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Biil‘fggsg&giﬁ?ﬁgﬁ;ﬁ:&?& Measles remain to be an important global public health issue in China. In spite of
Beijing, 100124, China large coverage rates of the first dose of Measles mumps rubella (MMR) combination
Full list of author information is vaccines (MMR1), large numbers of measles cases continue to be reported in China in
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vaccine dose (MMR2). This paper is devoted to modeling the combined effects of
MMR1 and MMR2 coverage rates on the controlling of measles. To do that, we
propose and study a robust time-delayed compartment measles infection model
where MMR2 is followed after a fixed time interval of MMR1, and the combined
elements of infection and mass immunization are also considered. By using the
methods of Lyapunov functional and the uniform theory for infinite-dimensional
dynamical systems, a threshold dynamics determined by the basic reproduction
number Ry is established: the measles can be eradicated if Ry < 1, whereas the
disease persists if i > 1. Moreover, it is shown that the endemic equilibrium is locally
asymptotically stable once iy > 1. Numerical simulations are performed to support
the theoretical results and to consider the effects of MMR2 on the controlling of
measles. Our results show that to eliminate measles in China, we should have MMR1
coverage rates larger than 88.01% based on perfect MMR2 coverage, and have MMR2
coverage rates larger than 92.63% based on perfect MMR1 coverage; Moreover, our
simulations suggest that there is a risk that paradox of vaccination against measles in
China may occur: that is, the final size of infected individuals may even increase in
spite of the increase of MMR2 coverage rates.
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1 Introduction

Measles is one of the most contagious viral diseases, spreading especially rapidly in pop-
ulations that are dense and/or exhibit low immunity [1, 2]. In 1963, the United States ap-
proved measles virus vaccine (MV), and in the 1970s, MV were widely applied in other
parts all around the world [3, 4]. The vaccine can provide with protection longer than
20 years, and its immunity can be seen as life-long time, the efficiency of the vaccine
reaches above 80% [3, 5]. Because the antibodies produced by the vaccine are interfered
by maternal-transferred one, the efficiency of vaccine, which reaches 95%-98%, improves
after six months and reaches the peak when the infant becomes 12-15 months old [5,
6]. In the late 1980s, most countries have listed measles vaccine to their regular immune
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plans, and the coverage of the vaccines sees a huge improvement. In 1990, reported cov-
erage of measles vaccine for 2-year-olds has taken up 70% of all infants under 2 years old
[2, 6]. Since 1990, in World Heath Organization (WHO) Americas, plan on eliminating
measles has reduced cases by 99% and higher, and the cases for death are close to zero
[4, 7]. Strategies for the plan include maintaining a high coverage rate by carrying out
children’s vaccine plan. In WHO West Pacific, and WHO Africa, WHO Europe, WHO
East Mediterranean, and WHO Southeast Asia, controlling on measles has also made big
process [7, 8].

In China, the national Expanded Program on Immunization (EPI) of a 2-dose monova-
lent MV schedule was implemented in 1986, with the first dose of vaccine at 8 months
(monovalent attenuated vaccine, HU-191 or CHANG-47 strain) and the second dose at
7 years of age average [1, 5]. In 2006, the national committee for measles elimination of
China executed the National Measles Elimination Plan (NMEP) [7, 9], which includes the
MMR? is to be administered at 18-24 months, and all measles vaccinations are free of
charge. Although China has made great progress in measles control in the framework of
the NMED, its reported rate of measles was 28 cases per million in 2010, still far above
the WHO’s recommended rate of one case per million [2, 10, 11]. The key contributors
of measles outbreaks in China include the mobility and complexity of population, the age
structure changing of measles cases and the own limitations of MV, which induce the re-
currence and epidemic of measles. Especially in the communities of floating population
where coverage rates of MMR1 and MMR?2 are much lower than the national average rates
[2,12], the measles rate continuously increases or keeps at higher level [7, 12]. Besides, the
efficiency of vaccine cannot reach 100%, many children have never been vaccinated and
are still susceptible to measles, and a small number children are susceptible because of the
primary immunity fail [6, 13].

For the overall world, WHO suggested an MMR2 based on MMRI to ensure the validity
of immune and the prevention of the breakout, and WHO proposed the plan to achieve the
regional measles elimination goals in 2015. However, new data show that overall progress
toward increasing global immunization coverage has stagnated in recent four years and
the 2015 measles elimination goals set by WHO Member States will not be achieved on
time [7, 14]. Furthermore, comments on MMR?2 are different both domestically and inter-
nationally, and problems are also exposed for the monitoring and management of measles
cases, which include miss out of case report, error for case report, lack of enough infor-
mation put monitor, and control on measles breakout of very difficult situation [7, 12].
Although the total of measles cases in some regions had gone down, measles still breaks
out in other countries such as Angola, Ethiopia, India, Russia, and China. Therefore, the
problem on the effects of MMR on measles prevention has attracted many studies in re-
cent years, including works via mathematical model [15-19]. Baucha et including works
via mathematical model [15-19]. Baucha et al. [20] developed an age-structured MSEIRV
compartmental model, whereby individuals are allocated into one of a number of mutu-
ally exclusive categories based on their epidemiological status and age. Babad et al. [15]
employed a discrete age-specific mathematical model to predict the impact of measles
vaccination in England and Wales. Motivated by these interesting works, in this paper,
we introduce a discrete time delay to describe the fixed time interval between MMRI1 and
MMR?2, and we consider the effects of MMR2 on the measles prevention in China. Our
study seems to be the first attempt in applying the structured model with time delay to
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addressing the dynamical changes of those susceptible and those MMR1 during the time
interval between MMRI and MMR2.

The rest of this paper is organized as follows. In Section 2, based on the epidemic model
of SIR, we formulate a structured mathematical model to examine the effects of MMR2
on measles prevention. In Section 3, we identify the basic reproduction number and es-
tablish a global threshold dynamics for our model. In Section 4, we conduct numerical
simulations to confirm our analytical results. We conclude this paper in Section 5 with a

summary and discussion.

2 The model

In this section, we model the combined effects of MMRI1 and MMR2 coverage rates on
the controlling of measles in China. Without MMR, our model is based on that of SIR
epidemic model with susceptible-infectious-recovered structure and bilinear incidence.
Before giving our mathematical model, we make the following assumptions:

+ We assume that the measles infections only occur among the children aged less than
14 years old since most of the reported measles cases in China are at the age of less
than 14 years [7, 10].

« For the infants N at the age of less than 8 month, they are maternally immune to
measles. We assume that they have constant birth and death rates. Moreover, when
they survive at the age of 8 months, they receive MMR1 with constant vaccination
rate p1m to get MMR1-induced immunity for measles, where p; is the effective rate
for MMR], and #; is the injection rate for MMRI.

« For those vaccinated individuals with MMR1-induced immunity, that is, V3, we
suppose they are always immune to measles before the MMR2 scheduled time and
they has constant death rate d’; moreover, we assume that there is a fixed time interval
T between the MMR1 and MMR2 scheduled time [1, 2].

« For those the infants N who do not receive MMR1 at the age of 8 months, or who get
MMRI failure, they are assumed to lose the maternal immunity and become the
susceptible compartment S to measles unless they receive MMR?2 in future. From our
assumptions it follows that the covering rate of these infants is 1 — p; ;.

« Since the incubation period of measles is only from 9 to 12 days, which is too short
compared with the whole immunity period of 1.5 years, the effect of incubation period
on the measles immune control is ignored.

« Those Vi who survived in the fixed time interval T take MMR2 with constant
vaccination rate pa1, to get MMR2-induced immunity for measles, where p, is the
effective rate of V4 for MMR?2, and 7, is the injection rate of V; for MMR2.

To calculate the surviving probability, we have that V;(¢) satisfies the following

equation for all £ between the age of 8 month and 8 months + :

avi(t)

=-d'Vi(?),
I 1(8)

and thus we have Vi (¢ + 1) = Vi(£) - €97, and we get the surviving rate
Vit +7)/Vi(t) =e 4",
« Those V; who do not receive MMR?2 at scheduled time or who get MMR? failure

become the compartment V; with waning MMRI-induced immunity.
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« The vaccinated individuals with MMR2-induced immunity, that is, V5, are always
immune to measles before they become 14 years old.

+ Those S who survived at the period before MMR2 scheduled time have constant rate
5175 to get MMR2-induced immunity for measles, where p} is the effective rate of §
for MMR2, and ) is the injection rate of S for MMR2.

To calculate the surviving probability, we have that S(¢) satisfies the following

equation for all £ between the age of 8 month and 8 months + t:

ds(t)
= = =ds(0) - BS(I(0),

thus, we have
S(t+1) = S(t) - e Jiel@+pDdo

so that the surviving rate is S @BlI@)do \hich is the probability remaining for
susceptible persons.

Based on these assumptions, a flow chart of measle infection model with MMR1 and
MMR? is sketched in Figure 1, where N; means N (¢ — 7). Variables and parameters are
summarized in Tables 1 and 2, respectively.

Based on the flow chart in Figure 1, we obtain the time delayed compartment measles in-
fection model with both MMRI1 and MMR2 models, which takes the form as the following

Figure 1 Flow chart of the secondary routine
dose in measles vaccination.

7 et

(MMR2)

Table 1 Variables of the models given by assumptions

Symbol Definition

S Number of susceptible individuals (between the age of 8 months-14 years)

/ Number of infected individuals (at the age under 14 years)

R Number of recovered individuals (under the age of 14 years)

Vi Number of vaccinated individuals with MMR1-induced immunity (between the age of
8-24 months)

V5 Number of vaccinated individuals with MMR2 (between the age of 18 months-14 years)

Vi Number of individuals with waning MMR1-induced immunity between the age of 18

months-14 years
N Number of new born susceptible individuals less than 8 months old
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Table 2 Parameters and values used in assumptions

Symbol Definition Range Baseline  Unit Reference
N Total population - Xo/(d +1)  People [21,22]
Ao Birth rate - 20.75 People Years™ [21,22]
d Nature death and mature rate - 0.069 Years™ [21,22]
B Infection rate for S 0.08-0.3 0.1 People™ Years™'  [23,24]
B Infection rate for V; 0.0088-0.099 0.011 People™ Years™'  [23,24]
y Recovery rate 0-1 09 Years™! [22,25]
S The proportion of \7] degeneratedinto S 0.02-0.05 0.02 Years™! [2,6]

d Childhood mortality rate - 0.00743 Years™ [21,22]
i Injection rates for MMR1 0.723-1 091 - [1,2]
2 Injection rates of V; for MMR2 0.3-1 - - [1,2]
7 Injection rates of S for MMR2 0.3-1 - - 1,2

T Time interval between MMR1 and MMR2 ~ 1.3-1.5 15 Years [10,11]
01 Effective rate for MMR1 0.724-1 0.98 - [13,26]
) Effective rate of V4 for MMR2 0.857-1 0.94 - [13,26]
05 Effective rate of S for MMR2 0.857-1 0.94 - [13,26]
system:

dl:i[t(t) =i —d'N - pymN — (1 - pym)N,

B = (11— pumN + 873 — (1 - pum)pynyNeelir @804 _ g — g,

4D — BSI + VAL - yI —dI,

RO~ yI-dR, 1

dV1

= pimN = pim panaNee ™ — pim (1 = pama)Nee ™ —d'Vi,
20— iy pansNee ™ + (1— pim) pynyNee Jie@bDdo _ gy,
d\;lt(t) = pim(1 = pama)Ne ™ —8Vy —dVy - /AL

Since model (1) is rather challenging in analysis, we would just consider its reduced case.
According to Zhao et al,, the infection rate g’ of Vi is much smaller than B [23, 24], and
hence we may ignore the infection of V; by denoting A’ = 0; then from system (1), we
have that dN t) Ao—d'N—pimN — (1 —=pim)N =ro —d'N — N, lim;_, oo N(£) = Ao/(d' +1).
Denoting

Ao

N:(d’+1)

and using the limit system theory engaged in [27, 28], we have that the asymptotical dy-

namics of system (1) is equivalent to that of the following limit system:

450 _ N(1 - i) + 577 — N(1 - pum) pynye i< @sBDdo _ gs _ gsy,

= BSI - yI—dI,
dR— =yl -dR,
dV d " (2)
WO ~Npyp —~Npime™ —d'Vy,
dV2

4 _— ; t
20 = Npimipame™ + N1 - pim)pynpe e @+BDde _ gy,
dvl =Noim(1 - pamp)e ™ —8V; —d V.
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For system (2), we get

pimi(L—e™)

N Noim(l - e
lim Vi (6) = , o1 (1 — pan2) '
t—00 4

S+d

lim Vi(¢) =
t—00
To obtain the asymptotical dynamics of system (2), we only need to consider its subsystem

i ~ _rd —
%(tt) =N(1-pm) + tSNmm(lB—Jrﬂ;nz)e -NQa- pml)pén/zeiftt,r(d+ﬁl)da —dS - BSI,

49— BSI—yI-dI ®
e~ —yi—al
Letting
_ SNpim (1 — pana)e™™ — o
A=NQ1-pm)+ S 212 ) B=NQA-pim)posnye™,
S+d
system (3) takes the form

dS0) _ 4 _ Be[SpIto)do _ gg _ g, W

49 — BSI - yI-dI.
Next, we consider the asymptotical behavior of (4).

3 Mathematical analysis
In this section, we analyze the stability of system (4).

3.1 Positiveness and boundedness of solutions

Throughout this paper, we set ¢(0) € C for -t <6 < 0, with norm ||¢|| = sup_, -, [$(0)]
for ¢ € C. The nonnegative cone of C is defined as C* = C([-7, 0], R,). The initial condi-
tions for system (4) are chosen at £ = 0 as

(5(0),¢) €R, x C*,  S(0) > 0,¢(0) > 0. (5)

Let X(¢) = (S(¢),1(2)) be a solution to system (4), Using similar methods to [29, 30], it is
clear that it suffices to verify that the set X(¢) is positively invariant for system (4).

Proposition 1 Let X(t) € R, x C* be the solution of system (4) with the initial condition
(5). Then S(t) >0 and I(t) > 0 for all t > 0.

Proof By the second equation of (4) we have I(t) = I(O)efé(f’s""d)d" >0 forall > 0. From
the first equation of (4), noting that A > B, by similar arguments we have S(¢) > 0 for all
t>0. g

Proposition 2 Let X(t) € R, x C* be the solution of system (4) with the initial condition
(5). Then S(t) and I(t) are ultimately bounded.

Proof For system (4), we have S(t) <A -dS, t > 0, and thus lim SUP;_, .o S(t) < Ald. By
constructing the similar function W = § + I and using similar arguments to [29, 30], we
can prove that (4) is ultimately bounded. Thus, we get that I(¢) is eventually bounded. [J
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3.2 The equilibria
It is easy to see that system (4) has a unique disease-free equilibrium

A-B NQ - 1-pinbe™)  SNpin(l— —td'
EO:(SO,0)=< ,o):( ( plm)(d Py )+ plmé(hp;;n)e ,o)

To prove the existence and uniqueness of endemic equilibrium, we identify the basic re-
production number. Following the method and notation of [31] and [32], we obtain that

the basic reproduction number for system (4) is

BSo _ BN —pum)(1 - pymse™)  BNSpim(1- para)e ™
y+d d(y +d) d(y +d)(8 +d) ’

No =

which decreases with the increase of 13, n). Therefore, we can reduce Ry by increasing

the probability of secondary vaccination 75, 1.

Proposition 3 If Ny > 1, then system (4) has a unique endemic equilibrium

E*=(8%,1%) = <";d,1*),

and I* satisfies f(I*) = 0 with

f(I)=A—-Be Pl —ds*— gs*I = 0.

Proof Note that f'(I) = frBe I — BS*. Letting f'(I) = 0, we have

1 B
I: —lnr— éIl>0.
Bt S*
Thus, it is easy to see that f(/) is decreasing when I > I; and increasing when I < I;. Recall-
ing that Ry = :2—3, we have f(0) = d(Sp — §*) > 0 for Ny > 1; moreover, f(I) < 0 as [ — +o0.
Hence, we get that the equation f(I) = 0 has a unique positive solution I* > I;, which proves

the proposition. d

3.3 Mainresults
In this section, we consider the asymptotical dynamics of system (4). We will construct a
Lyapunov functional, and using the LaSalle-Lyapunov theorem, we will study the charac-
teristic equation of system (4).

We obtain the local stability of a steady state of (4) by linearization. We linearize system
(4) and obtain the characteristic equation evaluated at the infected steady state [33], given

by the following determinant:

c+(d+Bl) BS-BBe P [° et do| 0
-BI (-BS+y+d |
where ¢ is an eigenvalue. We have the following results for the disease-free and endemic

steady states.
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Theorem 1 The disease-free equilibrium Eq = (So,1o) is globally asymptotically stable
when Ng < 1 and unstable when Ry > 1.

Proof The characteristic equation of (4) at the infection-free steady state Ej is
P(¢) = (¢ + D¢ +(y +d)(1- )] =0. ©)

Thus, from (6) we get that E; is locally asymptotically stable when Ny < 1 and unstable
when g > 1.
Define the Lyapunov functional

S
WZS—S() —S()ln— +1.
So
Then it is obvious that W (¢) is defined and continuous for all ¢ > 0, S(¢),1(¢) > 0, and
W(t) = 0 for all £ > 0 with W(¢) = 0 only at Ey. The time derivative of W(t) along the
solution of (4) is given by

dw ..
v =(1_&)5+1
$-So — ror(—de [t _(d+Bl)dt
=~ [d(So = 8) + N(L= pim)pymj (e — el ) - BSI]
+ BSI—(y +d)I
d 2
=—§(S—50) +(y +d)I(Ry - 1)

dr _ g firtaspnany S~ 5o

+ N1 - pim)pyns (e S

From Proposition 2 we see that S < S, for sufficiently large . Thus, the function ‘il—vf )
is always nonpositive for any functions S(£), I(t) > 0 when 9y < 1, and dstV l@a) = 0 ifand only
if S = So, I = Iy. By the LaSalle-Lyapunov theorem ([34], Thm. 3.4.7), the largest compact
invariant set of {F = dd—‘y |4y = 0} is the singleton point Ey. Thus, we conclude that E, is
globally attractive in F. From the above we see that the disease-free equilibrium E, =
(So,0) is globally asymptotically stable when Ry < 1. This completes the proof. O

By applying the methods and techniques of persistence theory introduced in Zhao [28]
for infinite-dimensional systems, which have been recently employed in [29, 30, 35], we
have the following:

Theorem 2 Suppose the basic reproduction number Ry > 1. Then system (4) is uniformly
persistent, that is, there exists a positive constant € > 0 such that every solution (S(t),1(t))
of (4) satisfies liminf;_, » I(t) > €.

We omit the proofs for Theorem 2 since they are very similar to those for [29], Thm. 5,
[35], Thm. 2, and [30], Thm. 3.3; we refer the interested readers to these references.

Furthermore, by studying the stability of the endemic equilibrium of model (4), we have
the following:
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Theorem 3 The endemic equilibrium E* = (S*,I*) is locally asymptotically stable when
ER() > 1.

Proof At the infected steady state E* the characteristic equation of model (4) is given by

0
P(¢)=¢*+ (d+ BI)¢ + B2S*T* — BB*I*ePTT / e“do =0. 7)
Step 1. We prove that the roots of the polynomial P(¢) = 0 only have negative real parts
when 7 =0.
When 1 = 0, the characteristic equation reduces to

P() =%+ (d+BI*)¢ + B>S*T* = 0. (8)
Assume that ¢;, ¢, are two roots of equation (6), which implies that
§1+C2=—(d+ﬁl*) <0, C1§2=,325*1*>O,

and thus the real parts of roots of the polynomial p(¢) are all negative.
Step 2. We prove that ¢ = 0 is not a root for p(¢) = 0 for any v > 0.
Assume that ¢ = 0 is a root of the equation p(¢) = 0, which implies that

B2S*I* — BB I'e ' r = 0.

This equation implies that $* = Be™#"""¢, which contradicts the proof of Proposition 3.
Thus, we have that ¢ = 0 is not a root of p(¢) = 0 when 7 > 0.

Step 3. We prove that there is no imaginary root for the characteristic equation evaluated
at the infected steady state of system (3) when 7 > 0.

Assume that ¢ = iw is a root of the characteristic equation. Then we have

grsops _op BETE sinar
w
BB2I* —BI*t BB2I* -BI*t
+|:(d+/31*)a)+ ple _BpIe cosa)r:|i:0‘
w

This equation implies that

BB [*e PI't  BR2[*e P cos wt
(d+ﬁl*)w+ ple _Bs T _o
)

w

Thus,

BﬂZI*e—ﬂI*r
(d+ BI*)w+ BLETT

Bﬁzl*e‘m*f
w

COSwT = >1,

a contradiction, which shows that there is no imaginary root for the characteristic equa-

tion.
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With all these three steps, we have proved that as 7 increases from t = 0, the real parts of
roots for p(¢) = 0 cannot be zero; indeed, ¢ can neither be a zero root nor be an imaginary
root. Therefore, we show that the real roots of the polynomial p(¢) = 0 must always be

negative for any t > 0. This completes the proof. O

4 Numerical simulations
In this section, we conduct numerical simulations to confirm and extend our analytical
results.

Figure 2(a,b) confirms the results of Theorems 1-3, indicating that %y determines the
threshold dynamics of system (4). Figure 2(c) shows that given 1, = 1), the number of
infected individuals I decreases with the increase of 1, 1}, and that I will finally get elim-
inated when 7, and 75 are sufficiently close to 1. When 7 and 75 increase from 0 to 0.8,
the peak time is delayed. In addition, when n; = 1, = 0, Inax = 14.5 and I* = 8.912; when
N2 =Ny =1, Imax = 4.25 and I* ~ 0. The values of 7, and 7 have a very important impact
on the immune control of measles. Figure 2(a,b) also confirms the local stability of the
endemic equilibrium when Ny > 1 and the global stability of the free-equilibrium when
Mo < 1. This verifies the results of Theorem 1-3. From Figure 2(c) we know that I is more
volatile when changing the range from 15, 1} € (0.192,0.5) to 13, 1, € (0.8,1). The annual
reported incidence rate of measles is 287 per 100,000, that is, about 7.956 per 2772 (total
population N). Meanwhile the range of 7, is from 0.024 to 0.394 in Hefei City in 2009
[7]. The result is similar to that in Figure 2(c) with 7, = 0.192 and I = 7.954.

Figure 3 shows the complicated relationship between the final size of the infected I*
and the increase of MMR?2 rate 7,, based on different MMRI rates 1;. From Figure 3(a)
we find I* = 0 as (4) satisfies 1 = 1, 13 = 55 > 0.9263 or n; = 0.8801, 1, = 1) = 1. This
means that even if MMRI rate is 100%, then MMR?2 rate should be larger than 92.63%
to eliminate the measles. If the MMRI rate 7; is only 88%, then MMR2 rate has to reach
100%. This suggests that we should have MMRI coverage rates 1; larger than 0.8801 to
eliminate measles. From Figure 3(b) we get the following conclusions. First, it indicates
that if MMRI1 rate n; is rather small, then the measles could not be eliminated even with
large 1,. Second, it is shown that if n; is large enough such as 1; > 0.8 approximately, then
I* decreases with the increase of 1,, indicating the positive effect of increasing MMR2
coverage rate on the measles control. Third, if ; is rather small, say, n; = 0.4, then it comes
from Figure 3 (left) that I* will even increase as 7, increases from 0.3 to 1, which implies
some kind of paradox of MMR2 vaccination.

From Figure 4 we know that i, always decreases when 1, 1;, 1} increase. From Fig-
ure 4(a) we find that %y <1 when 1, =1, 13 = 55 > 0.9263 or 1, = 0.8801, 13 = 15 = 1, sug-
gesting that we must have MMR1 coverage rates 1; larger than 0.8801 to eliminate measles.
The calculation result shows that ity <1 when 1 = 0.95, 13 = 15 > 0.9623. Although we
have MMRI coverage rates 1; larger than 0.95 in most of China, MMR2 coverage rates
N2 = 0y < 0.9623 [3, 7], which is the reason that China has made great progress in measles
control in the framework of the NMEP, but it still far above the WHO’s recommended rate

of one case per million [2, 10, 11].

5 Summary and discussion
In this paper, we construct and study a robust time delayed compartment measles in-
fection model with combined vaccination effects of MMR1 and MMR2 implemented in
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Figure 2 Numerical simulations of system (4) showing S, I vs time t. (a) 1, =}, = 03, % = 6.8702 > 1;
(b) m2 =1, =099, Ry =0.9601 < 1.
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China. By using the methods of Lyapunov functional and the uniform theory for infinite-
dimensional dynamical system we establish the asymptotical behaviors for the model and
try to apply our results to investigate the effects of MMRI and MMR2 on the measles
control in China. We have the following conclusions:
+ Our Theorems 1, 2, and 3 show that the measles-free or measles-endemic only
depends on the basic reproductive number M.
+ The basic reproductive number Ry is a decreasing function on 1, that is, the coverage
rates of MMRI, and on 13, 13, that is, the coverage rates of MMR2 for V; and S. By



Li et al. Advances in Difference Equations (2017) 2017:89 Page 13 of 14

increasing MMR?2 rate we can reduce the basic reproductive number N, and achieve
the goal of control disease outbreaks by making fg < 1.

+ Our results show that to eliminate measles in China, we should have MMRI1 coverage
rates 71 > 88.01% based on 1, = 1, = 100%; on the other hand, for MMR?2, we should
have 7, > 92.63% based on 1; = 100%. A recent study on migrant children in east
China shows that the MMR2 coverage rates are 44.7% [2], which will surely result in
outbreak of measles.

+ We have also performed numerical studies of system (4). The parameter values are
taken mainly from [2, 22, 25, 35]. We can observe that system (4) has 13 parameters,
and discussing the impact of each in detail is neither relevant nor revealing. However,
as observed in the uniform persistence and stability conditions, the epidemiological
parameter S is also important and may provide significant variations in the system
dynamics.

« Interesting results from our simulations show that, given low coverage of MMR1 (say,
m < 0.7), the final size of infected individuals I* may even increase in spite of the
increase of MMR?2 coverage rates, indicating some kind of paradox of vaccination,
which had been found and studied in [36] for vaccination against avian flu epidemics.
A recent study in [2] on migrant children in east China shows that the MMRI1
coverage rates on these special groups are 0.769, which is close to 0.7, suggesting that
there is a risk that paradox of vaccination against measles in China may occur.

Finally, we see that there are many other valuable problems in this area. For example:
(1) We ignore the significant variance on MMR2 coverage rate for some different com-
munities [7]; (2) We ignore the influences of subsequent supplementary immunization on
measles control; (3) We ignore the influences of incubation period on measles control. We
leave these questions for our future work.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions

YL and JW performed the mathematical analysis of the model and also wrote and typeset the manuscript. SB, JT, SP, and
XX conducted the numerical simulations and discussions. YL proofread the final document. YL and JW formulated the
model. All authors read and approved the final manuscript.

Author details

Department of Basic Teaching and Research, Harbin Finance University, Harbin, 150030, China. *College of Computer
Sciences, Beijing University of Technology, Beijing, 100124, China. >School of Mechanical Engineering, Harbin University
of Science and Technology, Harbin, 150080, China. “School of Mathematical Sciences, Shenzhen University, Shenzhen,
518060, China. °School of Mathematical Sciences, Huagiao University, Quanzhou, 362021, China.

Acknowledgements

The authors would like to express their gratitude to the referees and the editor for their constructive, scientific thorough
suggestions and comments on the manuscript. This work is partially completed during Y. Lis visit to Harbin Institute of
Technology. She would like to acknowledge the hospitality received there and the support of Visiting Scholar Program by
the Department of Education, Heilongjiang Province.

Received: 22 October 2016 Accepted: 24 February 2017 Published online: 27 March 2017

References

1. Fu, C Xu, J, Liu, W, Zhang, W, Wang, M, Nie, J, Rudiger, vK: Low measles seropositivity rate among children and young
adults: a sero-epidemiological study in southern China in 2008. Vaccine 28, 8219-8223 (2010)

2. Hu, Y, Li,Q Luo, SY, Lou, LQ, Qi, XH, Xie, SY: Timeliness vaccination of measles containing vaccine and barriers to
vaccination among migrant children in East China. PLoS ONE 8, 1-7 (2013)

3. Sun, QY, Li, HQ, Xu, J: Effects of mass immunization campaign on the epidemiological characteristics of measles.
J. Evid.-Based Med. 10, 307-310 (2010)

4. Wang, ZX, Xu, B: The WHO opinion about measles vaccine. F. Med. Sci. Sec. Biol. Proph. Diagn. Ther. 28, 8-12 (2005)



Li et al. Advances in Difference Equations (2017) 2017:89 Page 14 of 14

5. Liu, WM, He, MY, Zhuo, F: Comparative study on immunogenicity of domestic measles-mumps-rubella combined
vaccine and measles vaccine. Pract. Prev. Med. 17, 1754-1755 (2010)

6. Wang, ZX, Xu, B: Can we eliminate measles in the world? F. Med. Sci. Sec. Biol. Proph. Diagn. Ther. 28, 12-13 (2005)

7. Huang, HY: The impact of supplementary immunization activities with measles vaccines on measles epidemic
features and immunization effects in Hefei City, An Hui. J. AnHui Med. Univ. 52, 8-52 (2014)

8. Fu, HY, Dong, YK: The effects of measles vaccine the rate of vaccination and related factors. J. Shandong Med. Coll. 32,
53-55(2010)

9. Ministry of Health of the People’s Republic of China: Action plan for national measles elimination plan from
2006-2012. http://wenku.baidu.com/view/b443959d51e79b896802263c.html (2006). Accessed 19 March 2016

10. Ma, C, An, Z, Hao, L, Cairns, KL, Zhang, Y, Ma, J, Cao, L, Wen, N, Xu, W, Liang, X, Yang, W, Luo, H: Progress toward
measles elimination in the People’s Republic of China, 2000-2009. J. Infect. Dis. 204(Suppl. 1), S447-5454 (2011)

11. Li, SH: A study of epidemiological characteristics of measles and its prevention strategy since the initiation of the
immunization program. J. Fudan Univ. Nat. Sci. 46, 7-10 (2007)

12. Shi, XH: Study on the immunization coverage of and the influencing factors for measles supplemental vaccine
among migrant children. Med. J. Chin. People’s Health 23, 2066-2067 (2011)

13. Tian, S, Liu, ZK: Immune effect of infants vaccinated with different titer lyophilized measles vaccine. J. Jilin Med. Univ.
32,2536-2537(2011)

14. Simons, E, Ferrari, M, Fricks, J, Wannemuehler, K, Anand, A, Burton, A, Strebel, P: Assessment of the 2010 global
measles mortality reduction goal: results from a model of surveillance data. Lancet 79, 2173-2178 (2012)

15. Babad, HR, Nokes, DJ, Gay, NJ, Miller, EP, Morgan, C, Anderson, RM: Predicting the impact of measles vaccination in
England and Wales: model validation and analysis of policy options. Epidemiol. Infect. 114, 319-344 (1995)

16. Wood, JG, Gidding, HF, Heywood, A, Macartney, K, McIntyre, PB, Mcintyre, CR: Predicting impacts of schedule
changes, waning immunity and vaccine uptake on measles elimination in Australia. Vaccine 27, 313-318 (2009)

17. Roberts, MG, Tobias, MI: Predicting and preventing measles epidemics in New Zealand: application of a
mathematical model. Epidemiol. Infect. 124, 279-287 (2000)

18. Metcalf, CJ, Klepac, P, Ferrari, M, Grais, RF, Djibo, A, Grenfell, BT: Modelling the first dose of measles vaccination: the
role of maternal immunity, demographic factors, and delivery systems. Epidemiol. Infect. 319, 265-274 (2011)

19. Yusuke, M, Hirofumi, I: Effectiveness assessment of vaccination policy against measles epidemic in Japan using an
age-time two-dimensional mathematical model. Environ. Health Prev. Med. 17, 34-43 (2012)

20. Baucha, CT, Szusza, E, Garrisonb, LP: Scheduling of measles vaccination in low-income countries: projections of a
dynamic model. Vaccine 27, 4090-4098 (2009)

21. Smith, RJ, Cloutier, P, Harrison, J, Desforges, A: A mathematical model for the eradication of Guinea worm disease. In:
Mushayabasa, S, Bhunu, CP (eds.) Understanding the Dynamics of Emerging and Re-Emerging Infectious Diseases
Using Mathematical Models. Transworld Research Network, pp. 133-156 (2012)

22. Central Intelligence Agency: the world factbook.
https.//www.cia.gov/library/publications/the-world-factbook/geos/ch.html. Accessed 9 August 2016

23. Zhao, Z,Ding, Z, Zhang, J, Xiong Q, Ning Z, Li L, Li Y: Epidemiological analysis of a measles epidemic in Miao village of
Maguan county. Chin. J. Vaccines Immun. 113, 447-450 (2007)

24. Xiong, CL, Chen, C, Shui, TJ: Analysis on risk factors for measles among 0-3 years old in Dehui City. Chin. J. Vaccines
Immun. 12, 350-352 (2006)

25. Ding, DQ: Numerical analysis and global stability of two kinds of epidemic models. J. Harbin Inst. Tech. 43, 19-25
(2011)

26. Xu, B, Dong, AP: Surveillance of measles antibody level in healthy population and observation on serological efficacy
of primary and supplementary immunization of measles vaccine in Weifang City. Chin. J. Pest Control 23, 5-7 (2007)

27. Yang, YL, Li, JQ, Zhang, JG: Global stability for anepidemicmodel with vaccinat. J. Northwest Univ. Nat. Sci. 39, 731-732
(2009)

28. Zhao, X: Dynamical Systems in Population Biology. Springer, Berlin (2003)

29. Pawelek, KA, Liu, S, Pahlevani, F, Rong, L: A model of HIV-1 infection with two time delays: mathematical analysis and
comparison with patient data. Math. Biosci. 235, 98-109 (2012)

30. Lu, XJ, Hui, LL, Liu, SQ, Li, J: A mathematical model of HTLV-1 infection with two time delays. Math. Biosci. Eng. 12,
431-449 (2015)

31. Diekmann, O, Heesterbeek, J, Metz, J: On the definition and the computation of the basic reproduction ratio Ry in
models for infectious diseases in heterogeneous populations. J. Math. Biol. 28, 365-382 (1990)

32. van den Driessche, P, Watmough, J: Reproduction numbers and sub-threshold endemic equilibria for compartmental
models of disease transmission. Math. Biosci. 180, 29-48 (2002)

33. Kuang, Y: Delay Differential Equations with Applications in Population Dynamics. The Series of Mathematics in
Science and Engineering, vol. 191. Academic Press, San Diego (1993)

34. LaSalle, J, Lefschetz, S: Stability by Lyapunov’s Direct Method. Academic Press, New York (1961)

35. Wang, XX, Liu, SQ, Wang, L, Zhang, WW: An epidemic patchy model with entry-exit screening. Bull. Math. Biol. 77,
1237-1255(2015)

36. lwami, S, Suzuki, T, Takeuchi, Y: Paradox of vaccination: is vaccination really effective against avian flu epidemics? PLoS
ONE 4, e4915 (2009)


http://wenku.baidu.com/view/b443959d51e79b896802263c.html
https://www.cia.gov/library/publications/the-world-factbook/geos/ch.html

	Modeling and analysis of the secondary routine dose against measles in China
	Abstract
	MSC
	Keywords

	Introduction
	The model
	Mathematical analysis
	Positiveness and boundedness of solutions
	The equilibria
	Main results

	Numerical simulations
	Summary and discussion
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


