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Abstract

In this paper, we investigate the oscillation of the following higher-order dynamic
eqguation:

(O[O (O @) )]} + Ftx(z(©) =0

on an arbitrary time scale T, where n > 2, rk]ﬁ (1 < k < n) are positive rd-continuous
functions on T, and y is the quotient of two odd positive integers, T : T — T with
() > tand F € C(T x R, R). We give sufficient conditions under which every solution
of this equation is either oscillatory or tends to zero.
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1 Introduction
Let R be the set of all real numbers, and let T be a time scale (i.e., a closed nonempty
subset of R) with sup T = oo. In this paper, we study Kamenev-type oscillation criteria of

solutions of the following higher-order dynamic equation:
ra@[(raa (- (n@Ox2@) ")) T} + E(ba(z(®)) =0, te [to,00)r, (L)

where ¢y € T is a constant and [£,00) 1 = [£,00) N T for any ¢ € T. Throughout this paper,
we assume that the following conditions are satisfied:
(Hl) ﬁ € Crd( [tO: OO)T ) (Or OO)) (1 =< k =< Vl)
(Hp) y is the quotient of two odd positive integers.
o0 o0 1
(H3) [ gl = [ [gl7 As=c0 (l<k<n-1).
(Hs) 7:T — T isanondecreasing function with () > ¢ for any £ € T.
(Hs) F e C(T x R,R) and there exists a positive rd-continuous function ¢(¢) defined on T
such that for any u # 0,

Feu) | . 12)
uY
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Write

x(2) ifk=0,
Se(tx(®) = 1 re(0)SE (6x(e)  ifl<k<n-1,
ra@)[Sa, (6,x(0)]Y  ifk =n.

Then Eq. (1.1) reduces to the equation
S&(t,x(t)) + F(t,x(t(2))) = 0. (1.3)

By a solution of Eq. (1.3) we mean a nontrivial real-valued function x(¢) € Crld( [Ty, 00) 1)
with T, > to, which has the property that Si(¢,x(¢)) € Crld( [Ty, 00) ) for 0 < k < m and
satisfies Eq. (1.3) on [T}, 00) 1, where Cid is the space of differentiable functions whose
derivative is rd-continuous. The solutions vanishing in some neighborhood of infinity will
be excluded from our consideration. A solution x(t) of Eq. (1.3) is said to be oscillatory if it
is neither eventually positive nor eventually negative; otherwise, it is called nonoscillatory.

The theory of time scales, which has recently received a lot of attention, was introduced
by Stefan Hilger in his PhD thesis [1] in order to unify continuous and discrete analysis.
The cases when a time scale T is equal to R or all integers Z represent the classical the-
ories of differential and difference equations. Many results concerning differential equa-
tions carry over quite easily to corresponding results for difference equations, while other
results seem to be completely different from their continuous counterparts. The study of
dynamic equations on time scales reveals such discrepancies and helps avoid proving re-
sults twice - once for differential equations and once again for difference equations. The
general idea is to prove a result for a dynamic equation where the domain of the unknown
function is a time scale T. In this way results not only related to the set of real numbers or
the set of integers but those pertaining to more general time scales are obtained. Therefore,
not only can the theory of dynamic equations unify the theories of differential equations
and difference equations, but it also extends these classical cases to cases ‘in between,
e.g., to the so-called g-difference equations when T = gN°, which has important applica-
tions in quantum theory (see [2]). In the last years there has been much research activity
concerning the oscillation and asymptotic behavior of solutions of some dynamic equa-
tions on time scales, and we refer the reader to the papers [3—17] and the references cited
therein.

Recently, Wang [18] extended the Hille and Nehari oscillation theorems to the third-

order dynamic equation

(@& ((n@Ox>®)>)")" + q(8)f (x(2)) = 0. (1.4)

Erbe et al. in [19-21] considered the third-order dynamic equations

(@@®)[r6)x"6)]%)" + po)f (x@) = 0, (1.5)

x84 + p(t)x(t) = 0 (1.6)
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and

(a){[ro=>®]})" +£(t,20) = 0, (1.7)

respectively, and established some sufficient conditions for oscillation.
Hassan [22] studied the third-order dynamic equation

(@@®){[rox*®)]"})" +f(Lx(x () = 0 (1.8)

and obtained some oscillation criteria, which improved and extended the results that were
established in [19-21].

Hassan [23] studied the Kamenev-type oscillation criteria of the second-order dynamic
equation

(rO(=>®)")" +f(6x(g()) =0 (1.9)

and established some new sufficient conditions, which improved some oscillation results
for second-order differential and difference equations.

2 Some auxiliary lemmas
We shall employ the following lemmas.

Lemma 2.1 [24] Let1 <m < n. Then:
(1) liminf;_, o0 S (8, %(2)) > 0 implies lim;_, oo Si(¢,%(£)) = 00 for 0 <i<m-—1.
(2) limsup,_, o, Sm(tx(2)) < 0 implies lim;_, o Si(£,%(£)) = —00 for 0 <i <m - 1.

Lemma 2.2 Suppose that x(t) is an eventually positive solution of Eq. (1.3), then there exist
an integer £ € [0,n] and T € [ty,00) r such that:

(1) n+4£ iseven.

(2) ¢ >0 implies that S;(t,x(t)) >0 foranyt > T and 0 <i<{-1.

(3) € <n—1implies that (-1)**S;(t,x(t)) > 0 foranyt > T and £ <i <n—1.

Proof Since x(t) is an eventually positive solution of Eq. (1.3), there exists a t; > £, such
that x(¢) > 0 and x(z(¢)) > 0 on [£;, 00) . It follows from (1.3) that

Sﬁ (t,x(t)) = —F(t,x(t(t))) < —q(t)x” (t(t)) <0 fort>t.
Hence S, (¢,x(t)) is decreasing on [t;, 00) 1.
We claim that S, (¢,x(¢)) > 0 for all £ € [, 00) 1. If not, there exists a £, € [t;,00) 1 such
that

Su(6:%(2)) < Su(ta,x(t2)) <0 fort >t

Then we obtain

St (65(8)) < Sy (b2, x(82)) + S (2, %(82)) / [r 1(5)

]7A5—> -0 (t— 00).
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By Lemma 2.1, we get lim;_, o, x(¢) = —00, which contradicts with x(¢) > 0 eventually. Then
Su(t,x(t)) > 0 for all £ € [, 00) 1. This implies that exactly one of the following is true:

(@1) Su-1(8,%(2)) <0 for £ > 5
(by) There exists a t3 > t; such that S,_1(¢,x(¢)) > S,_1(¢3,x(£3)) > O for t > t3.

If (b;) holds, then we obtain by Lemma 2.1
lim S, (¢,%()) = lim S,_3(t,x(¢)) = - - = lim x(¢) = oc.
t—00 t—00 t—00

Thus the conclusions of Lemma 2.2 hold.
If (a;) holds, then S,_5(t, x(¢)) is strictly decreasing on [;,00) 1 and exactly one of the

following is true:

(a2) Su—2(t,x(t)) >0 fort > t;;
(by) There exists a t4 > #; such that S, (¢, x(¢)) < S,_1(£4,%(¢4)) < 0 for £ > t4.

If (by) holds, then we obtain by Lemma 2.1
lim S,_3(2,%(t)) = lim S,_4(¢,%(2)) =+~ = lim x(t) = —o0,
t—00 t—00 t—00

which contradicts with x(¢) > 0 eventually. Hence (b;) is impossible.
From (ay), we see that S,_3(¢,x(¢)) is strictly increasing on [¢;,00)  and exactly one of

the following is true:

(a3) Su-3(t,%(2)) <0 for ¢ > &y;
(b3) There exists a t5 > #; such that S,,_3(¢,x(¢)) > S, _3(¢5,%(¢5)) > 0 for ¢ > ¢s.

Therefore we can repeat the above argument and show that the conclusions of Lemma 2.2

hold. The proof is completed. d

Remark 2.3 Let r,,(t) = --- = r1(£) =1 and T be the set of integers. Then Lemma 2.1 and
Lemma 2.2 are Lemma 1.8.10 and Theorem 1.8.11 of [3] respectively.

Lemma 2.4 Assume that

/t:o rn,ll(s) {/S‘OO [Fnzu) /Moo q(V)AV] v AM}AS =00 (2.1)

holds and x(t) is an eventually positive solution of Eq. (1.3). Then there exists T € [ty,00) t

sufficiently large such that either of the following cases holds:
(1) Si(t,x(t)) >0 foranyt>T and 0 <i<n.
(2) limy_, o x(2) = 0.

Proof Since x(t) is an eventually positive solution of Eq. (1.3), there exists a ; > £, such
that x(¢) > 0 and x(z(¢)) > 0 on [t;,00) 1. It follows from (1.3) that

S&(t,x(t)) = —F(t,x(x (1)) < —q()x" (t(t)) <0 fort>t.


http://www.advancesindifferenceequations.com/content/2013/1/248

Wu et al. Advances in Difference Equations 2013, 2013:248
http://www.advancesindifferenceequations.com/content/2013/1/248

By Lemma 2.2, we see that there exists an integer 0 < ¢ < n, with £ + n being even, such
that (=1)“*S;(¢,x(t)) > 0 for ¢t > t; and £ < i < n, and x(¢) is eventually monotone.

We claim that lim;_, o, x(¢) # O implies £ = n. If not, then S,_1(¢,x(¢)) < 0 (¢ > £;) and
Sn_a(t,x(£)) > 0 (t > £1). It is easy to see that there exist a £, > £ and a constant M > 0 such
that x(z (t)) > M on [¢;,00) 1. Integrating Eq. (1.3) from ¢ to oo, we get that for ¢ > 1,,

)] Sy (£ %(D)] = =Su(t,x(0)) < MY / b q(s)As.

t

Thus

1 [ v
/ qu)Au| As fort>t,.
r(8) Js

Su1(t2() < -M / w[

Again, integrating the above inequality from £, to ¢, we obtain that for ¢ > t,

Sua (£, x(8)) < Sua (b2, %(82)) —M/t ! {/00[ ! /OOQ(V)AVTAM}AS-

5 7n-1(8) (1)

It follows from (2.1) that lim;_, » S,_2(£,x(f)) = —00, which is a contradiction to S,_,(t,
x(¢)) >0 (t > t1). Thus £ = n. The proof is completed. O

Lemma 2.5 Let x(t) be a solution of Eq. (1.3) such that case (1) of Lemma 2.4 holds for
t € [T,00) 1 with some T € [ty,00) t. Then we have that for t € [T,00) 1,

Si(t,x(2)) = Sj (LX), T), 0<i<n-1 (2.2)

and

S (6:%(8) [ffo q(s)As ] %, (2.3)

x7(2) 7n(t)
where

t 1 1 re
fT[W]VAS ifi=mn,

;%%T)As fl<i<n-1

0i(t, T) = (2.4)

Proof Because x(t) is an eventually positive solution of Eq. (1.3), there exists a T > ¢, suf-
ficiently large such that x(¢) > 0 and x(z(¢)) > 0 for £ > T. Note S5t %) = —F(t, x(z (1)) <
—q(t)x¥ (7(2)) < 0, we know that S, (¢, x(¢)) is strictly decreasing on [T, 00) t. Thenfort > T,

Sn—l (t’ x(t)) = Sn—l (t: x(t)) - Sn—l (T: x(T))

TSl x(s) ]
‘/T[ ) ] o

> Sj (£, 2(8))0u(t, T),

Page 5 of 19
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Sn—Z (trx(t)) = Sn—2 (t:x(t)) - Sn—Z(T)x(T))
_ /t Sn—l(sxx(s))

= As
T Tn-1 (5)

1
> S, (£,%(8)) 9 (8, T).
Repeating the above process, we have

M (t,x(t)) >8 (t,x(t)) - Sl(T,x(T))
_ / £ Sa(s,x(s)) As

T 12(s)

> S (6,x(0)0a(t, T),

So(t,%(2)) = x(2) - (T)

) / Sils(s) ,
T ri(s)

> Sj (&%) (&, T).

Thus it follows
ra@[Sa (62@)] = Su(tx(t)) = ft OoF(s,x(t(s)))As
> /t ooq(S)x"(t(S))As
=0 (0) [ awss

> xV (a(t))/ q(s)As.

That is,

Sﬁ-ﬂt’x(t)) - |:ftoo q(S)As] v
x°(2) I 0) ‘

The proof is completed. O

Lemma 2.6 [25] Let f : R — R be continuously differentiable and suppose that g : T — R
is delta differentiable. Then f o g is delta differentiable and the formula

1
(F o0 (0) =g () fo (kg (0) + (L= h)g(0)) dhn 2.5)
holds.

Lemma 2.7 [23] Suppose that a and b are nonnegative real numbers and ). > 1. Then
rab*l —at < (- 1)b, (2.6)

where the equality holds if and only if a = b.
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3 Main results

For convenience, we write D = {(¢,s)|t > s > to}. Now we state and prove our main results.

Theorem 3.1 Assume that (2.1) holds. Furthermore, suppose that there exist G,g €
C.a(D,R) with G* € Ciq(D,R) such that

G(t,t)=0 foranyt>ty and G(t,s)>0 foranyt>s>t, (3.1)
where G%s is the A-partial derivative with respect to the second variable, and there exist

m: T — R, such that r,(t)m(t) is a delta differentiable function, and a delta differentiable
function M : T — (0, 00) such that

G2(t,s) + G(¢,5) f\;‘:(g = _ﬁi’(?) VM(s)G(¢t,s) fort>s>ty (3.2)
and

. 1 ! gsnis)]

11{1’_1)5;3]) G(TD -/;" |:G(t, S)w'(S, T) - W}AS =00 (33)

for all sufficiently large T, where

26 T)[Z as)ns) 7 if0<y <1,

n6T) =y , (3.4)
191 (t’ T)ﬁZ(tr T) lf)’ > 1;
A M@ o\2
v (t, T) = M(8)q(t) - M(t) (ra(t)m(2))” + y " (&, T)((ra(Om(2)”)", 3.5)
B(t, T) = M~ (¢) + ZyW (ra@®m(2))° (3.6)
r(t)
and
g-(t,5) = max{0,-g(t,9)}. (3.7)

Then every solution x(t) of Eq. (1.3) is either oscillatory or tends to zero.

Proof Assume that Eq. (1.3) has a nonoscillatory solution x(£) on [ty,00) r. Then, with-
out loss of generality, there is a T > £, sufficiently large, such that x(¢) > 0 for ¢ > T. By
Lemma 2.4, there are two possible cases:

(1) Si(t,x(t)) >0 forany¢t>Tand 0 <i<n.

(2) limy_, o x(2) = 0.
If case (1) holds, then set

Su(t, x(£))
xY(t)

A
- M(t)r,,(t)[(M)y + m(t)], (3.8)
x(t)

w(t) = M(t)|: + r,,(t)m(t)]
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we have

an Salt, (@) \* A
® (t)—(M(t) 70 ) + (M), (t)m(z))

_ M) s M(@)\*
s e0) (55 S6s0)

+ MO (r,(Om(©®)"> + M2 (@) (ru(O)m(D))’

M() A ) M) () o
y(t)S” (6x(0)) + <W(t) x (£)x7° (¢) )S”(t’x(t))

+ M(t) (r,,(t)m(t)) + MA(t)(rn(t)m(t))U.

It follows from (1.3) and the definition of w(¢) that forall t > T,

M(t)
xY(t)
MA(t) (7 ()2 S5 (¢, x(2))

+ M) o’ (t) — M(¢) o0 27

a)A(t) =—

E(t,x(z(2))) + M@) (r,@)m(®)"

Using the fact that F(¢,x(t(£))) > q(£)x” (z(£)) and x(¢) is increasing on [T, 00) 1, we get

w™(8) < -M(D)q(t) + M) (r(OHm(D)) "

MA@ (& (8)" S5 (¢, x(2))
S () — M(t) PR P

(3.9)

Now we consider the following two cases.
Case 1: If 0 < y <1, then it follows from x*(¢) > 0 and Lemma 2.6 that x° () > x(¢) and

1
(7 ©) = ya) [ (" @)+ (1 ato) ™

> yxt t)/ (hx(8) + (1 - hx(t)) dh
=y () "% (0). (3.10)

By (3.9) and (3.10), we have

w™(£) < -M(D)q(t) + M) (r,(Om(D))"

MA@ x2(8) 277 () 83 (¢, x(t))
* 0 (1)~ y M) 0T e (3.11)
It follows from Lemma 2.5 that
x4(t) _ 5T X0 (6 T)
siex@) "0 sl aa) 51

2 ( [ft s)As]%

x7 (t) 7u(£)
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Then

X2 (0) ;_1(t)sn(t,x(t))(sﬁl(t,x(t))>1_y X2 (0)

#0 7 (t) (1) Sn% (t, %(t))

L St (b)) ( </;°° q(s)As) %)W 92(6,T)
=Ty

(t) xyo(t) rn(t) Vl(t)
Dot T) ([ 589 (6, 1(0))
> "0 ( /t q(s)As> TP (3.13)

Combining (3.11) with (3.13), we get

w™(t) < -M(D)q(t) + M) (r,()m(0)) "

ME(D) 96, T)[ [ 87 x(0) )2
+M"(t)w (&) —yM(t) 0 |:/t q(s)As] < 7o) ) (3.14)

Case 2: If y > 1, then it follows from x*(¢) > 0 and Lemma 2.6 that x° (£) > x(¢) and

1
(#@)" = yx"(® f (ha (£) + (1= h)x(e))” ™ dh
0

1
S / (ha(®) + (1 - W)x(0))” ™

=y (x) 72 (®). (3.15)
By (3.9) and (3.15), we have

w™(t) < -M(D)q(t) + M) (r,()m(0)) "
MA(t) x(2) S (¢, x(¢))

F e O MO (3.16)
It follows from (3.12) that
X2 Sutx®) [ x) T X%
CERC (si(t,xu))) 57 (6(0)
Sy 4
> (%2, 7)) ﬁzr(lt(t)T ) S;(fa’(cg ) (3.17)
Combining (3.16) with (3.17) gives
W™ (t) < ~M(£)q(t) + M() (ra(Om(D))"
+ ﬁjg o () - y M(2)(91(2, T)) ™ m;it(t)T ) (S;(:,,J(Cg ) >2. (3.18)
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Noting that the definitions of n(¢t, T'), ¥ (¢t, T) and (¢, T). It follows from (3.14), (3.18) and

the fact
SIta) ') o
o e O
that for y > 0,
A ﬁ(t! T) o ]/M(t)ﬂ(t, T) o 2
w(t, T) <-w (t) + Mo (t) w (t) - W(a) (t)) . (3.19)

Multiplying both sides of (3.19), with ¢ replaced by s, by G(Z, s) and integrating with respect
tos from T to t (¢ > T), one gets

/T Gty (s, T) s < / G690’ (5) s + fT t %'B(S’T)w“(s)As
/ YGULIMONG.T)
r ns)(Meo(s)?

?(s))* As.

Integrating by parts and using (3.1) and (3.2), we have

' N LGB T)
/TG(t,s)w(s, T)As < G(t, T)a)(T)+/T G~ (t,s)w (s)As+/; T(s)w (s)As
Ly G(t,s)M T
_/T Y (t(s))( §277)()52 )(w”(s))zAs
_ g(ts) o
= G(t, T)w(T) + / [ G ()\/ ()G(2,8)w° (s)
y G, s)M(s)n(s, T) ,
" ewrey @) ]AS
< G(t, T)o(T) + /[gQ”J
T
G(t, T
- ﬁfé)fffifﬁi )(‘”U(S))Z]AS‘ 20
It is easy to check that
g-(t,5) _yGEs)Ms)n(s,T) . 2
o (5) ¥ MOGES) noarer @)
_&9)n(s)  yMs)n(s, T)< oo &6 S)M (s)ri(s ))
e ey e e CACCE R Ly e v
which implies

M"( ) r(s)(M? (s))? - 47/ n(s, )

Combining (3.21) with (3.20), it follows

<w(T),

22 (6,8)r1(s)
tT) [G(t )Y (s, T) - :| s

4)/77( T)

Page 10 of 19
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which contradicts assumption (3.3). Thus every solution x(¢) of Eq. (1.3) is either oscilla-
tory or tends to zero. The proof is completed. O

Theorem 3.2 Assume that (2.1) holds. Furthermore, suppose that there exist H,h €
Ca(D,R) with H® € C,q(D,R) such that

H(t,t)=0 foranyt>ty and H(,s)>0 foranyt>s=> 1, (3.22)

where H®s is the A-partial derivative with respect to the second variable, and there exists
a delta differentiable function M : T — (0, 00) such that

A Y
H(t,5) + H(t,5) T/P 8 - - j’;ﬁ (Z)) (M@H(,9)7T  fort>s >t (3.23)
and
. 1 g B (8, s)r] (s) _
for all sufficiently large T, where
h_(t,s) = max{0,-h(t,s)}. (3.25)

Then every solution x(t) of Eq. (1.3) is either oscillatory or tends to zero.

Proof Assume that Eq. (1.3) has a nonoscillatory solution x(¢) on [ty,00) r. Then, with-
out loss of generality, there is a T > £y, sufficiently large, such that x(¢) > 0 for £ > T. By
Lemma 2.4, there are two possible cases:

(1) Si(t,x(t)) >0 foranyt> T and 0 <i<n.

(2) limy_ o0 x(2) = 0.
If case (1) holds, then set

A
ot -0 S o (S22 520

By (3.9), we have

A M) (7 (£)) S5 (¢, %(t))
W (8) = =MO(e) + 3 e (O - M) === 20
M2 M(t) ()"
<-MOq) + R -5 ORIRe ®). (3.27)
It follows from Lemma 2.6 that
1
(" ()" = yx* (@) / (hx () + (1= hx(®))” ™ dh
0
y &7 (@) xR () ifo<y <1, (3.28)

y@(@) a2  ify =1
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Case 1. If 0 <y <1, then

MA2(p) M) x2(t) x7° (t)

A o o
™ (t) < -M(t)q(t) + 0 (t)_yM“(t) 0 70" (). (3.29)
Case 2. If y > 1, then
X M MO 50
™ (t) < -M(t)q(t) + 0 -y M0 20 (). (3.30)

Noting that x° (¢) > x(t), we have

MA@ ® M(t) x2(t)
Mo T M x)

w®(t) < -M(t)q(t) + o’ (b). (3.31)

By (3.12), we obtain

MO oy —y MO 22(6T) 51 (6.4(0)
Mo (1) M) ) o)
MA(©) M) (8, T)

w0 T arey e

w®(t) < -M(t)q(t) +

o (2)

< —M(t)q(t) + (@ ()", (3.32)

where A =1 + % Multiplying both sides of (3.32), with ¢ replaced by s, by H(t,s) and inte-
grating with respect to s from T to ¢ (t > T), one gets

M*(s)
Mo (s)

M(s)Da(s, T) , o, \\2
/ PHE) G ey O 28

/tl-[(t, S)M(s)g(s)As < —/tH(t, S)w?(s)As + /tH(t, s) @’ (s)As
T

Integrating by parts and using (3.22) and (3.23), we have
t t
/ H(t,s)M(s)q(s)As < H(t, T)w(T) + / H?”(8,5)0° (s)As
T

/H(ts G ()a) 7 (s)As

/ VH(t, )M(Swsr’z))( 7(5))" As

‘T h
SH(t,T)a)(T)+/T[ A;i())(M(S)H(t S))y+1 @ (s)

M(s)02(s, T) , o, \\&
VA e e ) }AS

(¢, 1
H(t, T)w(T) + /T |: Mit(:)) (M(S)H(t,s)) 07 (s)

M(S)ﬁZ(S! T) o A
- yH(t,S)m(w (S)) }AS. (3.33)
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Write
H(t $)M(s)0(s, T) \ b))
A)\ — o , B)\. 1 - 1 .
rn (S)(Ma (S))A (w (S)) )\V % 192% (S, T)
It follows from Lemma 2.7 that
h_(t,s) 1o M($)92(s, T) , . \a hY (¢, $)r! (s)
Ao(e) MOH )"0 6) =y Hits) oo (@0 O) = st 6 1y

Combining the above inequality with (3.33) gives

hY (¢, 8)r] (s)

/[M“MwH“”"W+DWWﬂaﬂ

:|As <H(t, T)o(T),
T
which implies

1
HtT)

hr (8, s)ry (s)
C(y +)r19) (s, T)

/«t [M(S)q(s)H(t, s) ]As <w(T),
T

which contradicts assumption (3.24). Thus every solution x(¢) of Eq. (1.3) is either oscil-
latory or tends to zero. The proof is completed. d

Theorem 3.3 Assume that (2.1) holds. Furthermore, suppose that for all sufficiently
large T,

o0
limsup 9/ (¢, T)/ q(s)As>1 (3.34)
t

t—00

holds. Then every solution x(t) of Eq. (1.3) is either oscillatory or tends to zero.

Proof Assume that Eq. (1.3) has a nonoscillatory solution x(f) on [£y,00) . Then, with-
out loss of generality, there is a T > £, sufficiently large, such that x(¢) > 0 for t > T. By
Lemma 2.4, there are two possible cases:

(1) Si(t,x(t)) >0 foranyt> T and 0 <i<n.

(2) limy_ o0 x(2) = 0.
If case (1) holds, then using the fact that Sf(t,x(t)) < 0, we obtain

S,,(t,x(t)) > /mF(s,x(r(s)))As > x” (t) /00 q(s)As,

which implies

/m q(s)As < <M)y (3.35)
¢ x(t)

Combining (3.35) with (3.12) gives

(¢, T) /00 q(s)As <1.
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Therefore

limsup 9 (¢, T)/ q(s)As <1,
t

t—00

which contradicts assumption (3.34). Thus every solution x(£) of Eq. (1.3) is either oscil-
latory or tends to zero. The proof is completed. d

4 Examples

In this section, we give some examples to illustrate our main results.

Example 4.1 Consider the following higher-order dynamic equation:

SE(6,x(0) + LaP(x(0) =0, tedt>2, (4.1)
t3
where n > 2, y =3, p is a positive constant, Si(t,x(¢)) (0 < k < n) are as in Eq. (1.3) with
ru(t) =3, r,1(t) = -~ = r1(f) =1 and 7 is defined as in (Hy). If p > %, then every solution
of Eq. (4.1) is either oscillatory or tends to zero.

Proof Note that

t 1 % tl
/ As:/ -As=log,t—1— 00 (t— 00),
to rn(s) 2 S

OOAS [e¢]
/ :/ As=o00 forl<i<mn-1
to ri(s) 2

and

/tow mi(s) {/ Oo [r,iu) /uoo Q(V)AV] %A”}AS
TR e e

Take M(¢t) = t, m(t) = %4 and G(t,8) =1if t >s>2 and G(¢,¢t) =0 if ¢t > 2, then

_p 1 36 T)
vt = RIS RPET
B, T)=1+ —6sn(s, D

o(s)

Page 14 of 19
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and

1 6sn(s, T)
g(t,S) = _ﬁ(l + W)

Note that 9,(t, T) = f;[%] 7 As = f; 1As=log, t —log, T. It is easy to see that
lim 9,(¢, T) = lim 94(¢, T) = lim 9,(¢, T) = oo. (4.2)
t—00 t—00 t—00

From (3.4) and (4.2), we can find T* such that n(¢, T) > 1 for all £ > T*. Therefore we have

that if p > ﬁ, then

1
lim su
t— oop G(t; T)

t p 1
=limsup/ |:—1—7]As
oo JT L3 128n(s, T)

1Y .. |
> 'O_ﬁ lim sup —TAs

t—00 T* §3

22(t,9)n(s) } As

fT [G(t’ WD) = D)

= OoQ.

Thus conditions (Hs), (2.1) and (3.3) are satisfied. By Theorem 3.1, every solution of Eq.
(4.1) is either oscillatory or tends to zero if p > ﬁ The proof is completed. O

Example 4.2 Consider the following higher-order dynamic equation:

SE(Lat) + a3 (x(e) =0, te2bt>2, (4.3)

A
w\-s>|b

where n > 2, y = %, Sk(t,x(t)) (0 <k < n) are as in Eq. (1.3) with r,(¢) = t%, rne1(t) = t%,

Tu_a(t) =---=r1(£) = t, T is defined as in (Hy) and p is a positive constant. If p > %, then

(3)3
every solution of Eq. (4.3) is either oscillatory or tends to zero. :

Proof Note that

1 1.1

r 1 v t1 ti—21
/ —_ As:/ —As=— — 00 (t— o0),

to L7n(8) 2 s 2% 1

| 1 ti 24
/ As:f —As=—; -0 (t— o0),
4 2

0 Fn-1(8) s% 22 —1

It

| 1
/ As:/—As:logzt—l—M)o (t—>o0)forl<i<n-2
to ri(s) 2§

and

/: rn—ll(s) {/soo [rnzu) /:o q(V)AV] % AM}AS
LHITEL 5] e
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o \? [®1([™1
1-273 2 s s us
3

1
2
o\ 1 £ —23
= : T lim —
1-273/ 1-2"2t>* 221
=0oQ.

Note that

S e | A e A
(¢, = . -
T r(un1) L/ r3(tn2) T Tno1(u2)
3
u 1 2
X |:/ AL{11| Abt21| o ]Aunz}Aunl
T rn(ul)
[
=
on=27 Uy_1 on=37 Uy_2
3
X |: . |:/ |:—1/ _lAul] AMZ] "':|Aun—2]Aun—1
2T u§ T uli
[ |
>
on-27 Uy_1 on=37 Uy_2
3
X |: . |:/ |:—3(I/t2 - T):| AM2:| . ~1|Abtn2:|AI/£n1
2T §

> (%)E (£-2"7T). (4-4)

Pick T, > T > 0 such that

1
[(3y=3(c—2w2T)]3

| —

1
- =

1 =
3t

fort > T,.

N

Take M(t) = t and H(t,s) =1 for t >s > 2 and H(¢t,t) = 0 for £ > 2, then

1
h(t, S) =
S5
Therefore we have that if p > ﬁ, then

(5)3

i 1 t hY 1, s)r] (s)
s e ) /T [M(S)"(s)H(t’ ) ol T)]
. To 1 ]
-1 L A
l?iigp/T L% (3)3[E)y-1(s— 20215 ’

t—o00 Ty §2

(oo
>p- = ) limsup —As
(3)3
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(o

= OQ.

) (T}
limsup ————

)3/ e 23 -1

—

2
3

Thus conditions (Hs), (2.1) and (3.24) are satisfied. By Theorem 3.2 every solution of Eq.

(4.3) is either oscillatory or tends to zero if p > % The proof is completed. d

(33
Example 4.3 Consider the following higher order dynamic equation:

0
to(t)

So(t,x(1)) + & (t() =0 (4.5)

onan arbitrary time scale T, where n > 2, y > 1is the quotient of two odd positive integers,
p is a positive constant, Si(t,x(¢)) (0 < k < n) are as in Eq. (1.3) with r,(£) = 1, r,_1(¢) = t%,
Fpoa(t) = --- = ri(t) = t and 7 is defined as in (Hy). If p > 2¢*"D7*1 then every solution of Eq.
(4.5) is either oscillatory or tends to zero.

Proof Note that

/ [ ] AS = / As = 00,
to rn(s) to

R | |
/ As:/ —As=00
to rn—l(s) to sV

and

o0 o0
1 1 ,
As = -As=00 forl<i<n-2.
to ri(s) to S

Pick that ¢, > ¢, such that f;;* X-As>0, then

sY

1

/: — {/ Oo [nju) /um q(”)”] y A”}As
UL ] e
{

1 f*1 *© 1
z(p)V/ - / —AupAs
to 57 s u?

1 (=1 S |
Z(p)y/ —IAS/ —TAu
to 57 Sx u?
= 00.

1
Using arguments similar to that of (4.4), it is easy to see that (¢, T) > (%)”_1+7 (t=2"17).
Therefore we have that if p > 2097+ then

) y 00 1 (n-1)y+1 ' (t - on-1 Ty 1 (n=1)y+1
limsup vy (¢, T) q(s)As>p 5 limsuyp—— > p| = > 1.
t

t—00 t—00 t 2
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Thus conditions (Hs), (2.1) and (3.34) are satisfied. By Theorem 3.3 every solution of Eq.
(4.5) is either oscillatory or tends to zero if p > 2""-D7*1, The proof is completed. O

Example 4.4 Consider the following third-order dynamic equation:

ApA1s | Bt[(42% +182 +19)(2 + 1) + (427 + 102 + 5)(¢ + 3)] _
[(x2()"]" + D+ D03 x(3t)=0 (4.6)

onN={1,2,3,...}, where n =2, y =1, rp(t) =1, r1(t) =t and ©(¢) = 3¢ for any t € N. It is
easy to see that conditions (H;)-(Hs) are satisfied and x(¢) = # is an oscillatory solution
of Eq. (4.6), which tends to zero as ¢t — oco.
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