show that the above weak convergence is actually strong convergence in E.
From Lemma 3.3, for any ¢ > 0, there exist positive constants N3(&, w) and M; such that

forn > Ml,
2 2 2 &
D (26 00,0 + [vjuns 0, ) [+ [t 00,00 ) < = (312)
I71I>N3
Since (u,v, V) € E, there exists Ny(g, ) > 0 such that
2 2 2 €
> (P4 P+ lyl) < . (313)

1711 =N4

Let N (g, w) = max{Ns (e, w), N4 (¢, »)}, then, from (3.11), there exists M, > 0 such that for

n >M2,
D (It =+ 1 =+ = W12) < . (3.14)
lil<N
By (3.12)-(3.14), we find that, for n > M = max{M;, M},
|2 0, 00) = ]* + w18, 0-0,) = V]| + | 05 0-,) = w7
= Z (|uj,,(t,,,9_[na)) - M/|2 + ‘V,',,(t,,,e_tnw) - Vj|2 + ’wjn(t,,,é’_tna)) - wj‘z)
ljll<N
+ Z (|4t 01, 0) — u,-|2 + [Vjn(tn, 0-p,0) — v,ﬂ|2 + [ Wt O, 00) — w/‘z)
llI>N
= Z (|u/’n(tm0—tnw) - uj|2 + |V/n(tn¢9—tnw) - Vj|2 + }Ilfjn(tm e—tnw) - 1/f1|2)
ljll<N
+2 Z (|Mjn(tm9—tna))}2 + |an(tm9—tna))|2 + |wjn(tm9—tnw)|2)
Ii1>N
£2 > (I + v + 1yl
Ii1>N
e 2e 2¢
<—-+—+—<e.
3 6 6
This completes the proof. d

Now, combining Lemma 3.2, Lemma 3.4, and Proposition 2.1, we can easily obtain the
following result.

Theorem 3.3 The random dynamical system (¢(t,0_,w));0 possesses a global random
attractor A, in E.

4 Upper semicontinuity of attractors

This section studies the upper semicontinuity of random attractors for the stochastic
Klein-Gordon-Schrédinger lattice system. The existence of global attractors for the Klein-
Gordon-Schrodinger lattice system has been obtained by [6] for one dimension, and [16]
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for the high dimensional case. We assume Ay is an attractor corresponding to the Klein-
Gordon-Schrodinger lattice system, i.e., the case ¢ = 0 of system (1.1). By Theorem 2 of
[33], we only need to prove the following lemma for upper semicontinuity of attractors.
In what follows, we take the vector form for brevity.

Lemma 4.1 Assume that (u.(t, ®, ug), ve(t, 0, vy)) and (u(t, uo), v(t, vo)) are the solutions of

the perturbed lattice system (1.1) and the unperturbed lattice system (the case of ¢ = 0 in
(1.1)), respectively. Then, for P-almost every w € Q and the absorbing set B, we have

lilr(l)‘ug(t, w, ug) — ult, u0)| =0, lirr(1)|v5(t, w, Vo) — (L, vo)| =0, t>0,Y(up,vo) €B.
E—> E—>

Proof Let y(t) = u.(t) — u(t), 5(t) = ve(t) — v(¢). Then (y(£),5(t)) satisfies

(dy A dw?t
il —+ay | -Ay +ugve —uv = suy,——,
ar V)T dt W)

s ds s, dw? '
) +A5+ME+5+|M| — |ue| :87.

Now, we use the change of variables

ds . . )

p(t) = i od, y@&) =z(0)y(©),  p=pk)-eW ),

where o < min{u,1} is a positive constant, and z(¢) = e wh

Then we change (4.1) into

dy 1
id—i +i(a - 5))7 -Ay +udz+yz=0,
ds
pn +08=p+eW?, (4.2)
dp

E+(;1,—a),5+[A—o(,u—a)+1]6+|u|2—|u8|2+£(o—u)W2:O.

Taking the imaginary part of the inner product of the first equation in (4.2) with y, we
have

dly|*
dt

+ Qo —1D)|71* + 2Im(u.8z,7) + 2Im(yz, 7) = 0. (4.3)

Taking the inner product of the second and third equation in (4.2) with § and p, we have

d|s|®
dt

+20 181> =2(5,8) +2(e W?,5) (4.4)

and

d|pl?
dt

+2¢e(0 - n)(W?%5) =0. (4.5)

+2(u—0)lIpl* +2[A -0 (u—0) +1](,5) + 2(lue|* — ul? 5)
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Summing up (4.3)-(4.5), we get

d, . - . ~
E(Ilyll2 + 18112+ 181%) + Qo = D7 I1* + 20 181> + 2 = )1 511
= —2Im(u582, )7) - 21111()72, );) - 2(8W2; 3) + 2(|u|2 - |u8|2) ﬁ)

+2[-A +0(n-0)]6,p) - 2e(0 — u)(W?,5). (4.6)

In what follows, we will estimate (4.6) by term by term. By the definition of the linear
operator A, we have

n n n
~(A8,5) = ) _(Ax8,5) = ) (BiBd,5) = ) _(Bid, Bi)
k=1 k=1 k=1
1o . nC? .
< 5 2 (BB + 1B 1) < == (1817 + 151%).

k=1

Using the Young inequality, we have

2 2 2
8117 l[aze " N12117

1o
+
2 TS

200—1
2

-2Im(u.dz,y) <

-2Im(yz,7) < 1711711211,

2
’

-2(sW?2,8) <a|8]* + gsz |w?

2(1ul = luel 5) < 2| lluell® = Nul®|151%,

~20(1=0)(3,5) = FZ 1517 + 4 - )81

~26(0 = W(W2 5) = ES A1 + 42— p) | W2
Therefore, by the above inequalities and Lemma 3.1, we obtain

a, . - - ~
d—t(ll)/ll2 FI81% + 1A1%) + C(I7 1% + 1812 + 1512) < Cse?|| W2 |, (4.7)

where C,, C3 are constants depending on o, o, i, 1, C, and |Juo %
Applying the Gronwall lemma to (4.7), we get

1717+ 1817 + 1517 < e (I17011* + 18011% + 1l GolI?) + C3* | W? HZ (4.8)
Note that 35 = 0, §o = 0, and pg = 0, so, by (4.8), we have
tim([7@)[* + 8@+ [60)]*) = 0. forallz>0,
which implies that

limy()=0 and 1limd§(¢)=0, forallz>DO0.
e—0 e—0

This completes the proof. d
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Theorem 4.1 Assume that {A;(®)}:c(0,) are attractors for system (1.1). Then, for P-almost
every € €2,

lim dist(A (), Ao) = 0.

e—0
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