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Abstract

In this article, we deal with existence and multiplicity of solutions to the p-Laplacian
system of the type

1 9F(x, u, v)

—Apu = + A ul2u, x € Q,
* ou
1 oF(x,u,v -
—Apv = ( ) +8V9 %y, xeQ,
p* v
u=v=0, x € 082,

where Q € R" is a bounded domain with smooth boundary &0, A,u = div([Vul”*Vu)
is the p-Laplacian operator, N > p2,2 < p < q < p*, p* = [\[]\]_pp denotes the Sobolev
critical exponent, F e C! (S_Z x R* x R*, IR") is a homogeneous function of degree p*.
By using the variational method and Ljusternik-Schnirelmann theory, we prove that
the system has at least catq(Q)) distinct nonnegative solutions.
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1 Introduction and main results
In this article, we consider the existence and multiplicity of solutions for the following

critical p-Laplacian system:

1 oF(x, u,v)

—Apu = +AMul92u, x € Q,
p* ou
1 0F(x,u,v .
_ap= @R a2y v, (L.1)
p* av
u=v=0, X € 082,

where Q © RV is a bounded domain with smooth boundary 9Q, A,u = div(|Vu|’>Vu) is
the p-Laplacian operator, N > p?,2 <p < g < p*,p* = NN_pp denotes the Sobolev critical

exponent, F e C! (S_Z x R* x R*, [R*) is a homogeneous function of degree
- (8F(x,u,u) dF(x, u,v)

= VF and A, ¢ are positive parameters.
ou av
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The starting point on the study of the system (1.1) is its scalar version:

_ — |y|P 2 q-2
{ Apu = ul” u+ Aul"u, x € Q (12)

u=0, XGaQ,

with 2 < p < g <p*. In a pioneer work Brezis and Nirenberg [1] showed that, if p = g
= 2, the equation (1.2) has at least one positive solution provided N > 4 and 0 <A <A,
where 4, is the first eigenvalue of the operator (—A, H}(£2)). In particular, the first
multiplicity result for (1.2) has been achieved by Rey [2] in the semilinear case. Pre-
cisely Rey proved that if N > 5, p = g = 2, for A small enough equation (1.2) has at
least catq(Q2) solutions, where catq(Q2) denotes the Ljusternik-Schnirelmann category
of Q in itself. Furthermore, Alves and Ding [3] obtained the existence of cato(Q2) posi-
tive solutions to equation (1.2) with p > 2, p < g <p*.

In recent years, more and more attention have been paid to the elliptic systems. In
particular, Ding and Xiao [4] concerned the case F(x, u, v) = 2|u|*|v|’,a > 1, B >1
satisfying o + 8 = p*, i.e,, the following elliptic system

2a
—Apu = [l 2uv? + AulT%u, x € Q,
o+

2p
+B

u=v=0, x € 082

(1.3)

—Apv = [ul*[v]f~2v + 8]v]7 %y, x e Q,
o

Using standard tools of the variational theory and the Ljusternik-Schnirelmann cate-
gory theory, Ding and Xiao [4] have proved that system (1.3) has at least catq(Q) posi-
tive solutions if A, J satisfied a certain condition. Hsu [5] obtained the existence of two
positive solutions of system (1.3) with the sublinear perturbation of 1 <g <p <N.
Recently, Shen and Zhang [6] extended the results in [5] to the case (1.1) with 1 <q <p
<N and obtained similar results. In this article, we study (1.1) and complement the
results of [5,6] to the case 2 < p < g <p*, also extend the results of [4,7]. To the best of
our knowledge, problem (1.1) has not been considered before. Thus it is necessary for
us to investigate the critical p-Laplacian systems (1.1) deeply. For more similar pro-
blems, we refer to [8-17], and references therein.

Before stating our results, we need the following assumptions:

(Fo) FeC'(Q xR xR, R*) and F(x, tu, tv) =t F(x,u,v)(t > 0) holds for all
(x,u,v) € Q2 x R* x R%

(F1) F(x,u,0) = F(x,0,v) = aF(g'"’O) = BF(gc;jo,v) =0, where u, ve RY;

u

(F,) %F (;‘;l”'"), oF (g;/”'") are strictly increasing functions about # and v for all 4, v > 0.

The main results we get are the following:
Theorem 1.1. Suppose N > p* and F satisfies (Fo)-(F,), then the problem (1.1) has at

least one nonnegative solution for 2 < p <q <p* and 2, 6 > 0, or q = p and A, 6 € (0,
A1), where A, is the first eigenvalue of(—Ap, Wé’p(Q))

Theorem 1.2. Suppose N > p*, 2 < p < q <p* and F satisfies (F,)-(F,), then there
exists A > 0 such that the problem (1.1) has at least cato(Q) distinct nonnegative solu-
tions for A, 6 € (0,A).
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Remark 1.1. Theorem 1 in [4]is the special case of our Theorem 1.2 corresponding to
Fx,uv) = 2|u|*v|Pe > 1,8 > L + B = p* There are functions F(x,u,v) satisfying the
conditions of our Theorems 1.1 and 1.2. Some typical examples are:

(1) F(x,u,v) = Y, fi(x)ul®v);

3 5 w313
(ii) F(x,u,v) = { W22 +(x) 5 50 (@) 7(0,0),
0, (u,v)=(0,0),

where fi(x) > 0, fi(x)%0, fi(x) € C(Q) NL®(RQ), i, fi > 1, a; + Bi = p*. Obviously, F(x,
u, v) satisfies (Fo)-(F5).

This article is organized as follows. In Section 2, some notations and the Mountain-
Pass levels are established and the Theorem 1.1 is proved. We present some technical
lemmas which are crucial in the proof of the Theorem 1.2 in Section 3. Theorem 1.2
is proved in Section 4.

2 Notations and proof of Theorem 1.1

Throughout this article, C, C; will denote various positive constants whose exact values
are not important, — (respectively —) denotes strong (respectively weak) convergence.
O(&") denotes |O(c")|/e" < C, 0,,(1) denotes 0,,(1) = 0 as m —> oo, L*(Q)(1 < 5 < +0)
denotes Lebesgue spaces, the norm L* is denoted by | - |; for 1 < s < + o. Let B,(x)
denotes a ball centered at x with radius r, the dual space of a Banach space E will be
denoted by E'. We define the product space E := W ? () x W,? () endowed with

1
the norm _ p P p, and the norm
[ ) = (B ) + 19000

1
Il = (fo | ValPds)

Using assumption of (F;), we have the so-called Euler identity

oF(x, u, v oF(x, u, v
(vuv)  OFGuv)

=p* 2.1
o 2 p*F(x, u,v). (2.1)

In addition, we can extend the function F(x,u,v) to the whole § x R2 by considering
E(x,u,v) = F(x,u*,v*), where u" = max{u,0}. It is easy to check that F(x, u, v) is of class
C! and its restriction to §) x R* x R* coincides with F(x,u,v). In order to simplify the
notation we shall write, from now on, only F(x,u,v) to denote the above extension.

A pair of functions (¢, v) € E is said to be a weak solution of problem (1.1) if

/ (lvulp—zvuv(pl + |Vv|p72VUVg02)dx B pl* / <3F(X, u,v) o1+ dF(x, u,v) (02) x

ou v
Q

- / (Mul"ugy +8|v|" ?vpy) dx =0, V(g1 92) €E.
Q

Thus, by (2.1) the corresponding energy functional of problem (1.1) is defined on E
by

L.s(u,v) = ; / (IVul? +|Vv|?)dx — pl* /F(x, u, v)dx — ;/(Alul" +8[v|7)dx.
Q Q )

Page 3 of 21
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Using (Fo)-(F,), we can verify I), 5(u, v) € C'(E, R) (see [6]). It is well known that the
weak solutions of problem (1.1) are the critical points of the energy functional I, s(u,
V).

The functional I € CY(E, R) is said to satisfy the (PS). condition if any sequence {u,,}
C E such that as m — o, I(u,,) — ¢, I'(u,,) — O strongly in E* contains a subsequence
converging in E to a critical point of I. In this article, we will take I = I s(u, v) and
E:= W,"(Q) x W,” ()

As the energy functional I, 5 is not bounded below on E, we need to study I, ;s on the
Nehari manifold

Nis = {(u,v) € E\{(0,0)} : (I} 5(u,v), (u,v)) = 0} .

Note that AN s contains every nonzero solution of problem (1.1), and define the

minimax ¢, s as

G5 = inf I 5(u,v).
)L,(S (U/U)ENAJ )L,(S( )
Next, we present some properties of ¢; s and N s. Its proofs can be done as [18,
Theorem 4.2]. First of all, we note that there exists p > 0, such that

()|, =p >0 Y(uv)eNgs.

It is standard to check that I, s satisfies Mountain-Pass geometry, so we can use the
homogeneity of F to prove that c; s can be alternatively characterized by

G = ol max Ba(v(0) = J0f o g e Tra (1)) > O, (2.2)
where I' = {y e C([0, 1],E) : 10) = 0,; s((1)) < 0}. Moreover, for each (&, v) € E
\{(0,0)}, there exists a unique £* > 0 such that t*(u,v) € N, 5 The maximum of the
function ¢ ~ I s(t(u, v)), for ¢ = 0, is achieved at ¢t = t*
In this section, we will find the range of ¢ where the (PS), condition holds for the
functional I, ;. First let us define

VulP+|Vv|Pd
Jo 1Vul+IVyl "o [ Fuvydxe= o 2.3)

(fo Flx, u,v)dx) P @

SF = inf
(uv)€EN{(0,0)}
Lemma 2.1. If N > p* and F satisfies (F,)-(F,), then the functional I, s satisfies the
N
(PS). condition for all c< lgh provide one of the following conditions holds
N°F

(i) 2 < p<q<p*and A, 6> 0;
(ii) q = p, and A, 6 € (0, A1), where Ay > 0 denotes the first eigenvalue of

(-, wir(a),

Proof. Let {(u,,, v,,)} € E such that I} s(um, vm) — 0 and L

N
s(Um, vm) = ¢ < [LSFP
Now, we first prove that {(u,,, v,,)} is bounded in E. If the above item (i) is true it suf-
fices to use the definition of I; s to obtain C; > 0 such that

Page 4 of 21
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1
¢+ Cu| (tms vm) | g + 0m(1) = L s(tim, vin) — g (s (s vm ), (s Um))

- (;1, - :,) | G, v + (; - pl) /F(x,um,vm)dx
2

q—p P
= mr¥m .
=Pl

The above expression implies that {(i,,, v,,)} € E is bounded. When (ii) occurs, in
this case, it follows that

max{A, 6}

A, I e, o) |5

/ (At l? + 810 7)dx < max{(2, 6) f (Itl? + I ) dx <
Q Q

and therefore we get

1
¢+ Cr || (tms vm) | g + 0m(1) = L5 (thm, vin) — o (s (ttmy i), (i, v))

1 1 1 1
= (p - p*) ||(um,vm)|}’;+ (p* — p) S[ (Mluml” + 8|vm|P) dx

1 max{\, 8}
= (=0

Since A, d € (0,A;) the boundedness of {(i,,, v,,)} follows as the first case.
So, {(#,» v,»)} is bounded in E. Going if necessary to a subsequence, we can assume
that

(uml Um) — (u, U), irl E,
(thm, vm) = (w,v), a.e. in Q
(Um, vm) = (u,v), in I*(Q) x L°(R),1 <s < p*,

as m — oo. Clearly, we have
/ (Muml? + 8|vp|7)dx = / (Aul? + 81v|T)dx + 0,u(1). (2.4)
Q Q

Moreover, a standard argument shows that I} 5(1,v) = 0. Thus we get

Ls(u,v) = ; v - pl* /F(x,u,v)dx— ;/(Alul‘uélvl")dx
Q Q
11 , (1 1)/ 2.5)
= — u,v — F(x, u, v)dx
(p q)”( e (g = p) | Flown)
Q
> 0.

Let (fim, Um) = (Um — U, vy — v), then by Brezis-Lieb Lemma in [19] implies
Gt = 10D+ G ) om0, 29

By the same method of [8, Lemma 5] (or [6, Lemma 3.4]), we obtain

/F(x, um,vm)dx=/F(x, u, v)dx+/F(x, T, U )dx + 01 (1). 2.7)

Q Q Q
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By (2.4)-(2.7) and the weak convergence of (u,,, v,,), we have

c+0m(1) = Ls(u,v) + ; | G, T |5, — pl* /F(x, Ty, D) dx
¢ (2.8)
> | G, ) |5 — ! /F(x i, U ).

By using I} s(um, vm) — 0 and (2.4), (2.6), and (2.7), we get
Om(l) = (Ii,g(um/ Vm)/ (um/ Vm))

= | s v ||}, - f F(X, Uy, V) dx — / (Ml + 8lvm]7) dx
Q Q

= (15,5 (u,v), () + | Gt ) || — / F(X, Tim, T )dx.
Q

Recalling that I} 5(u,v) = 0, we can use the above equality and (2.8) to obtain

1 1 1

. -~ p . ~ o~

K | (@b, ) | = e = ,,{g{}ofF(x,um,vm)dx, c> (p — p*) k= b
Q

where k is a nonnegative number.

In view of the definition of Sy, we have that

p
p*
| G, ) |5, = Sk / F(x, T, T )dx
Q

N
Taking the limit we get 4, > Spkf’p*' So, if k > 0, we conclude that k> SFp and there-

fore

N N

1 1 1
S/ < k<c< _SF,

N N N

which is a contradiction. Hence k = 0 and therefore (u,,, v,,) — (& v) strongly in E.
Before presenting our next result we recall that, for each ¢ > 0, the function

N;p » N;p
1= CN.gpp N CN=<N<Ap]—_1p>p )p el 2.9)
<8+|xIP—1) ¢
satisfies
VU)[) = U (). = 57, (2.10)

where S is the best constant of the Sobolev embedding D'?(RN) < L (RN). Thus,
using [8, Lemma 3] and the homogeneity of F, we obtain A, B > 0 such that

Page 6 of 21
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N

s | au., BU.)[; ALB P

F = p = 0 . |U |p ,
(fiox F(x, AU,BU,)dx) P (F(x,A,B))» '~

from which and (2.10) it follows that
AP + BF
Sk = p S (2.11)
(F(x,A, B))P

We define a cut-off function ¢(x) € CF(RN) such that @(x) = 1 if |x| < R; ¢(x) = 0 if

x)U,
|x] = 2R and 0 < ¢@(x) < 1, where B,z(0) € Q, set U = T;(U)| , where U, was defined
& p*
in (2.9). So that luelp = 1. Then, we can get the following results from [[20], Lemma
11.1]:
N-p
IIugll’;v&,p(Q) =S+0(s P ), (2.12)
N-p,
g P °, if1<5<p*<1—;>,
¢ NP
/lual dem~ e ng|,  ifg=p* (1_;), (2.13)
Q (p—1)(Np—&(N—p))
¢ p ,ifp*(l—;><g<p*,

where A ~ B means C,;B < A < C,B.
Lemma 2.2. Suppose that F satisfies (Fy)-(F,), 2 < p <q <p* and A > 0, d > 0, then

N
c lgh. The same result holds if ¢ = p and A, 6 € (0,A1), where A, > 0 denotes the
L8 < NOF

first eigenvalue of(—Ap, Wé’p(Q)).
Proof. We can use the homogeneity of F to get, for any ¢ > 0,

p

t " t9
p q
L5 (tAug, tBu,) = ) (AP +B) ||u5||W;m @ p F(x,A, B) — q (AT + 8B7) Jug g .

We shall denote by k() the right-hand side of the above equality and consider two
distinct cases.

Case 1. 2 < p <q <p*

From the fact that [ETEC}O h(t) = —00 and h(t) > 0 when ¢ is close to 0, there exists £, >

0 such that
h(te) = rg%xh(t). (2.14)

Let

p

o "
- P p p —
0= (A7 + B) s o PO AB), 120,



LU Boundary Value Problems 2012, 2012:27 Page 8 of 21
http://www.boundaryvalueproblems.com/content/2012/1/27

and notice that the maximum value of g(£) occurs at the point

1
P4 BP p p=p
(A +B ) ”uE”Wé,p(Q)

F(x, A, B)

So, for each ¢ > 0,

N
(A7 + B) luell? ) 7
8(0) = g(%) = M
(F(x, A, B))¥
and therefore
(4 B) el )
AP 4 BP) fluel? P
/ t
hte) < M@ (A 4 8B Ju. ] (2.15)

(F(x, A, B))’f*
We claim that, for some C, > 0, there holds
t? (LA + 8B7) > C,.
Indeed, if this is not the case, we have that t;, — O for some sequence ¢,, — 07,
then,

0 < ¢,5 < suplys (tAu,,, tBu,, ) = L5 (ts, Atis,, te, Bue,) — 0,
>0

which is a contradiction. So, the claim holds and we infer from (2.15) and (2.11)-
(2.13) that

N
1 AP 4 BP N—p P
h(ts)fN ¥ p <S+O(8 p )) _C3|us|Z

(F( A B))P

N N—p
1 (2.16
§NSFP +O(£ p )—C3|u8|2 )
1 N N—p (p—1)(Np—q(N—p))
=S +oler )-ofe r ,

where Cs = qu. We know p* (1 - ;) <p<qg<p if N2p . ByN=p*and2<p<q
<p* we obtain N;p > (ﬂ_l)(N‘;;q(N_p)). Thus from the above inequality we conclude
that, for each & > 0 small, there holds

N
1
Crs < suplys (tAu,, tBu,,) = h(t.) < _ SF.
=0 N
Case 2. g = p.

In this case, we have that /°(t) = 0 if and only if,

(A? + BP) ||u, ||"’A/1,,, — (AAP — 8B) |uc [, = *PF(x, A, B).

0" (2)
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Since we suppose A, d € (0,A1), we can use Poincaré’s inequality to obtain

(LAP + 8B) uc [y < max{h, 8} (A” + B) u. )
< A1 (A + B) Ju.lp
p
< (A" +B") ||uE||W5,p(m .
Thus, there exists ¢, > 0 satisfying (2.14).
Arguing as in the first case we conclude that, from (2.16) for ¢ > 0 small, there holds
Ly N p
h(tg) < NSF + O(S p )_ Cs Iuslp
L N
NSF” +0(e" 1) — O(e*~! [Ine|), N =p?,
1. N=p
NSF +0(s » )—0O(eP71), N>p2.

Because p* (1 — ;) < pif N >p” and p* (l — ;) =pif N = p? then &' = o(¢?!| In

g|). If N >p?, then Np_p >p—1s0 Np_p - o(e" 1y Choosing ¢ > 0 small enough, we

3
have
N
G < sup I, 5 (tAug, tBug) = h(t:) < SFp.
t>0 N

This concludes the proof.

By Lemmas 2.1 and 2.2 we can prove our first result.

Proof of Theorem 1.1.

Since I ; satisfies the geometric conditions of the Mountain-Pass theorem, there
exists {(t4,,, v,,)} € E such that Ls(um, vm) — cas, I} 5(tm, vm) — 0. It follows from
Lemmas 2.1 and 2.2 that {(x,,, v,,)} converges, along a subsequence, to a nonzero criti-
cal point (u,v) € E of I 5. Then, if we denote by #~ = max{-u,0} and v" = max{-v,0} the
negative part of u and v, respectively, we get

, o o 1 oF(x,u,v) _ 0F(x,u,v) _
0= ) = = ) [ (P T
Q

—/(Alulq’zuu’+8|v|"’2w’)dx
Q

= -l

p
E’

it follows that (z",v") = (0,0). Hence, u,v > 0 in Q. The Theorem 1.1 is proved.

We finalize this section with the study of the asymptotic behavior of the minimax
level c; s as both the parameters A, J approach zero.

Lemma 2.3. | 1 [l\’]

Proof. We first prove the second equality. It follows from A = ¢ = 0 that A|u|? + J|v|?
=0.If A, B, u, g and t, are the same as those in the proof of Lemma 2.2, we have
that (tAug, t.Bu,) € Ny, Thus

Page 9 of 21
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CO,O < IO,O (tEAuar tSBuE)

= Z

N
N N=p\\ ) 7
= S+O|e ? .
N p
(F(x, A, B)) ¥
N
Taking the limit as ¢ 0" and using (2.11), we conclude that oo < .S FP.
T TN

In order to obtain the reverse inequality we consider {(«,,, v,,)} € E such that I,
(Um> Vi) = o0 and I o (Um, vm) — 0. It is easy to show that the sequence {(i,,,, V,,,)} is

bounded in E and therefore

(Ib,o(um, Vm), (Um, vm)) = || (um, vm)Hg — LF(x, Um, Vm )dx = 0m(1). It follows that

Tim | G, ) |7 = 1= Lim [ Pt vl

Q

p
Taking the limit in the inequality g, (fey (5, thm, v )l) P* < ” (th) V) ”1; we conclude,

N
as in the proof of Lemma 2.1, that Neoo = 1> S,f‘ Hence,

N
. . 1 1 1 1
Co,0 = r}gr;ololo(um,vm) = '}grolo (p H (um, vm)”i, - o /F(x, um,vm)dx) = Nl > NSP?,
Q

L N
and therefore Co0 = NSFP.

We proceed now with the calculation of Alim Cns. Let {4,,,1,{0,,} € R* such that 4,,,

,0—0*
dm — 0'. Since A, d,, are positive, we have that [, (Amlulq + Smlvlq) dx > 0 whenever
(v, v) is nonnegative. Thus, for this kind of function, we have that
L5, (W, v) < Ioo(u,v).
It follows that

= inf I t(u,
() T S (£, V)

< inf maxl,s,(t(uv))
(uv)#(0,0), =0
(uv)=0

Chonsbm

< inf maxloo(t(u, v)) = co,.
(ur)#(0,0), =0

(u,v)=0

in the last equality, we have used the infimum cqo which can be attained at a nonne-

gative solution. The above inequality implies that

lim sup ¢y, s, < €p,0- (2.17)
m—00

On the other hand, it follows from Theorem 1.1 that there exists {(u,,, v,,)} € E such

that
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Do (U Vm) = s I, s, (thms Um) = 0.

Since €18, is bounded, the same argument performed in the proof of Lemma 2.1
implies that {(u,,, v,.,)} is bounded in E. Since

lim ()\.m|um|q + 5m|1/m|q) dx = 0. (2.18)

m— 00

Q
Let ¢,, > 0 be such that t,,(ty, vm) € No,o. Since (tm, vm) € N,,,5,, We have that

0,0 =< Io,o(tm(thm,vm))
q
t,
= D, 8 (tm (Ui, vm)) + :; f ()\m|um|q + 5m|1/m|q)dx

q
[#
= I}\.m,am (umr Um) + ;" / ()"mlumlq + (Sm|vm|q)dx

q
t,
=Ci s+ :; / (ot + S U] ) .

If {t,,} is bounded, we can use the above estimate and (2.18) to get

co,0 < liminfc,,s,.
m—00

This and (2.17) we get

co,0 <liminfc, s, <limsupc;,s, < coo
m—0o0 m—>00

that is co,0 = limy—0oCa,,5,

It remains to check that {t,,} is bounded. A straightforward calculation shows that

1
. [ _ (2.19)
" Jo F(x, tiy, vy )dx

Since (U, vm) € Ny, 5,, We obtain

o )
)t v 1 = / F (% t, v ) / (o ltnl? + Spalml?) dx < S ” |t vin) | +0m(1).
Q Q

Hence || (um,vm)”g > C4 > 0, and therefore from the above expression it follows that

fa F(x, tt,,, v,,)dx > C5 > 0. Thus, the boundedness of {(u,,, v,,)} and (2.19) imply that
{t,,,} is bounded. This completes the proof.

3 Some technical lemmas

In this section, we denote by M(2) the Banach space of finite Radon measures over Q

equipped with the norm 171l = SUPycc (o) lo(¢)]. A sequence {o,,} C M(Q) is said to

lploo=1

converge weakly to o € M(2) provided 7,,(¢) — o(¢) for all p € Cy(Q). By [18, The-
orem 1.39], every bounded sequence {0} C M(L2) contains a weakly convergent
subsequence.
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The next lemma is a version of the second concentration-compactness lemma of
Lions [21]. It is also inspired by [18, Lemma 1.40] and [[22], Lemma 2.4].
Lemma 3.1. Suppose that the sequence {(u,,,v,,)} © D"P(RY) x D"P(RN) satisfies

(U, V) = (u,v) in D' (RN) x D'P(RN),

(thm, Vm) = (u,v) a.e. x € RY,

(Vi V) = (Vu, Vv) ae. x € RY,

|V (um — u)|p = u V(- 1/)|p — o in M(RY),
F(x, thy — U, Uy — v) = v in M(RN),

and define

Moo = hm limsup [ [Vupl’dx,

R—>00 m—oo |x>R

Ooo = hm limsup [ |VulPdx, (3.1)

R—>00 m—oo |x>R

Voo = llm limsup [ F(x, U, Uy )dx,
R—00 m—oo |x|>R

then it follows that

limSUP/ Vil dx = || ] +uoo+/ |Vul"dx, (3.2)
m— 00
N
limsup/ |V, |Pdx = o] +aoo+f |VulPdx, (3.3)
lim sup/F(x, U, Um )dx = ||v]| + Voo"’/F(xr u, v)dx, (3.4)
m—0o0
RN RN
p p
p* (3.5)

I < Sl + o l), vhk < S5 (Hoo +000).

Moreover, if (u,v) = (0,0) and then the measures u,v, and &

p
IIP™ = St (el + llo Y
are concentrated at a single point, respectively.
Proof. We first recall that, in view of the definition of Sg, for each nonnegative func-
tion ¢ € CF(RN) we have

>k >k

. p
/|g0|p F(X, Uy, vy )dx = /F(x, O, QU )dx <S:'| (<pum,<pvm)”g.
N

N
Moreover, arguing as [8, Lemma 5], we have that
/(pF(x, U — U, Uy — V)dx =/<pF(x, U, UV )dx— / ©F(x, u, v)dx + 0, (1).
[RN N N

Since F is p*-homogeneous, we can use the two above expressions and argue along
the same line of the proof of Lemma 1.40 in [18] to conclude that (3.2)-(3.5) hold. If

Page 12 of 21



LU Boundary Value Problems 2012, 2012:27 Page 13 of 21
http://www.boundaryvalueproblems.com/content/2012/1/27

(1, v) = (0,0) and the same argument of step 3 of the proof of

p
IIP" = S5 (ell + llor Y
Lemma 1.40 in [18] implies that the measures 4, v and o are concentrated at a single
point, respectively.
Remark 3.1. We notice that the last conclusion of the above result holds even if (u, v)

X (0,0). Indeed, in this case we can define (ﬁm, fim) = (U — U, Uy, — V) and notice that
(i, T) — (@, ) in DY (RN) x DY(RY),
(i, 7)) = (0,0) ace. x € RN,
(Vity, Vi) — (Vii, Vi) a.e. x € RY,
V(i — )" = &, [V —0) = & in M(RY),

F(x, flyy — @1, Uy — ) — ¥ in M(RN),
Since (il — U, Uy — V) = (Um — U, Uiy — V) and therefore L = u, 6 = o, and v = v, where

U,0, and v are the same as those in Lemma 3.1. Thus, if p* . we
WIP = Sg (el +lloll)

also have that and the result follows from the last part of

IB1P" = Set (Il + 151)
Lemma 3.1.

Now, we introduce the following Lemma.

Lemma 3.2. Suppose {(u,,, v,,)} € E such that [¢ F(x, u,,, v,,)dx = 1 and

ngrolo || (um,vm)”; = Sk. Then there exist {r,,} € (0, +o0) and {y,,} < RN such that
N—p
) 5 p (3.6)
(wm (x), @y, (x)) =Tm (tm (Tm% + Ym), Vi (TmX + Ym))
contains a convergent subsequence denoted again by {(w, (x), w2 (x))} such that
(L (x), w2 (%)) = (w1, @,) in D'P(RYN) x D"(RN). Moreover, as m — =, we have r,, —
0 and y,, — y € Q.
Proof. For each r > 0, we consider the Lévy concentration functions
Hy,(r) = sup / F(x, up, vy )dx.

yeRN
Br(y)

Since for every m,
Jig Hn() =0, i (1) = 1,

there exist r,,, > 0 and a sequence {yfn} C RN satisfying

1
= Hyy(rm) = lim / F(x, ty, vy )dx.
2 k— o0
By (vh)
Recalling that |l|im F(x, im, vm)dx = 0, we conclude that {y} is bounded.
Y|=00 JBy, ()

ik N .
Hence, up to a subsequence, kllm Ym =¥m € RY and we obtain
— 00
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= / F(x, Um, vy )dx.

Bry (Ym)

2

We shall prove that the above sequences {r,,} and {y,,} satisty the statements of the
lemma. First notice that

1
5 / F(x, U, vy )dx = / F(x, ), @2)dx = sup / F(x, w),, @2 )dx. (3.7)
Brm (an) B, (0) B, (y)

By (3.6), a straightforward calculation provides

Tim [ (@ @23 = lim_ | o)} = e f F(x, ol 02)dx = 1.
RN

Hence, we can apply Lemma 3.1 to obtain (w,w,) € D"(RN) x D" (RN) satisfying

Sk = il + pos + ]l + 000 + (@1, @02) |2, 1= vl + veg + / F(x, w1, 02)dx,3 g)

RN

p p

. . (3.9)
IwIlP" < Sl + lla ), vo’i < S5 (Koo + 0s0).

The second equality in (3.8) implies that ||v]|, veo, /RN F(x, @1, @;)dx € [0, 1]. If one of
these values belongs to the open interval (0,1), we can use (3.8),

p
<L (Jpv Fx 01, 00)dx)P < S5 || (01, 2) [ and (39) to get
Se =Se | V]l + veo +fF(x,a)1,a)2)dx
|RN
p
p p p*
<Se|Ivle +v2 + fF(x,wl,wz)dx

N
< Sr,

which is a contradiction. Thus [|[V||, Veo, /gy F(%, @1, @2)dx € {0, 1}. Actually, it follows
from (3.7) that f‘
Let us prove that ||v|| = 0. Arguing by contradiction, then ||v|| = 1. It follows from
the first equality in (3.8) that Sg = ||¢#|| + ||o]||. On the other hand, the first inequality
in (3.9) provides ||¢|| + ||o|| = Sr. Hence, we conclude that ||¢|| + ||o]|| = Sk Since

wj=r F( @, @3 )dx < 5 for any R > 1. Thus, we conclude that v.. = 0.

we suppose that ||v|| = 1 we obtain It follows from Remark

WP = SE (el + lloll)
3.1 that v = 8y, for some x, € RY. Thus, from (3.7), we get

1
Vo dim [ F(oo) o) - / dv =l =1,

m—00

By (x0) By (x0)

This contradiction proves that ||[v|| = 0.
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Since ||v]| = v.. = 0, we have that f

F(x, w1, wz)dx = 1. This and (3.8) provide
RN

p

; 1, 23P _ p B
,}B{}o ” (@ wm)”E =Sr2 ” (w11w2)”5 > S /F(X, w1, wy)dx = Sg.
N
So, | (w1, @2) ||Z = Sp and therefore (w), w2 ) — (w1, ;) # (0, 0) strongly in D"?(RY)
x DYP(RY) and (a);(x), a)i(x)) — (w1(x), w2(x)) for ae. x € R™. In order to conclude

the proof we notice that

1
(@, wrzn)||Lo(ueN)th>(uzN) a; I (um’vm)”LP(Q)xLP(Q).
m

Since {(u,,, v,,)} is bounded and (w;, w,) ¥ (0,0), we infer from the above equality
that, up to a subsequence, r,, — ro = 0. If |y,,| — oo, for each fixed x € RY, we have
that there exists m, € N such that r,x + y,, ¢ Q for m > m,. For such values of m we
have that (o, (x), ®2(x)) = (0, 0). Taking the limit and recalling that x € R is arbitrary,
we conclude that (w1, ;) = (0,0), which is a contradiction. So, along a subsequence,
Y >y € RN,

We claim that ry = 0. Indeed, suppose by contradiction that ry > 0. Then, as m
becomes large, the set Q,, = (Q-y,,)/r,, approaches Qg = (Q -y)/ry R™. This implies
that w,,w, has compact support in RN, On the other hand, since (w1,m2) achieves the
infimum in (2.3) and F is homogeneous, we can use the Lagrange Multiplier Theorem
to conclude that ( @, w,) satisfies

9F(x, u, oF(x, u,
o (xuv),—Apv=9 (xuv),x

—Apu = e RN,
ou

for 0 = if > 0. It follows from (F,) and the maximum principle that at least one of
the functions wy,w, is positive in RY. But this contradicts supp (w1,w,) € Q. Hence,
we conclude that rg = 0. Finally, if y ¢ Q we obtain r,x + y,, ¢ Q for large values of
m, and therefore we should have (w;, w,) = (0, 0) again. Thus, y € Q and the proof is
completed.

Up to translations, we may assume that 0 € (), since Q is a smooth bounded domain
of R, we can choose r > 0 small enough such that B, = B,(0) = {x € RN : d(x, 0) <r} ©
Q and the sets

Q= {xe RN dist(x, Q) <1}, @ ={xeRN:dist(x,0Q) > r},
are homotopically equivalent to Q. Let

Wéfad (By)={ue Wé’p(B,) : u is radial}
and

Erad (Br) = Wl

), 1,
O,fad (B’) X WO,fad(Br)'
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We define the functional

Ip, (u,v) = ;/(qulp + | Vu|P)dx — pl* /F(x, u, v)dx — ; / (Mul? + 8|v|")dx, (u,v) € Eraa(Br),
B, B, B,

and set
m,s = inf Ig (u,v),
(uv)eN;
where

NP5 = {(,v) € Erad(B)\{(0,0)} : (I (u,v), (u,v)) = O}

Clearly, m,,s is nonincreasing in A, J. Note that n1,,; > 0 for all 4, § > 0.

Arguing as in the proof of Lemma 2.3 and Theorem 1.1, we obtain the following
result.

Lemma 3.3. Suppose F satisfies (Fo)-(Fy), then the infimum my, s is attained by a non-
neg-ative radial function (uy s V) s) € Er.q whenever 2 < p <q <p* and 1,0 >0, or g = p
and 1,0 € (0,A1 aq), where Ay .q > 0 is the first eigenvalue of the operator

(=4, Wé:fad (By)). Moreover,

N N
1 p . 1 p
, 1 = .
My,s < NSF A,BIE})* My,s NSF

We introduce the barycenter map g : N, s — RN as follows

N
B(u,v) =Sg p /F(x, u, v)xdx.

Q

This map has the following property.

Lemma 3.4. If N > pA2<p<q<p*and F satisfies (Fo)-(F»), then there exists A* > 0
such that B(u,v) € Qf whenever (u,v) € Ny 5,1, 8 € (0,A*) and I 5(u, v) < my 5.

Proof. By way of contradiction, we suppose that there exist {1,,}, {J,,} € R" and
{(tm, vm)} C N5, such that A, 6,, — 0% as m — 00,115, (thm, Vm) < My, 5, but
B(um, vm) ¢ 2.

From {(tm,vm)} C N5, and Li,s.(Um vm) < My, 5, we have that {(u,, v,.)} is

bounded in E. Moreover,

0= <I,Am,am(“m'”m)' (um,vm)> = || (um, um)HZ—/ F(x, U, vy )dx— / (Amltm|T + 8y |vm | T)dx.
Q Q

Since A,,,, d,, = 0%, we can use the boundedness of {(i,,, v,,)} to get

0< /(Amlumlq + 8| |)dx — 0,
Q

from which it follows that

lim | (um,vm)”g = lim | F(x, ty, vm)dx =k > 0.
m—00 m—00
)
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Notice that
C)eram S I)eram (u”’“ vm)

1 1 1
=, | e, vm) [, — o ! Fx i v = g[ el + 8yl |7 dx

= My,,.8,-

N
Recalling that €5, and M,,5, both converge to 1 ¢, we can use the above expres-
N°F

N
sion and [qW,|t|? + 6,u|Vin|T)dx — 0 again to conclude that k=8P that is,
=9Of

N
r}l_r)rgo I Cum, Vm)”; =s! = Ji_r)r;o/.F(x, Upy, Uy )dX. (3.10)
Q

1

et -
tm = (.[Q F(xl Um, Vm)dx) p >0
eses of Lemma 3.2. Using Lemma 3.2, there exist sequences {r,,} < (0,+<) and {y,,} €

and notice that t,,(u,,, v,,) satisfies the hypoth-

RN satisfying 1,, — 0,y — y € Q we have that (0}, %) — (w1, w,) in D' (RY) x D"
7 (RN).
The definition of B(, v), (3.10), the strong convergence of {(w,, w?)} and Lebesgue’s

theorem provide

N

,B(umr Um) = t;l)*s; P /F(x, tm(umr Um))xdx
Q
=(1 +om(l))fF(x, tm (Um, Um ) )xdx
Q

=(1 +om(1))fF(x, wp, @2) (T + ym)dx
Q

= (1+o0m(1)) /F(x,wl,wz))_/dx+om(1)
Q

Since y € Q and [q F(x,01,05)dx = 1, the above expression implies that
"%grolo dist(B (tm, vm), Q) = 0,
which contradicts B(um, vim) ¢ ;.

According to Lemma 3.3, for each A, 0 > 0 small the infimum m, ;s is attained by a

nonnegative radial function o, 5 = (4,5, V3,6) € ./\/fg. We consider

L% ={(u,v) € E: Lis(u,v) < mys)
and define the function y : Q; — I, s’ by setting, for each y €

_Jons(x—y) ifx € B.(y),
r(y) = {O, otherwise. (3.11)
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A change of variables and straightforward calculations show that the map y is well
defined. Since 0, s is radial, we have that fB, F(x, uy,5,v3,5)xdx = 0. Hence, for each

y € 2, we obtain

N
Bor))=5;" / P — 7, 1355 — ), vy (6 — ) )
Q

/F(t, uys(t), vas())(t +y)dt

Q

/ E(t, us,5(t), va,5(t))ydt

Q

= }’le,sr

N
_ p
= SF

_N
=S 7

N
where o = S Lo F(t b5 (1), v ()
Along the way of proving Lemma 3.4 we can check easily the following
Lemma 3.5. If 1,0 —> 0%, o 5 — 1.
Proof. By Lemma 3.3, we have

N
1 1 1 1
My = » / (‘Vu,\ﬂp + |V1/;h5|p)dx— o /F(x, Up5, Vy,5)dx — q / (A|u;h3|q +8|vm|q)dx < NSFP4
B, B, B,

As before / ()»‘um’q + S‘Ux,(s’q)dx — 0. Thus, I (3,5 V1) = 0, the above expression
B

N

and the same arguments used in the proof of Lemma 3.3 imply that

N
/F(x, uA,(;,v,\,,;)dx — Slf
Q

The above equality and the definition of ;s imply that o; s — 1. The lemma is
proved.
Next we define Hy s : [0, 1] x (N5 N1;5°) — RN by

H)L,(;(t, (u, U)) = (t+ 1()[:;) ﬁ(u, v)‘

We have the following
Lemma 3.6. if F satisfies (Fy)-(F5), then there exists A** > 0 such that

H;,5([0, 1] x (Mys NI 5")) C @, (3.12)

forall A, 6 € (0, A**).

Proof. Arguing by contradiction, we suppose that there exist sequences {1,,},{J,.} € R
" and ty € [0, 1], (Um, vm) € (Nos NI 5’) such that A,,, J,, — 0%, as m — <, and
H;,, s, (tm: (Um, vm)) ¢ Q2 for all m. Up to a subsequence t,, — t, € [0, 1]. Moreover,
the compactness of § and Lemma 3.4 imply that, up to a subsequence,
B(tm, vm) — y € Q From Lemma 3.5 @y,,5, — 1. So, we can use the definition of Hj s
to conclude that Hy,, s, (tm, (Um, m)) — y € § which is a contradiction. The lemma is

proved.
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4 Proof of Theorem 1.2
We begin with the following lemma.
Lemma 4.1. If (4, v) is a critical point of I s on N, s, then it is a critical point of I s
in E.
Proof. The proof is almost the same as that [4, Lemma 4.1] and is omitted here.
Lemma 4.2. Suppose F satisfies (Fo)-(Fy), then any sequence {(ty, vm)} C N 5 such

N
that Lo s (tm, Um) — € < 1gp and Iﬁ\,s(um, V) = O contains a convergent subsequence
, mr Vm NYF

Jor 4,0 > 0 if g >p and 1,0 € (0, A*) if g = p for some small A* > 0.

Proof. By hypothesis there exists a sequence 6,, € R such that
115, 5 (tems V) — O} 5 (ttm, Vi) ||, = O as m — oo, where Jos(u,v) = (I} 5(u,v), (u,v)).
Thus

L s(tms vm) = OnJ, 5 (thm, Vi) + 0m(1).

Recall that

(s (s i), (s vm)) < O for all (ty, vim) € Nys.

If (]/A,a(umzvm): (Umlvm)) — 0, we have

/(Alumlq +8[uy|T)dx — 0, /F(x, U, Un )dx — 0.

Q Q

Consequently ||(1,,,,v,,,) |l = O.
On the other hand, if (uy, v,,) C N, it follows that

1= C (o) 7+ o) |7+ v )

for some C > 0. Hence we arrive at a contradiction if A, 6 > 0 and g >p or 4, d € (0,
A*) for small A* > 0 when ¢ = p. Thus we may assume that
(]j\,5 (Um, vm), (U, vm)> — £ < 0. Since (I;wS (Um, vim), (U, vm)) = 0, we conclude that 6,, =
0, consequently, I; 5(um, vm) — 0. Using this information we have

N
1
L s(tm, vm) = ¢ < NSFP and I} s(tm, vm) = O,

so by Lemma 2.1 the proof is completed.
Below we denote by Iy s the restriction of I 5 on N, s.
Lemma 4.3. Suppose N > p*,2 < p < q <p* and F satisfies (F,)-(F), let A = min{A*,

2% > 0,4, 3¢ (ON), then catyns () 2 cata(R), where 27, 2°* given by Lemmas 34

and 3.6, respectively.

Uow

Proof. Assume that INM =A1UAU---UA,, where Ajj = 1,2,..,m, are closed and

contractible sets in I%’Z, i.e., there exists hj € C ([0, 1] x A, 17\2‘;) such that

hj(0,z) =z, hj(1,z) =9, forallze A
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where 8 € A; is fixed. Consider B; = y-1(A)), 1 < j < m. The sets B; are closed and
Q. =BiUByU---UBy,.

We define the deformation g; : [0, 1] x B; by setting
g(t,y) = Hys (L (6 v (1)),

for 2,0 € (0,A). Note that

8(0,¥) = Hs (0,10, ¥())) = (ﬁzi(n

implies

Y

g(0,y) = sy _ y, forallye B,
09

1

and gj(lry) = Hl,é(l’ h/‘(lx’}/ ()/))) = ﬁ(h}(l,)/()/))) implies
§(Ly) =B(V) € 2.

Thus the sets B; are contractible in ;. It follows that catg () = catg: (2}) < m.
Proof of Theorem 1.2.

N
Using Lemmas 2.1, 2.2, and 3.3 we know that 1gh for 4,0 € (0,A). More-
N°F

Crs, My 5 <
N

over, by Lemma 4.2, In;, satisfies the (PS). condition for all c< lgh Therefore, by
N°F

Lemma 4.3, a standard deformation argument implies that, for A,8 € (0, A), In;, con-
tains at least cato(Q) critical points of the restriction of I, 5 on N s. Now Lemma 4.1
implies that [, 5 has at least cat(Q) critical points, and therefore at least cato(€2) non-
trivial solutions of (1.1). As Theorem 1.1, the obtained solutions are nonnegative in Q.

The proof is completed.
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