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Abstract

In this article, we study the existence of positive solutions for a coupled system of
nonlinear differential equations of mixed fractional orders

—Dg.u(t) =f(t,v(t)), 0 <t <1,
DEu(t) =g(tu(t)), 0<t<1,
u(0) =u(1) =u'(0) =v(0) =v(1) =/ (0) =v/(1) = 0,

where 2 <o < 3,3 < < 4, Dg,, Dg+ are the standard Riemann-Liouville fractional
derivative, and f, g : [0, 1] X [0, +e0) — [0, +o0) are given continuous functions, f(t, 0)
=0, g(t, 0) = 0. Our analysis relies on fixed point theorems on cones. Some sufficient
conditions for the existence of at least one or two positive solutions for the
boundary value problem are established. As an application, examples are presented
to illustrate the main results.

Keywords: Positive solution, coupled system, fractional Green??s function, fixed
point theorem

1 Introduction
Fractional differential equations have been of great interest recently. It is caused by the
both intensive development of the theory of fractional calculus itself and applications,
see [1-6]. Recently, there are a large number of papers dealing with the existence of
solutions of nonlinear fractional differential equations by the use of techniques of
nonlinear analysis (fixed point theorems, Leray-Schauder theory, Adomian decomposi-
tion method, etc.), see [7-21]. The articles [13-21] considered boundary value problems
for fractional differential equations.

Yu and Jiang [20] examined the existence of positive solutions for the following
problem

D3.u(t) +f(t,u(t))=0,0<t <1,
u(0) =u(1) =u'(0) =0,

where 2 <o < 3 is a real number, fe C([0,1] x [0, +); (0, +0)) and Dg,. is the
Riemann-Liouville fractional differentiation. Using the properties of the Green func-
tion, they obtained some existence criteria for one or two positive solutions for
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singular and nonsingular boundary value problems by means of the Krasnosel’skii fixed
point theorem and a mixed monotone method.

Xu et al. [21] considered the existence of positive solutions for the following problem

Dg.u(t) =f(tu(t)),0<t<1,
u(0) =u(1) =u'(0) =v'(1) =0,

where 3 <& < 4 is a real number, fe C([0, 1] x [0, +), (0, +)) and Dg. is the Rie-
mann-Liouville fractional differentiation. Using the properties of the Green function,
they gave some multiple positive solutions for singular and nonsingular boundary
value problems, and also they gave uniqueness of solution for singular problem by
means of Leray-Schauder nonlinear alternative, a fixed point theorem on cones and a
mixed monotone method.

On the other hand, the study of coupled systems involving fractional differential
equations is also important as such systems occur in various problems, see [22-30].

Bai and Fang [24] considered the existence of positive solutions of singular coupled
system

Du=f(tv), 0<t<l,
Dfv=g(t,u),0 <t <1,

where 0 <s, p < 1, and f, g: [0, 1) x [0, +0) — [0, +) are two given continuous
functions, lim (_o-f (¢, ) = +00, lim ;0-4(t, -) = +00 and D°, D” are two standard Rie-
mann-Liouville fractional derivatives. They established the existence results by a non-
linear alternative of Leray-Schauder type and Krasnosel’skii fixed point theorem on a
cone.

Su [25] discussed a boundary value problem for a coupled differential system of frac-
tional order

Dou(t) = f(t, v(t), D*(1)), 0 < t < 1,
DPu(t) = g(t, u(t), D’u(t)), 0 <t < 1,

u(0) =u(1) =v(0) =v(1) =0,

where 1 <o, B <2, 4, v>0,0-v=21,B-pu>1,fg:[0,1] x R x R > R are given
functions and D is the standard Riemann-Liouville fractional derivative. By means of
Schauder fixed point theorem, an existence result for the solution was obtained.

From the above works, we can see a fact, although the coupled systems of fractional
boundary value problems have been investigated by some authors, coupled systems
due to mixed fractional orders are seldom considered. Motivated by all the works
above, in this article we investigate the existence of positive solutions for a coupled
system of nonlinear differential equations of mixed fractional orders

—D.u(t) =f(t,v(t),0<t<1,
DEw(1) =g(tu(t)), 0<t<1, 1.1)
u(0) =u(1) =u'(0) =v(0) =v(1) =/ (0) =v/(1) =0,

where 2 <a < 3, 3 <f < 4, Dg,, D§+ are the standard Riemann-Liouville fractional
derivative, and f, g : [0, 1] x [0, +o0) — [0, +e) are given continuous functions, fiz, 0) =
0, g(t, 0) = 0. Our analysis relies on fixed point theorems on cones. Some sufficient
conditions for the existence of at least one or two positive solutions for the boundary
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value problem are established. Finally, we present some examples to demonstrate our
results.

The article is organized as follows. In Sect. 2, we shall give some definitions and lem-
mas to prove our main results. In Sect. 3, we establish existence results of at least one
or two positive solutions for boundary value problem (1.1) by fixed point theorems on
cones. In Sect. 4, examples are presented to illustrate the main results.

2 Preliminaries
For the convenience of readers, we give some background materials from fractional
calculus theory to facilitate analysis of problem (1.1). These materials can be found in
the recent literature, see [20,21,31-33].

Definition 2.1 [31] The Riemann-Liouville fractional derivative of order o > 0 of a

continuous function f: (0, +e) — R is given by

. (O )
DO*f(t) = F(Tl _ Ot) (dt) / (t _ S)a7n+1 dS,
0

where n = [a]+1, [a] denotes the integer part of number ¢, provided that the right
side is pointwise defined on (0, +).

Definition 2.2 [31] The Riemann-Liouville fractional integral of order o > 0 of a
function f: (0, +e0) — R is given by

t
IE.f(1) = F(la) / (t — ) 1f(s) ds,
0

provided that the right side is pointwise defined on (0, +o).

From the definition of the Riemann-Liouville derivative, we can obtain the following
statement.

Lemma 2.1 [31]Let o > 0. If we assume u € C(0, 1) n L(0, 1), then the fractional dif-

ferential equation
Di.u(t)=0

Va2 4+ o+ ct” " cie Ri=1,2,., n, as unique solutions,

has u(t) = ct* -~
where n is the smallest integer greater than or equal to o
Lemma 2.2 [31]Assume that u € C(0, 1) n L(0, 1) with a fractional derivative of

order o > 0 that belongs to C(0, 1) n L(0, 1). Then
D& u(t) =u(t) + c1t* 4ot 2 -4 cpt*™", forsomec;eR, i=1,2,...,n,

where n is the smallest integer greater than or equal to o

In the following, we present the Green function of fractional differential equation
boundary value problem.

Lemma 2.3 [20]Let iy € C[0, 1] and 2 <o < 3. The unique solution of problem

—DEu(t) =hi(t), O0<t<1, (2.1)

u(0) =u(1) =4'(0) =0, (2.2)

Page 3 of 13
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u(t) = / G1(t, s)hy (s) ds,

where

R CE) e ()
')

11 —s5)*!
’ 0<t<s<l1.
I'(a)

Gi(t,s) = (2.3)

Here G (t, s) is called the Green function of boundary value problem (2.1) and (2.2).
Lemma 2.4 [20]The function G(t, s) defined by (2.3) satisfies the following conditions:
(A1) Gy (5, 8) =Gi(1 -5, 1-¢), fort,se (0, 1);

(A2) t* M1 -t)s(1 - )* ' < T(@)Gy (t,s) < (- 1)s(1-5)* ", fort, s e (0, 1);

(A3) Gy (¢, 8) >0, fort, se (0, 1);

(Ad) t* M1 -)s(1-9)* '<T(@Gy (t,s) < (@-1)A -8 t“ Y fort,se (0, 1).
Remark 2.1 Let q1(t) = %~ '(1 - 1), ky(s) = s(1 - s)* ~ . Then

q1()k1(s) < T(@)Gi(t,s) < (a — 1)k (s).

Lemma 2.5 [21]Let hy € C[O, 1] and 3 <f3 < 4. The unique solution of problem

Dfu(t) =hy(t), O<t<1 (2.4)
u(0) =u(1)=u'(0)=u'(1) =0, (2.5)
is
1
u(t) = | Ga(t, s)ha(s)ds,
[
where

(=) + (1 =52 2(s— 1)+ (B—2)(1 — t)s] 0<s
L'(B) T
21 =95 =0 + (8~ 2)(1 — 1)s]
T(B) '

Here Gy(t, s) is called the Green function of boundary value problem (2.4) and (2.5).
Lemma 2.6 [21]The function Gs(t, s) defined by (2.6) satisfies the following conditions:
(B1) Go(t, s) = Go(1 -5, 1 - %), fort, s € (0, 1);

(B2) (B -2) %1 - £)’%>(1 - )P ~2 < T(B)Go(t, s) < Mos*(1 - )P 2, for t, s € (0, 1);
(B3) Gy(t, s) > 0, for t, s € (0, 1);

(B4) (B-2)s*(1-s)P 2P 21 -2 <T(P)Gat, s) < Mo’ "2 (1 -8 fort,se (0, 1),
here My = max{f} - 1, (B - 2)%.

Remark 2.2 Let q5(t) = tﬁ'z(l - 1) kols) = s*(1 - )~ 2 Then

(B = 2)q2(t)k2(s) < T'(B)Ga(t, s) < Moka(s).

G, (t, S) =

The following two lemmas are fundamental in the proofs of our main results.
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Lemma 2.7 [32]Let E be a Banach space, and let P € E be a cone in E. Assume (4,
Q, are open subsets of E with 0 € Q C Q; C Qp and let S : P — P be a completely
continuous operator such that, either

(D1) ||Sw]] < |Iw||, we P naQy, ||Sw|| = ||w|], we P n 0oQy, or

(D2) [|1Sw|| = [|w|], we P noQy, ||Sw|| < [|w]||, we P n oQ,.

Then S has a fixed point in PN (Q;\Q1)-

Lemma 2.8 [33]Let E be a Banach space, and let P € E be a cone in E. Assume (4,
Q, and Q3 are open subsets of E with 0 € Q; C Q1 C Q2 C Q, C Qs and let
S:PN(Q2\Q) — P be a completely continuous operator such that

(E1) ||Sw]| = ||w||, Y we P n oy;

(E2) ||Sw]| < ||wl], Sw = w, Y we P N oQy;

(E3) |ISw]| = ||wl], Y we P n oQs.

Then S has two fixed points wy and wy in PN (Q3\Q)with w; € (Q,\Q,) and
w; € (23\Qy)

3 Main results
In this section, we establish the existence results of positive solutions for boundary
value problem (1.1).

Consider the following coupled system of integral equations:

u(t) = flcl(t/ s)f (s, v(s)) ds,
0 (3.1)

v(t) = fIGZ(t, s)g(s, u(s)) ds.
0

Lemma 3.1 Suppose that f, g : [0, 1] x [0, +o0) — [0, +e0) are continuous. Then (u, v)
e C[0, 1] x C[0, 1] is a solution of (1.1) if and only if (u, v) € C[0, 1] x C[0, 1] is a
solution of system (3.1).

This proof is similar to that of Lemma 3.3 in [25], so is omitted.

From (3.1), we can get the following integral equation

1

1
u(t) = /Gl(t,s)f s,/Gz(s,r)g(r, u(r))dr|ds, te][0,1].
0

0

Let Banach space E = CI[0, 1] be endowed with the norm ||u|| = maxg<,<; |u(f)]. De
ne the cone P C E by

q1(¢)

P={ueE:u(t)za_1||u||, te[O,l]}.

We define an operator T : P — E as follows

1

1
Tu(t) =fG1(t,s)f s,/Gz(s, r)g(r,u(r))dr | ds, te][0,1].
0

0

Lemma 3.2 T: P — P is completely continuous.
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Proof. For ue P,0 <t <1, by Lemma 24,
[|Tul| = max |Tu(t)]
o<t<1

1

= max /Gl(t, s)f (s,/(;l Ga(s, r)g(r,u(r))dr) ds

0<t<1
0
1

< F( ) /kl(s)f 5,/G2(s,r)g(r,u(r))dr ds,

1

Tu(t) = /Gl(t,s)f 5,/G2(s, r)g(r,u(r))dr | ds
0

0

[ a0k
“

611()

1
f s,/Gz(s,r)g(r,u(r))dr ds

0

L 1Tl

Thus we have T (P) € P.

The operator 7 : P — P is continuous in view of continuity of G(t, s), fit, u), and g(z,
u). For any bounded set M, T (M) is uniformly bounded and equicontinuous. This
proof is similar to that of Lemma 2.1.1 in [20], so is omitted. By means of Arzela-
Ascoli Theorem, T : P — P is completely continuous. This completes the proof.

We consider the following hypotheses in what follows.

(A1) limuﬁmsupte[orl]f(t' u) 0, limuﬁwsupte[oll]g(zu) =0
(A2) limy yocinficgor] (Z“) = +00, limuﬁ+winfte[oll]g(zu) - 400
(A3) limu_,0+inf[€[0,1]f(tl;u) = +00, limu_,0+inft€[0,1]g(tl;u) = +00;
(Ay) limu_Hoosupte[O'l]f(Zu) =0, limu_Hoosupte[oyl]g(Zu) =0

(As) fit, u) and g(¢, u) are two increasing functions with respect to u, and there exists
N > 0 such that
1
mf t,fnzg(r,N)dr <N, forte]0,1],
0
where 7, = maxos<1 Gi(Z, 8), 12 = MaXo<ys<1 Galt, 3).
Theorem 3.1 Assume that hypotheses (A1) and (A,) hold. Then the boundary value

problem (1.1) has at least one positive solution (u, v).
Proof. By hypothesis (A;), we see that there exists p; € (0, 1) such that

f(t,u) < ru, gt u) <iru, for(t,u) €0, 1] x (0,p1), (3.2)

where A1, 4, > 0 and satisfy

1 1
)\1(0[ - 1) < AZMO <
() O/kl (s)ds < 1, (8) O/kz(s)ds <1 (3.3)

Page 6 of 13
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For u € P with ||u|| = I;_l, we have

. 1
/ Ga(s,1)g(r, u(r)) dr < / MFO}(C;(;)

0

g(r,u(r)dr < Az”””/1\4okz(r)dr<|\u|\ o,

then by (3.2) and (3.3), we get

1 1
ima < / b (5)f (s, [ et r)g(r,u(r))dr) ds

< )\1(0(

1)
= r /kl(s)/Gz(s r)g(r, u(r))drds

mzuunr( ) /kl(s)/kz(r)drds

< lull.
Hence, if we choose Q1 = {u € E: ||lu|| < pzl}, then

(| Tul| < |lull, foruePNay. (3.4)
From hypothesis (A4,), there exist positive constants gy, py, Cy, and C, such that
f(tu) > pwu—Cy, g(tu) > pau—Cy, for(t,u) € |0,1] x [0, +00), (3.5)

where y; and y, satisty

u2(B —

(@ — 1)T(B) /ql(r)kp_(r) dr > 2, (3.6)

1
lefGl(l,s)qz(s) ds>1,
0

For u e Pand /e (0, 1), then by (3.5) and (3.6), we have

1

Tu(1) /G (1 s)f( /Gz(s, r)g(r, u(r)) dr) ds

’ 1
> fGl(l,s) (,ulfcz(s,r)g(r, u(r))dr—Cl) ds
’ 1 10 1
=p1 | Gi(Ls) | Ga(s,r)g(r,u(r))drds —C;y | Gi(l,s)ds
[e0] [

0
1 1 1

> ,u1fGl(l,s)fcz(s,r)(uzu(r) —Cz)drds—C1/G1(l,s)ds
0 0 0

1

1
=M1M2/Gl(l,s)/G7_(s, r)u(r)drds — C(I)
0

0

> L1M2

(«
= 2|full = C(I),

1 1
f1_)?(’3)|Iu||OfGl(l,s)fh(s)O/ql(r)kz(r)drds—C(l)

Page 7 of 13
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where

1 1 1

o) = 11 G / Gi(l,s) / Ga(s,r) drds + Cy / Gr(L,s) ds
0 0

0

1 1 1
CoM
< “}(;)0 J Gl(l,s)()/kz(r)drds+cl0/G1(l,s)ds

= Cs,
$0,

Tu(l) = 2[Jul|] — Cs.
Thus, if we set py > max{p;, C3} and Q, = {u € E: ||u|| <p»}, then

[|Tul| > ||lu|l, forue PNa,. (3.7)

Now, from (3.4), (3.7), and Lemma 2.7, we guarantee that T has a fix point
u € PN (2,\Q:) and clearly (z, v) is a positive solution of (1.1). The proof is completed.

Theorem 3.2 Assume that hypotheses (Az) and (A4) hold. Then the boundary value
problem (1.1) has at least one positive solution (u, v).

Proof. By hypothesis (A3), we see that there exists p € (0, 1) such that

f(t,u) = mu, gt u) > nu, for(t,u)e]0, 1] x (0,p), (3.8)

where 73, s, > 0 and satisfy

1

m/Gl(l,s)qz(s) ds>1,

0

(B —2)

(@ — DT(B) /ql(r)kz(r)dr > 1, (3.9)
0

From g(z, 0) = 0 and the continuity of g, then there exists p3 € (0, 1) such that

sewy< P for(Lu) e 0,11 x (0ps).

Mo f kz(r) dT
0

For u € P with ||u|| = p3, we have
1 1

/ Ga (s, 1)g(r, ) (r))dr < / Gsr) 7 dr<p,
0 0 My sz(T)dT

for I € (0, 1), by (3.8) and (3.9), we get

1 1
() - [ Gi0.9f (s, [ r)g(r,u(r))dr) ds
0

0
1

>m !Gl(l,s)!Gz(s, r)g(r, u(r))drds

1 1

> ;71;72[Gl(l,s)[Gz(s,r)u(r)drds
0

0
1 1
= o 2 E / G(,5)02(6) f B(0ea(0)drds

= [lull,

Page 8 of 13
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Hence, if we choose Q3 = {u € E: ||u|| <p3}, then
[|Tul| < |lu|l, foru e PN aRs. (3.10)
From hypothesis (A4), there exist positive constants d;, d5, Cy, and Cs such that
f(t,u) =8 u+Cy, g(t,u) >8u+Cs, for(t,u)el0,1] x [0, +00), (3.11)
where d; and 0, satisfy

51(0[ — 1)

()

1
1 8rMo
O/kl(s)d5§2, r(8)

1
/kz(r) dr < ; (3.12)
0

Then by (3.11) and (3.12), we have

1 1
O;,(_a)l = Ofkl(s)f (s,/cz(s, ng(r, u(r))dr) ds

0

‘;(_a)l 0/ k1 (s) (51 O/ Ga(s, r)g(r,u(r))dr+C4) ds

51(0[—

1 1 1
_ 1) C4(O( — 1)
= I(a) O/kl(s)ofcz(s, r)g(r,u(r))drds + I'(a) O/kl(s)ds

[ Tu]|

1 1 1
(S](Ol — 1) Mokz(r) C4(Ot — 1)
< r(@) b/kl (s)! r(8) (82u(r) + Cs)drds + r'(@) O/kl(s)ds

< 81821\/10(06 -

1 1
1)
~ T(a)T(B) ”“”Ofkl(s)osz(r)drds_c6

IA

i+ c
ull + ,
4 6

where

1 1 1
_ 51C5M0(O[ — 1) + C4(Ol — 1)
Co = F(@)I(8) O/h(s)()/b(r)drds r'(@) O/kl(s) ds.

Thus, if we set p, > max{2ps, 2Cq} and Q4 = {u € E : ||u|| <p4}, then

I Tul] < ||u|ll, foruePNay. (3.13)

Now, from (3.10), (3.13), and Lemma 2.7, we guarantee that 7 has a fix point
uePnN(Q\Q;1) and clearly (u, v) is a positive solution of (1.1). The proof is
completed.

Theorem 3.3 Assume that hypotheses (A,), (A3), and (As) hold. Then the boundary

value problem (1.1) has at least two positive solutions (uy, v1) and (uy, vy).
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Proof. Set By = {u € E : ||u]| <N}. From (As), for u € P n 9By, then we have
[1Tul| = max |Tu(t)|
0<t<1l

1 1

= max /Gl(t,s)f s,/Gz(s, r)g(r, u(r))dr | ds

0<t<1
0 0
1

1
< n1/f s,/Gz(s, r)g(r, u(r))dr | ds
0

0
1

1
< n1/f s,/nzg(r,u(r))dr ds
0

0
1

1
<n1/f s,/nzg(r,N))dr ds < N.
0 0

Thus, ||Tul| < ||#||, YV u € P n oBy. By (A,) and (A3), we can get

[|Tull > |lull, YuePNa,,
[ITull > |lull, YuePNaQs.

So, we can choose p,, p3, and N such that p3 <N <p, and satisfy the above three
inequalities. By Lemma 2.8, we guarantee that 7 has two fix points u; € PN (2,\Bx)
and up; € PN (By\23). Then the boundary value problem (1.1) at least two positive
solutions (1, v;) and (u», v5). This completes the proof.

In fact, from (3.1), we can also obtain the following integral equation

1 1

v(t) =/G2(t,5)g s,/Gl(s,r)f(r,v(r))dr ds, te]o,1].

0 0

Define the cone P’ € E by

P- {v cE:u(t) = (o _Aizqzm Wwll, t € [0, 1]} .

We define an operator T7": P — E as follows

1 1

T'v(t) = /Gz(t,s)g 5,/G1(s,r)f(r, v(r))dr | ds, te][O0,1].

0 0
Forve P,0<t<1,byLemma 2.6,
T|| = T'v(t
[ T'v|| JQ&’%' v(t)]

1 1

max /Gz(t,s)g s,/Gl(s,r)f(r,v(r))dr ds

0<t<1
0 0
1

1
F(la) O/Mokz(s)g S,/Gl(s,r)f(r,y(r))dr ds,

0
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1 1
T'v(1) =/Gz(t,s)g s,/Gl(s,r)f(r, v(r))dr | ds
0 1 2 0 1
e )qz(t)kz(s)g s, f G (s, n)f (r,v(r))dr | ds

) ()
0 0

>

2O,

Thus we have T (P) € P.

The operator T": P — P’ is continuous in view of continuity of G(¢, s), fit, u), and gz,
u). For any bounded set M’, T" (M’) is uniformly bounded and equicontinuous. This
proof is similar to that of Lemma 3.1 in [21], so is omitted. By means of Arzela-Ascoli
Theorem, T": P — P’ is completely continuous.

Remark 3.1 Theorems 3.1 and 3.2 also hold for the boundary value problem (1.1).

Proof. This proof is similar to that of Theorems 3.1 and 3.2, so is omitted.

Theorem 3.4 If conditions (As) in the Theorem 3.3 is replaced by

(AS¢, u) and g(t, u) are two increasing functions with respect to u, and there exists
N > 0 such that

1

128 t,/nlf(r,N/) dr| <N, forte]o,1],
0

where n; = maxg < 5 <1 Gi(t, ), 1 = MaXg < 45 <1 Ga(t, 8).

Then the conclusion of Theorem 3.3 also holds.

Proof. This proof is similar to that of Theorem 3.3, so is omitted.

Remark 3.2 In this article, conditions f{t, 0) = 0 and g(¢, 0) = 0 are too strong for the
boundary value problem (1.1). So, we will give some new existence criteria for the
boundary value problem (1.1) without conditions f{(¢, 0) = 0 and g(¢, 0) = 0 in a new

paper.

4 Examples
In this section, we will present examples to illustrate the main results.
Example 4.1 Consider the system of nonlinear differential equations

5

—Do%u(t) =vv+t—1),0<t<1,
7 (4.1)

Do%v(t)=u(u+t—1), 0<t<l,

u(0) =u(1) =/'(0) = v(0) =v(1) =/ (0) =V (1) = 0.

Choose fit, v) = v(v + t -1), g(¢, u) = u(u + ¢ -1). Then
ftu) 8(t,u)

lim sup = lim sup = lim sup (u+t—1)=0,
u=>0"efo,1] U u=>0"efo,1] U u=0% 1e[0,1]

tLu . . Lu . .
lim inf flu) = lim inf 8(tu) = lim inf (u+t—1)=+o0.
u—+00 tef0,1] U u—+00 1€[0,1] U U—+00 te[0,1]
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So (A;) and (A,) hold. Thus, by Theorem 3.1, the boundary value problem (4.1) has a
positive solution.
Example 4.2 Discuss the system of nonlinear differential equations
7 1
—D3u(t)=v2(t+1),0<t<1,
’ 1 (4.2)
DEv(t)=u2(t+1), 0<t<1,
u(0) =u(1) =/'(0) = v(0) =v(1) = (0) =V/(1) = 0.

1 1
Chy , . Th
%ty = v2(t+ 1) g(bu) =u2 (1)

L S L, S |
lim inf fliu) = lim inf 8tu) = lim inf +1 = +00,
u—0*tel0,1] U u—0*te[0,1] U u—0* te[0,1] u2

tl . tl . t 1
lim sup fliu) = lim sup 8(tu) = lim sup +1 =0
U—+00 te0,1] u U—+00 te0,1] u U—+00 te0,1] u2

So (A3) and (A4) hold. Thus, by Theorem 3.2, the boundary value problem (4.2) has a
positive solution.
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