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1 Introduction and main results

In this paper, we assume that the reader is familiar with the standard symbols and fun-
damental results of Nevanlinna theory [1]. In addition, we use notations A( fl) and p(f)
to denote the exponent of convergence of the pole-sequence and the order of growth
of meromorphic function f(z), respectively. We denote by S(r,f) any quantify satisfying
S(r,f) = o(T(r,f)) as r — oo outside of a possible exceptional set of finite logarithmic mea-
sure. We define the logarithmic measure of E to be

d
Im(E) = / a
ENn(loo) ¥

A set E C (1,00) is said to have finite logarithmic measure if Im(E) < co. Further, we recall
the definitions of the truncated exponent of convergence of the pole-sequence and the

lower order in complex plane:

/1 log" N(r, log" T'(r,
A(/—) = limsupw, u(f) = liminfw.

00 logr r—00 logr

There has been a lot of work on the growth order of meromorphic solution to certain
types of complex differential equations and complex difference equations (or complex
functional equations); see [2-10]. Malmquist [8] investigated the existence of transcen-
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dental meromorphic solutions of a complex differential equation and obtained the fol-
lowing result.

Theorem A ([8]) Let

afz) _

P\ Fi
dz R(Z’f(z)) _ Pef) Y ioaiz)f'(2)

CQzf()  YLibfi)

(1.1)

where P(z,f (z)) and Q(z,f (z)) are relatively prime polynomials in f (z), the coefficients a;(z)
(i=0,...,p) and bj(z) (j = 0,...,q) are rational functions. If equation (1.1) admits a tran-
scendental meromorphic solution, then q =0 and p < 2.

Recently, Gundersen et al. [7] considered meromorphic solutions of a functional equa-
tion of the form

Yioaiaf'@)

f(g2) = R(z,f(2)) = Z;l’=0 b(2)fi(2)

1.2)

where the coefficients a;(z) (i = 0,...,k) and bj(z) (j = 0,...,[) are of growth S(r,f), and g
(Ig] > 1) is a constant. In fact, they obtained the following theorem.

Theorem B ([7]) Suppose that f(z) is a transcendental meromophic of equation (1.2) with
|q| > 1. Assuming that d := deg; R(z,f(2)) = max{k,I} > 1, ar(z) # 0, bi(z) # 0, and that
R(z,f(2)) is irreducible in f(z). Then

logd
logg’

p(f) =

In this paper, we continue to investigate the growth order of meromorphic solutions to
certain types of complex g-difference differential equations and generalize Theorems A
and B. Now, we state our results as follows.

Theorem 1.1 Suppose that f(z) is a solution of the equation

Y a2)f (2)

1.3
Y0 bi@fi(2) )

('(q2)" = R(z.f(2) =

with meromorphic coefficients a;(z) (i=0,...,k) and bj(z) (j=0,...,1) of growth S(r,f) and
a constant q € C\{0}, assuming that d := deg, R(z,f(z)) = max{k,} > 1,a,(z) £ 0, b)(z) £ 0,
and that R(z,f (2)) is irreducible in f (z). Then one of the following cases holds.
(i) For|q|>1,iff(z) is a transcendental meromorphic solution of equation (1.3) and
d > 2n, then

logd —log2n
ed” 08T w(f) < p(f).
log |g]

Iff(z) is a transcendental entire solution of equation (1.3) and d > n, then

logd —logn

og I4] < u(f) < p(f).
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(i) Forlq| <1, iff(2) is a transcendental meromorphic solution of equation (1.3), then
d <2mn, and

log2n —logd
p(f) < —————.
—log|q|

Iff(2) is a transcendental entire solution of equation (1.3), then d < n, and

) < logn —logd
o(f) < —— ==
—loglq|

(i) For |q| =1, if f(2) is a transcendental meromorphic solution of equation (1.3), then
d < 2n. Furthermore, if n <d < 2n, then X(J%) = A(fl) =p(f).Iff(z) isa
transcendental entire solution of equation (1.3), then d < n.

Example 1.1 The function f(z) = j;j is a solution to the g-difference differential equation

(f2(z) - 1)3

SO s6m@

where d =6,n =1, q =3, sothatd > 2n, |q|>1.Then%#:l:u(f):p(f).

Example 1.2 The function f(z) = cosz is a solution to the g-difference differential equa-

tion

(f'(22))* = -4f*(2) + 42 (2),

whered =4,n=2,q=2,sothatd > n, |q| >1. Then 1"%@1;‘25" =1=u(f) = p(f).

Example 1.3 The function f(z) = % is a solution to the g-difference differential equation

2 3
(resy -T2 s,

log2n-logd log2
,sothatd<2n,|q|<1.Then1:p(f)<%:l+%.

whered:l,n:B,q:%
Example 1.4 The function f(z) = ¢ +1isa solution to the g-difference differential equa-

tion
(f'(212))* = 2% (2) - 2%,

,sothatd <mn, |g| <1. Then p(f) =2 = logn-logd

whered=1,n=4,q= —Toglql

1
2
Example 1.5 The function f(z) = ezz_+1 is a solution to the g-difference differential equation

fl2)+1

2f(2) -7

fi=2)=

whered=1,n=1,q=-1,sothatn=d <2n, |q| = 1.
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Example 1.6 The function f(z) = €* + 1 is a solution to the g-difference differential equa-
tion

f@=f=-1,
whered=1,n=1,g=1,sothatd =n, |q| = 1.
Theorem 1.2 Suppose that f(z) is a solution of the equation

¥ ai2)fi(p(z)

ol (14)
Zj:o bj(2)f (p(2))

(f'(@2)" =R(z.f (p(2))) =

with meromorphic coefficients a;(z) (i = 0,...,k) and bj(z) (j=0,...,1) of growth S(r,f), a
constant q € C\{0}, and p(z) = cn2™ + Cu12™ 1 + - + ¢y, where ¢, (#0), Cy, ..., Co are
complex constants, and m (> 2) is an integer. Assume that d := deg, R(z,f(2)) = max{k,l} >
1, ax(z) # 0, by(2) # 0, and that R(z,f(2)) is irreducible in f(z). Then, if f(z) is a transcen-
dental meromorphic solution of equation (1.4) and d < 2n, then

T(r,f(2)) = O((logr)*),

where

log2n —logd
= —":
logm

Iff(2) is a transcendental entire solution of equation (1.4) and d < n, then
T(r,f(z)) = O((logr)*),

where

logn —logd
o= —""
logm

Theorem 1.3 Suppose that f(z) is a solution of equation

n k i
> e@f " (qi2) = R(2.f(2) = Lio%l@f (@)

1 ; (15)
s=1 Zj:o bj(Z)f](Z)

with meromorphic coefficients as(z) (s =1,...,n),a,(2) (i=0,...,k), and bj(z) (j=0,...,1) of
growth S(r,f), distinct constants q; with |qs| > 1, and finite nonnegative integers is. Suppose
that ar(z) # 0, bi(z) # 0, and R(z,f(2)) is irreducible in f(z). Denote

d:= deng(z,f(z)) =max{k,l} > 1; A= ZAS; lql = Eg}ﬂ“qg} > 1.
s=1 -

Then if f(z) is a transcendental meromorphic solution of equation (1.5) and d > A + n, then

logd —log( + n)

fog l4l < u(f) < p(f).
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Iff(z) is a transcendental entire solution of equation (1.5) and d > n, then

logd —logn

oz 141 < ulf) < p(f).

Example 1.7 The function f(z) = ezlﬂ is a solution to the g-difference differential equation

—2(2)(f(2) - 1)(2f (2) - 1)
2f2(2) - 2f(2) +1)3

f// (2Z) —

whered =6,n=1,.=2,sothatd >A+n=3,|g| =2 >1.Thenl = % = u(f) = p(f).

Example 1.8 The function f(z) = €° + 1 is a solution to the g-difference differential equa-

tion

f@) +f"(32) =f3(2) - 3f*(2) + 4f (2) - 2,

where d = 3, n = 2, so that d > 1, |q| = max{|q1],|g2]} =3 > 1. Then log2 _ logd-logn

~log3 T " loglgl
u(f) = p(f) =1.
Theorem 1.4 Suppose that f(z) is a solution of the equation
n k .
. -0 % (2)f " (p(2))
(@) = R(af (pl2)) - o C) (16)
;a Zf qsz (Zf(P V4 )) Z,leo b/(z)_fl(p(z))

with meromorphic coefficients ay(z) (s=1,...,n), a;(z) (i=0,...,k), and b;(z) (j =0,...,1)
of growth S(r,f), distinct nonzero constants qs, finite nonnegative integers As, and p(z) =
CmZ™ + Cp12™ L + - + ¢y, Where ¢, (#0), €t ... » Co are complex constants, and m (> 2)
is an integer. Suppose that ai(z) # 0, bi(z) # 0, and R(z,f (2)) is irreducible in f (z). Denote

d:= deng(z,f(z)) =max{k, [} > 1; A= ZAS; lq] = 111131);{|qs|} > 0.
s=1 -

Then if f (2) is a transcendental meromorphic solution of equation (1.6) and d < A + n, then

T(r,f(2)) = O((logr)*),

where

log(A + n) —logd
Q= —
logm

Iff(2) is a transcendental entire solution of equation (1.6) and d < n, then

T(r.f(2)) = O((logr)*),

where

logn —logd
o0=——:
logm
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Beardon [3] studied entire solutions of the generalized function equation

flaz) = qf (2)f '(z), f(0)=0, 1.7)

where g is a nonzero complex number. First, we give some notations. The formal series
O and 7 are defined by O :=0+0z+0z> +--- and Z:= 0 + 1z + 022 + 023 + --- . We
also introduce the sets K, = {z: 27 =p +2} (p=1,2,...) and L =K, UK, U --- . Clearly,
ICp contains exactly p points, which are equally spaced around the circle |z| = r,, where
r,=(p+ 2)}’ >1and r, € K,. Also, since x™' log(x + 2) is decreasing when x > 1. we see that
rn=3>rp=2>--->landr, - 1asp — oo. Based on these notations, Beardon obtained
the following two main theorems.

Theorem C ([3]) Any transcendental solution of (1.7) is of the form
f@)=z+z(b2 +--),

where p is a positive integer, b # 0, and q € KCp. In particular, if q ¢ K, then the only formal
solutions of (1.7) are O and I.

Theorem D ([3]) For each positive integer p, there is a unique real entire function
Ey=z(1+2° + by + b3z +--+)

that is a solution of (1.7) for each q in K,. Further, if q € KCp, then the only transcendental
solutions of (1.7) are the linear conjugates of F,.

More recently, Zhang [10] investigated the growth of solutions of (1.7) and obtained the
following theorem.

Theorem E ([10]) Suppose that f(z) is a transcendental solution of (1.7) for k € K. Then

the order of growth p(f) < lﬁgglzl'

In this paper, we generalize equation (1.7) and investigate the growth of solution of cer-
tain types of g-difference differential equations and obtain the following results.

Theorem 1.5 Let g be a complex constant satisfying |q| > 1. Suppose that f (z) is a solution
to the equation

_ Algsf(q2)

" Baf@) 8

Y a2 (2)
s=1

where A(z,y) and B(z,y) are rational functions with meromorphic coefficients of growth
S(r,f) such that A(z,y) and B(z,y) are irreducible in y. Denote

n
k:st; 1<a:= dengfdengzzb.
s=1

Then,
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(i) iff(z) is a transcendental meromorphic solution of equation (1.8), then

) < log(b + A + n) —loga
pf) < .
log|q|

Furthermore, if b > a + A + n, then

log(b — 1 —n) —loga _

- log(b + A + n) —loga
log|ql '

<ulf) <p(f) < oz 1d]

(ii) Iff(z) is a transcendental entire solution of equation (1.8), then

() < log(b + n) —loga
o(f) < —=——— 1~ °%
log|q|

Furthermore, if b > a + n, then

log(b —n) —loga log(b + n) —loga
S ) 2 () < pf) < E2 T 084
oglql log |g|

Example 1.9 The function f(z) = tanz is a solution to the g-difference differential equa-
tion
f*(22)

7 _
f(2) = — g
fo@)-*(2)-f2(2)+1

wherea=2,b=6,n=1,g=2,A =2,sothatb>a+k+n=5.Theni§%§—l: W <
_ _ log(b+A+mn)—loga _ ~log3
M(f)—ﬂ(f)—1<w—2@—1'

Example1.10 The function f(z) = ze? is a solution to the g-difference differential equation

, v f7(32) +f(32)
f (Z) +f (Z) - 9f5(Z) + 3f2(2) ’
(2z+3)23 (2z+3)z

whereu:2,b:5,n:2,q:3,sothatb>a+n:4-.Then1—%:%<M(ﬁ:

_ log(b+mn)—loga _ log7-log2
P(f) =1< log |q| ~  log3
Theorem 1.6 Let q be a complex constant satisfying |q| > 1. Suppose that f(z) is a solution
to the equation

() - Algz.f(gz))

= Bef@) | 1.9)

where A(z,y) and B(z,y) are rational functions with meromorphic coefficients of growth
S(r,f) such that A(z,y) and B(z,y) are irreducible in y. Denote1 < a := degs A <deg,;B=: b.
Then,

(i) iff(2) is a transcendental meromorphic solution of equation (1.9), then

() < log(b + 2n) —loga
o(f) < .
log|q]
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Furthermore, if b > a + 2n, then

log(b —2n) —loga log(b + 2n) —loga
£ 82 < = pif) < =2 £

log |q| log|q]

(ii) Iff(z) is a transcendental entire solution of equation (1.9), then

log(b + n) —loga
)< ————
o log g

Furthermore, if b > a + n, then

log(b—n)—loga log(b + n) —loga
log(b—m) —loga Su(f)fp(f)f—g( )~ log

log|q] log |q|

Example 1.11 The function f(z) = tanz is a solution to the g-difference differential equa-
tion

, 2 f(2Z) +1
(@) = fr@-2@-1
[@)+f*(2)-f2(2)-1

wherea=1,b=6,n=2,g=2,sothatb>a+2n=>5.Thenl= % = u(f) = p(f) <
log(b+2n)-loga _ 1 log5
loglq] - log2*

Example1.12 The function f(z) = ze® is a solution to the g-difference differential equation

o2 fA42) + f(42)
(@) = 16°G) . 42@)

(z+1)22% 7 z(z+1)?

wherea:2,b:6,n:2,q:4,sothatb>a+n:4.Then%:%gu(f):p(f):
log(b+n)-loga _ 1
loglgl T

2 Some lemmas

Lemma 2.1 (See [4], Lemma 4) Let f(z) be a transcendental meromorphic function, and
p(2) = a2 + a2 + - + @z + ap (ax # 0) be a nonconstant polynomial of degree k.
Given 0 <8 < |ak|, let X = |ax| + § and n = |ax| - 8, then, for any given ¢ > 0,

(1-)T (' f(2) < T(rf(p(2) < L+ )T (" f(2))
for sufficiently large r.
Lemma 2.2 (See [7], Lemma 3.1) Let @ : (1,00) — (0,00) be an increasing function, and

let f(z) be a nonconstant meromorphic function. If for some real constant o € (0,1), there
exist real constants Ky > 0 and Ky > 1 such that

T(r,f(2)) <K ®(r) + KT (ar,f(2)) + S(ar,f),

then

logK, . log ®(r)
] + lim sup .

—-loga oo logr

p(f) <
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Lemma 2.3 (See [9], Lemma 2.2) Let ® : (ry,00) — (1,00), where ry > 1, be an increasing
function. If for some real constant a > 1, there exists a real number K > 1 such that ®(ar) >
KO(r), then

log ® log K
liminf 22 20)  logK
r—oo  logr loga

Lemma 2.4 (See [5], Lemma 3) Let W(r) be a function of r (r > ry), positive and bounded
in every finite interval. Suppose that W(ur™) < AV(r) + B(r > ro), where 1 (> 0), m (> 1), A
(> 1), and B are constants. Then ¥V (r) = O((logr)*) with a = 113521’ unless A =1and B > 0;
and if A =1 and B > 0, then, for any € > 0, ¥(r) = O((logr)®).

The following lemma is proved by Bergweiler et al. [2], p. 2.

Lemma 2.5

T(r.f(gz)) = T(IqIr.f(2)) + O(D), N(r.f(g2)) = N(lqlr.f (2)) + OQ1)
for any meromorphic function f(z) and any nonzero constant q.
3 Proof of Theorems 1.1-1.2

Proof of Theorem 1.1 1f |q| > 1 and f(z) is a transcendental meromorphic solution of (1.3),
then by applying the Valiron-Mohon’ko identity (see [11], Theorem 2.2.5), Lemma 2.5, and
[1], Theorem 3.1, it follows from (1.3) that

T(rR(=f(2)) = T(” o b))

= dT(r.f(2) + S(r.f)

= T(r (f'(42)")

< u[T(r,f(q2)) + N(r.f(q2)) + S(r.f (q2))]

= n[T(Iqlr.f @) + N(1qlr.f @) + S(lIr.f (2))]
< 2nT(|q|r.f(2)) + S(IqIr.f (2)),

that is,

dT(r,f(2)) + S(r.f) < 2nT(1qIr.f (2)) + S(IgIr.f (2)). (3.1)
By (3.1), for any small & > 0,

d(1-)T(r.f(2)) < 2n(1 + )T (lqIr.f (2)) (3.2)

for sufficiently large r ¢ E, where Im(E) < co. By an application of [6], Lemma 5, with § > 1
and (3.2) we see that

d(1-e)T(r,f(2)) <2n(1+ )T (Blqlr,f(2)) (3.3)
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for all r > ry. If d < 2m, then since S|q| > 1, estimate (3.3) is trivial. So we only have to

2‘1((111 85)) > 1. It follows from Lemmas 2.3 and (3.3) that

consider the case where d > 2n. Then

o dog" T(r,f) _ log(d(l - ¢)) —log(2n(1 + ¢))
HO =B ey 2 log Blg]

Ase — 0% and 8 — 17, we have

logd —log2n

p(f) = n(f) = oz 14|

If |g| > 1 and f(z) is a transcendental entire solution of (1.3), then similarly to (3.1), for any
small ¢ > 0, we have

d(1-&)T(r,f(2)) <n(+¢&)T(q|r,f(2)) (3.4)

for sufficiently large r ¢ E, where Im(E) < co. If d > n, similarly to the previous argument,
we conclude that

logd —logn

p(f) = n(f) = oz 4]

If |q| <1 and f(z) is a transcendental meromorphic solution of (1.3), then applying [6],
Lemma 5, and (3.2), we obtain that there exists « > 1 such that

algl <1 and d(1- e)T(r,f(z)) <2n(l+ 8)T(a|q|r,f(z)) (3.5)
for all » > ry. Since «|q| < 1, if d > 21, then 2;((11;8)) < 1, a contradiction to (3.5). Thus, we

have d < 2n. Then 201”((11;8)) > 1, and from Lemma 2.2 we have that

log(2n(1 + &) —log(d(1 — ¢&))
o) = ~logalq| '

As e — 0" and o — 1%, we have

) < log2n —logd
o(f) < ——— =%
—log|q|

If |q] <1 and f(z) is a transcendental entire solution of (1.3), then similarly to the previous
argument, we have

logn —logd

d<n and pf) <
—log|q

If |g| =1 and f(z) is a transcendental meromorphic solution of (1.3), then by the proof of
(3.1) we conclude that

dT (r,f(2)) + S(r.f) < n[T(r,f(2)) + N(r.f(2)) + S(r.1)]
< 2nT(r,f(z)) +S8(r.f).
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From this inequality we have d < 2n.If n <d < 2n, then

——T(r.f(2)) + S(r,f) < N(r,f(2)) + S(r.f)
< N(r.f(2)) +S(r.f)
< T(r.f(2) + S(r.f),

that is, A ( f) A = p(f).If |g| =1 and f(2) is a transcendental entire solution of (1.3), then
we similarly obtam that d < n. This completes the proof of Theorem 1.1. d

Proof of Theorem 1.2 If f(z) is a transcendental meromorphic solution of (1.4), then by
the Valiron-Mohon’ko identity ([11], Theorem 2.2.5), Lemma 2.5, and [1], Theorem 3.1, it
follows from (1.4) that

Zl Oal( ) l(p( ))
T(r,R(z BN
(r.R(z.f(p(2))) (’ o bj(z)_f/(P(Z)))

= dT(rf (p(2))) + S(rf (p(2)))

= T(r,(f'(q2)")

< n[T(r.f(q2) + N(r.f(q2)) + S(r.f(q2)]

= n[T(lqlr.f(2) + N(1qIr.f (2)) + S(lqlr.f (2))]
< 2uT(|q|r.f (2)) + S(|q|r.f (2)),

that is,

dT(r.f(p(2)) + S(r.f (p(2)) < 2nT (1qIr.f(2)) + S(IgIr.f (2)). (3.6)
By Lemma 2.1, for given 0 < 8 < |¢,y| and 1t = |¢,s| — & and for any small & > 0,

d(1- )T (ur".f(2)) < 2n(1 + )T (1qIr.f (2)) (37)

for sufficiently large r ¢ E, where Im(E) < co. An application of [6], Lemma 5, with 8 > 1
and (3.7) yields

dl - a)T(,ur’”,f(z)) <2n(l+ 8)T(,B|q|r,f(z))

for r > ry. Put R = B|q|r. Then the last inequality can be rewritten as

2n(1 +¢€)
( g )) < Ji<e T(R.f(2)). (3.8)

If d < 2n, then 2"(“5 > 1. Since

d0s >0, m> 2, by Lemma 2.4 we get that

ﬁ"’l "

T(r,f(2)) = O((logr)*),
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where

log(2n(1 + &) — log(d(1 - ¢))
logm

log2n—logd log(l+e¢)—log(l-¢)

logm logm

log2n —logd
_, 08on - oed (e —0).
logm

If f(z) is a transcendental entire solution of (1.4) and d < n, then we similarly have

T(r,f(z)) = O((logr)*),

where
logn —logd
o= ——.
logm
This completes the proof of Theorem 1.2. d

4 Proof of Theorems 1.3-1.4

Proof of Theorem 1.3 If f(z) is a transcendental meromorphic solution of (1.5), then by
applying the Valiron-Mohon’ko identity ([11], Theorem 2.2.5), Lemma 2.5, and [1], Theo-
rem 3.1, it follows from (1.5), |gs| > 1, and |g| = max;<s<,{|g;s|} > 1 that

T(rR(=f(2)) = T(” o b2E)

dT(r,f(z)) +S(r.f)

T (r, > ez (qsz)>

s=1

<Y T(r.f*(g:2) + S(rf)
s=1

n

< Z[T(hf(%z)) + )‘sﬁ(rrf(qsz)) + S(":f(‘lsz))] + S(}",f)

s=1

n

= Y [T(1gslr.f @) + 1N (1gslr.f @) + S(lgsIr.f(@))] + S(r.f)

s=1

n

< D [ +2)T(lglr.f @) + S(1gslrf )] + S(rf)

s=1

<Y (1+1)T (I (@) + S(1qIr.f(2)) + S(r.f)

s=1

= (A +mT(1qlr.f(2)) + S(lglr.f @) + S(r.f),
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that is,

dT(r.f(2)) +S(r.f) < (n + )T (Iqlr.f (2)) + S(IqIr.f(2)) (4.1)

for sufficiently large r ¢ E, where Im(E) < oo. By using (4.1) and [6], Lemma 5, with 8 > 1,
for any given ¢ > 0, we have

d1-e)T(r,f(2)) <+ n)(1 +&)T(Blglr.f(2)) (4.2)

for all r > ry. Since Blq| > 1, if d < A + n, then estimate (4.2) is trivial. So we only have to

consider the case where d > A + n. Then % > 1. It follows from Lemma 2.3 and (4.2)
that
J(f) = liminf log* T'(r,f) - log(d(1 —¢)) —log((A + nm)(1 + 8)).

rooo logr T log Blq

Ase — 0" and B — 1%, we have

logd —log(x + n)

p(f) = n(f) = Tog Il

Similarly, if f(2) is a transcendental entire solution of (1.5) and 4 > 1, we have

logd —logn

p(f) = n(f) = oz I4]

This completes the proof of Theorem 1.3. d
Proof of Theorem 1.4 If f(z) is a transcendental meromorphic solution of (1.6), similarly

to (4.1), by applying the Valiron-Mohon’ko identity ([11], Theorem 2.2.5), Lemma 2.5, and
[1], Theorem 3.1, it follows from (1.6) and |g| = max;<s<,{|gs|} > O that

dT(r.f(p@)) + S(r.f (p(2))) < A + WT(Iqlr.f () + S(Iqlr.f (2)). (4.3)
By Lemma 2.1, for given 0 < § < |c,,,| and u = |¢,,| — 8 and for any small ¢ > 0,
d(1-e)T(ur",f(2)) < (A +n)1+&)T(Iqlr.f(2)) (4.4)

for sufficiently large r ¢ E, where Im(E) < co. An application of [6], Lemma 5, with 8 > 1
and (4.4) yields

d(1-&)T(ur",f(2)) < (A +n)(1+&)T(Blqlr.f(2)) (4.5)

for r > ry. Set R = Bg|r. Then (4.5) can be rewritten as

UR™ A+m(L+e)
T(ﬁmw’f (Z’) < aioe [RS@) (4.6)
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If d < X + n, then % > 1. Since W >0, m > 2, from Lemma 2.4 we get that

T(r.f(2)) = O((logr)*),

where

log((A + n)(1 + €)) — log(d(1 - ¢))
logm

log(A + n) —logd A log(1 + &) —log(1 —¢)

logm logm

N log(A + n) —logd & 0).

logm

If f(z) is a transcendental entire solution of (1.6) and d < n, we similarly have

T(r.f(2)) = O((logr)*),

where
logn —logd
o= ———.
logm
This completes the proof of Theorem 1.4. O

5 Proof of Theorems 1.5-1.6

Proof of Theorem 1.5 If f(z) is a transcendental meromorphic solution of (1.8), by applying
the Valiron-Mohon’ko identity ([11], Theorem 2.2.5), Lemma 2.5, and [1], Theorem 3.1, it
follows from (1.8) that

T(r,A(qz.f(q2))) = aT (r.f(q2)) + S(r.f (q2))
aT (1qIr.f(2)) + S(1qIr.f (2))

- T(r,B(z,ﬂz)) Zas<zv<“<z>)

s=1

n

< T(r,B(z,f(z)) + T(r, Ef(m(z)) +8(r.f)

s=1

n

<bT(r,f(2) + Z[T(r,f(z)) + AN (rf(2) + S, )] + S(r.f)

s=1

n

<BT(rf@)+ > 1+ r)T(r.f() +Sr.f)

s=1

= bT(r,f(z)) + (A + n)T(r,f(z)) +S(r.f)
=b+A+ n)T(r,f(z)) +S(r.f),

that is,

aT (|qIr.f (@) + S(lglr.f (2)) < (b + 2+ W) T (r,f (2)) + S(r.f),
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that is,
aT(r,f(2) + S(rf) < (b+ A+ n)T(é, f(z)) 4 s(é, f) (5.1)

for sufficiently large r ¢ E, where Im(E) < co. By using [6], Lemma 5, and ﬁ <1, from (5.1)
we obtain that there exists § > 1 such that

l% <1 and a(l- e)T(r,f(z)) <b+r+nm)1+ e)T(%,f(z))

for all » > ry. Since 1 < a < b, then % > 1, and from Lemma 2.2 we get that
- log((b + A + n)(1 + €)) —log(a(l —¢&))
- —log ‘% ’

o(f)

Ase — 0" and 8 — 1%, we have

) < log(b + A + n) —loga
p(f) <
log|q]

On the other hand, by applying the Valiron-Mohon’ko identity ([11], Theorem 2.2.5), Lem-
ma 2.5, and [1], Theorem 3.1, it follows from (1.8) that

T(r,B(z.f(2))) = bT(r.f(2)) + S(r.f)

. Algz.f(q2)
- T(” S as(zW(z))

< T(r,A(qz.f(q2))) + T(r, Zas(z)f(’m(z)> +0(1)

s=1

n

<aT(rf(qz) + T(r, wa(z)) +5(r.f(g2) + S(r.f)

s=1

n

< aT(lgirf@) + 3 [T(r.f@) + LN(r.f @) + St )] + S(IgIr.f)

s=1
n

<al(lqlrf@) + Y _(1+1)T(rf (@) +S(Iqlr.f) + Str.f)
s=1
<al(lqIr,f(2) + (k + )T (r,f () + S(1gIr.f) + S(r.f),
that is,

bT(r,f(z)) +8(r,f) < aT(|q|r,f(z)) + (A + n)T(r,f(z)) + S(|q|r,f).

If b > a + A + n, then for any given ¢ > 0, this inequality can be rewritten as

(b-1-n)1-e)T(r,f(2) <al+e)T(|qlr.f(2) (5.2)
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for sufficiently large r ¢ E, where Im(E) < co. By using [6], Lemma 5, with 8 > 1 from (5.2)
we have that

(b—r-nm1-8)T(r.f(2)) <al+e)T(Blglr.f(2)) (5.3)

b—)\—n)(1-¢)

for all r > ry. Since Blq| > 1, ( aire > L and it follows from Lemma 2.3 and (5.3) that

M(f) = liminf 10g+ T(V’f) > IOg((b —A- I’l)(l - 8)) - 10g(a(1 + 8)) '
roo0 logr log Bl

Ase — 0" and 8 — 1%, we have

o) > i) > log(b—)n—n)—loga.
log g

Similarly, if f(2) is a transcendental entire solution of (1.8) and b > a + n, we have

log(b —n) —loga log(b + n) —loga
log |g] log|q]
This completes the proof of Theorem 1.5. O

Proof of Theorem 1.6 Using the same method as in the proof of Theorem 1.5, the conclu-
sion of Theorem 1.6 follows immediately. We omit the proof here. O
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