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Abstract

By the weak linking theorem and the linking theorem, we study the existence of
periodic solutions for the following system of delay differential equations:

U =-f(ult-n), e))

where f € C(R",R"),and r > O is a given constant. Two existence theorems of
4r-periodic solutions of (1) are obtained.
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1 Introduction and preliminaries

Consider the following system of delay differential equations:

u'(t) = —f(u(t - r)), (1.1)

where f € C(R",R"), and r > 0 is a given constant.

As n =1, the existence of the periodic solutions for (1.1) has been extensively studied in
the past years (for example, see [1-5]). However, their methods are not variational. Few
results of the existence of periodic solutions for delay differential equations have been
obtained by the variational method. In 2005, Guo and Yu [6] took the lead in using the
variational approaches to study the existence of multiple periodic solutions for (1.1), and
a multiplicity result was given. Recently, using the variational approaches, the multiplicity

of the periodic solutions for the following system:

u'(t) =—Au(t+r)—f(t,u(t-r)),
u(0) = —u(2r), u(0) = u(4r)

was studied by Wu and Wu in [7]. In the present paper, our main purpose is to study the
existence of the periodic orbits for system (1.1) via the linking and weak linking theory.

Throughout this paper, we always assume that

(i) fisodd, ie., for any x € R", f(—x) = —f (x);
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(f2) there exists a continuously differentiable function F such that VF(x) = f(x) for all x €
R", and F(0) = 0;
(s) fx) = Ax + o(|x]) as |x| — oo, where A = (a;),x, is an n X n matrix with

Al := max |a;| <r™
1<ij<n

and A71(=1Y*1(2j—1) ¢ o (A) (the set of all eigenvalues of A) for any j € Z*, where A = %
and Z* is the set of all positive integers.

In the following, we give some preliminaries.

Definition 1.1 ([8]) Let E be a Hilbert space and I € C'(E, R). The function I’ is called
weak-to-weak continuous if

ur—u inE = I'(uw)—1TI (). (1.2)

Definition 1.2 ([8]) A subset A of a Banach space E links a subset B of E weakly if for
every I € C'(E, R) satisfying (1.2) and

ag :=supl < by :=inf1, (1.3)
A B

there are a sequence {u;} C E and a constant ¢ such that
bo =c<o0 (1.4)
and
I(w) — c, I'(ug) — 0. (1.5)
The following lemma is Example 1 in [8].

Lemma 1.1 Let E be a separable Hilbert space, and let M, N be a closed subspace such that
E=M®N.Let

Br={u€E:|lull <R} (1.6)
and take A = 0B NN, B= M. Then A links B weakly.

One can easily find that (1.1) can be changed to the equation

() = —,\f<u (r - g)) (17)

by making the change of variable ¢ — Z = 17'¢. Thus, a 4r-periodic solution of (1.1) cor-
responds to a 27 -periodic solution of (1.7).

Similar to the treatment in Guo and Yu [6], we introduce the following spaces. Let
L2(S%, R") denote the set of n-tuples of 27 periodic functions which are square integrable.
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Let C*®(S!, R") be the space of 27 -periodic C* vector-valued functions with dimension 7.
For any u € C*®(S',R"), it has the following Fourier expansion in the sense that it is con-

vergent in the space L*(S', R"):

u(t) =

NN

au 1 +00
0 Z(a}’ cosjit + by sinjt),
j=1

where ag, “7’ h/’f € R".Set H? (S', R") is the closure of C*(S?, R") with respect to the Hilbert

norm
1
2

el g = |:|a6‘|2 > @ p(las*+ |b]'.4|2):| .
j=1

More specifically, HA (S, R") = {u e L2(S, R") : ||u||H < +00} with the inner product

1
2
+00

(w,v) = (ag,ay) + 3 (+ (] a) + (B 5))]

j1

for any u,ve H 3 (S',R"), where (,-) denotes the usual inner product in R”. In the sequel,
we denote by H the Hilbert space H? (S%, R"). The norm on H is defined by

el = [iagf + > @+ (|ar] + Ib,”lz)} :
j=1

Now consider a functional I defined on H

2
I(u) = /0 B <u(t + %),u(t)) + AF(u(t))} dt, Vu€eH,

where () denotes the weak derivative of u.

We define an operator L : H — H* as follows: for any u € H, Lu is defined by

2T
Lu(v) = / (u(t + %),v(t)) dt, VveH, (1.8)
0

where H* denotes the dual space of H. By the Riesz representation theorem, we can iden-
tify H* with H. Thus, Lu can also be viewed as a function belonging to H such that
(Lu,v) = Lu(v) for any u,v € H. Define

2
D(u) = A / F(u(t))dt, YueH. (1.9)
0
Then I(u) can be rewritten as

1(u) = %(Lu,u) +®(u), VYueH. (1.10)


http://www.boundaryvalueproblems.com/content/2013/1/254

Zhang and Chen Boundary Value Problems 2013, 2013:254 Page 4 of 13
http://www.boundaryvalueproblems.com/content/2013/1/254

Define the bounded linear operator ¢ : H — H as follows: for any u € H, ¢u(-) = u(- + 7).
Next, we set E = {u € H : {?u = —u}. Then E is a closed subspace of H and is invariant
with respect to L. It is easy to check that L is a bounded linear operator on H, L|f is self-
adjoint, and E is also invariant with respect to ®’ under condition (f;) (see Guo and Yu
[6]). By Proposition B.37 in [9] and Lemma 2.2 in [6], we have the following two lem-
mas.

Lemma 1.2 Assume that f satisfies (f,) and the following condition:
(fo) there are constants a1, a; > 0 and o > 1 such that
[f®)| < a1 + az x|

forallx € R".

Then the functional I is continuously differentiable on H and I' (u) is defined by

(I'w), ) = /0 - E (u(t ¥ %) - u(r - %),V(t)) ¥ A(f(u(t)),v(t)):| dt, WveH.

Moreover, ' : H — H* is a compact mapping defined as follows:
21
(<I>’(u), V> =A (f(u(t)), v(t)) dt, VYveH.
0

By the Riesz theorem, we can view ®'() as an element of H for any u € H. As usual, we
identify # € H and its continuous representative.
We have the following fact.

Lemma 1.3 Assume that f satisfies (fy), (fi), (f2). Then critical points of functional I re-
stricted to E are 27 -periodic solutions of system (1.7).

Remark 1.1 It is pointed in [6] that a critical point « of I in H will be a weak solution of
(1.7). However, a simple regularity argument shows that u € C}(S', R").

Remark 1.2 As usual, we should deal with (1.10) in the space H. But, according to Lem-

ma 1.3, we only need to treat the functional I in the subspace E of H.

Lemma 1.4 ([9]) For each s € [1,00), H? (S}, R") is compactly embedded in L*(S',R"). In

particular there is o5 > 0 such that
llallzs < ouglluell

foralluc H2 (S, RY).

2 Main results

Theorem 2.1 Assume that f satisfies (f1), () and (f3). Then (1.1) possesses at least one
4r-periodic solution.
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Proof Letey,ey,...,e, denote the usual normal orthogonal bases in R” and set

M= span{ek cos(4j —1)t,exsin(4j—1)t:je Z+,k=1,2,. ..,n},

N= span{ek cos(4j — 3)¢t, exsin(4j - 3)t:je Z*,k=1,2,. ..,n},

where Z* is the set of all positive integers. Then E = M @ N. For any u € E, it has a Fourier
expansion as follows:

1 +00
u(t) = ﬁ jzﬂ:[agj_l cos(2j — 1)t + b;‘j_l sin(2j — l)t] =x(t) + y(¢), (2.1)

where all @y, , ay; ;,ay; 5, by 1,0y 1,04 5 €R”,
1 +00
x(£) = 7 Z[agj_l cos(4j — 1)t + by , sin(4j — 1)t],
™S

R .
y(t) = 7 Z[azj_g cos(4j — 3)¢ + by, 5 sin(4j - 3)t].
=

Consequently, we have

Lo 2
5||u||H < {Lx,x) = (Ly,y) < llully- (2.2)
Let
llull® = (Lx, %) = (Ly, ). (2.3)
Then (2.2) and (2.3) show that || - || and || - ||y are two equivalent norms on E. Henceforth
we use the norm || - || as the norm for E. And the spaces M, N are mutually orthogonal

with respect to the associated inner product.

First, we prove that I(u) satisfies (1.2) in E.

Let {u;} be any sequence which converges to some u weakly in E. By the compactness
of the embedding E «— L%(S!, R"), we assume that

uwe—u inL*(S',R"),

ur— u ae. inS.

Thus, (f(ux),v) = (f(u),v) a.e. for all v € E. Since f(x) € C(R", R") satisfies (f3), there exist
positive constants M; and M, such that

|(f (i), v) | < Mylv] + My ugllv], Vv eE. (2.4)

Note that the right-hand side of (2.4) converges to M, [v| + My |u||v| in L!(S!, R"). Hence
{(f(ux),v)} € LY(SY, R) is uniformly absolutely continuous. Hence, by Vitali’s theorem,

2w 2w
i (f (ur(®)), v(2)) dt — ; (f (u(2)),v(t)) dt, VveE. (2.5)
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Moreover, since L is a bounded self-adjoint linear operator on E,
Luy — Lu inE. (2.6)

According to (2.5) and (2.6), we get that I’ is weak-to-weak continuous.

Next, we prove
I(u) > +00 asueM,|ul| — oo (2.7)
and
I(v) > -0 asveN,|v| — oo. (2.8)

Indeed, by (f3), we know that there exists a positive constant ¢ such that

[fx) <c+ <||A|| + %JA”) x|, VxeR". (2.9)

Thus, for u € M, by (2.9), we have

2w
I(u) = = (Lu,u) + A/ F(u(t)) dt
0

al? + 2 fo y ( /0 | (su®), o) ds) it

1
2
1
2
2w
%nunz—xfo [(%nAn+%)|u(t)\2+clu(t)|]dt
1
2
1
2
3

v

1+3AA]
- 8

1+3AA]
- 8

2
llully, — Acllull

2
[l — calleell

v

~ 3AJlA|l
= Tnunz—qnun, (2.10)

where ¢; > 0 is a given constant. Since %”M >0, (2.10) implies (2.7). The proof of (2.8)

is similar. In fact, when v € N, by (2.9), we get that

2
Iv) = %(Lv,v) A f F(v(t)) dt
0

1 5 27
I | F®)d
v + /o (v(0)) dt

2

<L AL e i
2 8 L

< —(%)nvn%qnvn.

This implies (2.8).

Page 6 of 13
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Note that (2.10) implies
bg = infl > —oc0. (2.11)
M

The combination of (2.8) and (2.11) implies that there is R > 0 such that (1.3) holds with
A =090Br NN, B=M. By Lemma 1.1 we know that there are a sequence {u;} C E and a

constant ¢ such that
I(uy) = ¢, by <c<oo, I'(ug) = 0. (2.12)

Finally, we show that the sequence {u} is bounded in E. To do this, assume that px =
[luk|l = oo, and write ;= p—lkuk. Then ||ix|| = 1. From Lemma 1.4, there is a renamed

subsequence such that
Ztk — 1 in E,
i — @ inL*(S',R").
By (f3), for any € > 0, there exists a constant 7 > 0 such that
[f(x) —Ax| <e€lx| forall |x| > 7. (2.13)
Moreover, by the continuity of f, there is a constant ¢, > 0 such that
[f@)| <co ifla| <7 (2.14)
By (2.13) and (2.14), for any v € E, we have
1 2 2
‘— f (f (uic(®)), v(2)) dit - / (Au(t), v(2)) dt‘
PrJo 0
_ ‘ !

2 2w
- (f (1)) — A (£), (1)) dit + / (A () - A(t), v(2)) dt‘
0

PiJo

< %k[/uk>;€|uk(t)|‘1/(t)| dt + fukg(cz +IAN7)|v(®)| dt}

2r
e [ vanfinge) - a0 de
2T 2
5€A|MMMm”+iA (2 + A7) [v(0) e

2w
- [ 1o - ao|vo)] s
0

50 (2.15)

as € = 0 and k — oo. This shows

1 2 2w
L WMMMMﬁe/(MmMMﬂ (2.16)
PrJo 0
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Hence

(I'(ug), v)
Pk PirJo

2w
— (L, v) + A/ (Ait(t), V(t)) dt.

0

By (2.12) and (2.17), we see that
2w
(Lit,v) + A / (Au(t),v(1)) de=0
0

forallveE,i.e.,

2 /., T
/ <it (t + —) + MAu(t), v(t)) dt=0
0 2

forallveE.
Set

_ J RS , i
a(t) = 7 Z[agj_l cos(2j — 1)t + by, ; sin(2j - 1e],
o1

+00

1

V(lf)= ﬁ .

Then, by (2.18), one can obtain

+00

STI((A + (1Y@~ DIy, y) + (AA + (1Y (2 - DIy, by )] =0,

j=1

where I is the #n x n unit matrix. For any j, take v(t) =

(A + (-1)(2j-DI)al_, =0
and

(A + (-1Y(2j - DI)b,_, = 0.

Hence, by A1 (=1Y*1(2j — 1) ¢ o (A), we get that z = 0.
Let ity = Xx + Yk, where X, € M, J; € N. A proof similar to (2.16) shows that

1
PirJo

and

1
0

21
L+ [ (Fw@)v0) de

Z[“Ej—l cos(2j — 1)t + by;_; sin(2j — e].
j=1

2w 2
- (f (i (2)), % (0)) dt — / (Au(t),x(t)) dt = 0
0

2 27
> )0y~ [ (ano 5w)de-o,
kJ0 0

(2.17)

(2.18)

e;cos(2j — 1)t and v(t) =
%ei sin(2j — 1)¢, where i = 1,2,...,n. An easy computation shows that

(2.19)

(2.20)

(2.21)

(2.22)

Page 8 of 13
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where i =x+y,x€ M,y € N. Thus

'), ) AT ), i)
Pk Pk

PR A %k /0 7 (F©) 50(0)) it - %k /0 T 00 5000 die

2 2w
1 [ o) B0 de- L [ () 5uw) de
PrJo PrJo

— 1 (2.23)

On the other hand, (2.12) implies

(I (), k) (I (o), k) S0

Pk Pk

which contradicts (2.23). Thus px must be bounded. Consequently, there is a renamed
subsequence of {u;} such that u;y — u in E. Hence, by the weak-to-weak continuity of /',

we have
I'(u),v) — (I'(w),v), VYveE. (2.24)

Now, the combination of (2.12) and (2.24) implies that I’(z) = 0. This completes the
proof. O

Remark 2.1 Let n =1, r = § and f(x) = x. Then f(x) satisfies all the conditions of Theo-

rem 2.1.

In order to give our another result, we still need the following preliminaries.
Let Py, Py be the projectors of E onto M, N associated with the given splitting of E. Set
H= {\Il € C([O,l] X E,E) :W(0,u) = uand
Py (t,u) = Pyu — K(t, u), where K : [0,1] x E— N is compact}.
Recall that K is continuous and maps bounded sets to relatively compact sets since K

is compact. Let S,Q C E with Q C E, a given subspace of E. Then dQ will refer to the
boundary of Q in E.

Definition 2.1 We say S and 9Q link if whenever ¥ € H and ¥(t,0Q) N S = ¢ for all
t €[0,1], then ¥(£,Q) NS # ¢ forall ¢ € [0,1].

Lemma2.1([9]) Let p>0,S=0B,NM,ec MNIB;,r>p,r>0,Q={re:re(0,r)} P
(Br, NN), and E = span{e} ® N. Then S and 9Q link.

Lemma 2.2 ([9]) Suppose I € C(E,R) satisfies the (PS) condition and

(L) I(u) = %(Lu, u) + ®(u), where Lu = LiPpju + LyPynu and Ly : M — M, L, : N — N are
bounded self-adjoint,
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(L) @ is compact,
(I3) there exist a subspace E C E and sets S C E, QcC E and constants o > B such that
(i) ScCMandl|s > a,
(ii) Qisbounded and Iy < B,
(iii) S and 0Q link.

Then I possesses a critical value ¢ > .
The following is our another main result.

Theorem 2.2 Assume that f satisfies (1), (f2) and the following conditions:

(fa) F(x) <0 forallxeR",
(f5) f(x) = o(|x]) as |x| — 0,

(fs) there exist constants ¢> 0, p >2 and v > 0 such that
[f(x)’ < c(l + |x|”_1), Vx e R"
and
(f(x),x) <pF(x)<0, Vx| >r.
Then (1.1) possesses at least one nonconstant 4r-periodic solution.
Proof We will show that [ satisfies the hypotheses of Lemma 2.2. This will lead to a non-
constant 4r-periodic solution of (1.1). We divide the proof of Theorem 2.2 into the follow-
ing three parts.
First, we prove that I satisfies (I;) and (1) of Lemma 2.2.

Note that L(M) C M, L(N) C N and L is bounded self-adjoint on E. We see that / satisfies
() of Lemma 2.2 with L; = L], Ly = L|y and

2
O(u) = A / F(u(t)) dt.
0
By Proposition B.37 in [9], (fs) implies that &’ is compact. Hence (I3) holds.
Next, we show that I satisfies (I3) of Lemma 2.2.
By (f5), for any € > 0, there is § > O such that
|F(x)| < elal®
whenever |x| < 3. By (fs), there is a constant ¢ = ¢(¢) such that
|[F(x)| <clxl”  for |x| > 8.

Hence

|F(x)| <elx® +clxl?, VxeR" (2.25)

Page 10 0of 13
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By (2.25) and Lemma 1.4, for any u € M, we have
I(u) = = (Lu,u) + ®(u)
2w
(Lu, u) + A / F(u(t)) dt
0

2
||u||2+,\/0 F(u(t))dt

v
N= N= N N N

2 9
=5 [ elue) + luto)” as
0

v

lll|® = reazl|uel|* = Ao [|ull?. (2.26)

Choose € = (41a3)™". Since p > 2, there is small p > 0 such that §p? > Acap p?. Then, for
u € 9B, N M, (2.26) implies that I(u) > %,02 =« > 0. Consequently, [ satisfies (I3)(i) with
S=9B, N M.

Set e € 9B; N M and

Q={re:0<r<n}® (B, NN), (2.27)

where r; > p and r, > 0 are free constants for the moment. Define E-= span{e} @ N. Then
Q c E and S and 8Q link by Lemma 2.1.
By (fs), there are constants ¢j, ¢ > 0 such that

F(x) < —c1|x? + ¢y (2.28)

for all x € R". Thus, for v € B,, N N, by the Holder inequality (note that p > 2) and orthog-
onality, we get that

1 ) 1 ) 2w
57 5 IvIF+ F(re(t) + v(t)) dt
0

I(re +v) 5

1 2
<p2_ 3 Iv]|? - A/ c1|re(t) + v(t)|p dt +2Amcey
0
1 n 2 \?
<r_ 5”VHZ _63(/ |re(t) + v(t)| dt) +2AmCy
0

=7 - %||v||2 -3 (/0271 [72’6()5)|2 + |v(t)’2] dt)g +2A7Cy
<r- %nvn2 —car? + 207 cy, (2.29)
where c3, ¢4 > 0 are constants. Now, choose large r; > p and r, > r; such that
=’ + 20wy <0, Vr>n (2.30)
and

1
- Erg +2A7cy <O0. (2.31)
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By (2.27), (2.29), (2.30), (2.31) and (f1), one can easily check that /|3q < 0 := 8. Hence /
satisfies (I3)(ii).

To sum up, [ satisfies (I3) of Lemma 2.2.

Finally, we check that I satisfies the (PS) condition. Let {u;} C E be a sequence such that
[I(ux)| < ¢o and I'(ux) — 0 as k — oo. Then, for large k, by (fs) and (2.28), we have

2¢o + [l = 20 (i) — (I' (i), )

- [ 7 [P (1 0) - ( e(0), e (0)) ] e

2 2w
- A / (2 p)F (i) dt + f [PF (1a(®)) - (F (1 (0)), ()] e
0 0
2

>r | @-p)F(u)dt—cs
0

2w
zk@—Z)fO (cl|uk(t)|p—02)dt—c5

> collullsy - c7, (2.32)

where cs, cg, c; > 0 are constants.
Let ux = xx + yk, where xx € M, yr € N. Then, for large k, by (f;), Lemma 1.4 and the
Holder inequality, we get that

llake | > |(I' o), )|

2w
el + A i (f (e (0)), (2)) dt

2
> el = /0 I (1) | e (0| e

27
> a2 = & / oL+ @) ()] e
0

2 -1
> Jloeel* = Aclloeell g = Aellaellyy 1l o

-1
> [licll® = Aco [l |l — heay lug |2y k- (2.33)

This implies that
]l <1+ Acan + heay g5 (2.34)

Similarly, one can easily see that
lyell <1+ Acoy + kcap||uk||’2;1. (2.35)
By (2.32), (2.34) and (2.35), there is a constant cg > 0 such that

loarcll < Nloerell + Nyl

< 2(1+ heay + Aoy e |l5")

Page 12 0f 13
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Lp p1
2[1+ Aheoy + Aeapeg” (2¢0 +c7 + llucll) 7 ]

A

-1
cs(1+ el 7 ),

IA

which implies that {u;} is bounded in E.
By the compactness of &', going if necessary to a subsequence, we can assume that

up—u inkE
and
& (uy) > ®'(u) inE.
Let u =x + y, where x € M and y € N. Then
llock — 211> = (I' () = I' (20), 2 — ) — (D' () — ' (24), %% — %) — O

as k — oo. Similarly, we have ||y; —y[> — 0 as k — oco. Hence u; — u in E. Hence I satisfies
the (PS) condition.
Therefore, Theorem 2.2 follows from Lemma 2.2. O

Remark 2.2 Letn=1andf(x) = —%3.Then f(x) satisfies all the conditions of Theorem 2.2
with p = % and 7 > 0.
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