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Abstract

We consider an axisymmetric inverse problem for the heat equation inside the
cylinder a < r < b. We wish to determine the surface temperature on the interior
surface {r = a} from the Cauchy data on the exterior surface {r = b}. This problem is
ill-posed. Using the Laplace transform, we solve the direct problem. Then the inverse
problem is reduced to a Volterra integral equation of the first kind. A standard
Tikhonov regularization method is applied to the approximation of this integral
equation when the data is not exact. Some numerical examples are given to illustrate
the stability of the proposed method.
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1 Introduction
The inverse heat conduction problems (IHCPs) have many applications in different
branches of science and technology. It consists in determining the temperature and heat
flux on both sides of the boundary when one side is inaccessible to measurements.

The mathematical model of our problem can be described by the axisymmetric heat

equation
d 32 10
a—j(r,w - a—rf(r,t) ¥ ;a—‘r‘(r,t), re(ab),t>0, 1)

with the boundary conditions

0
ub,)=g®), (b =), =0, )
r
and the initial condition
M("» 0) = 07 re (('lx b)) (3)

where r is the radial coordinate, and 0 < a < b.
Our purpose is to determine the boundary condition

u(a,t) =f(t), t>0. (4)
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from the measured Cauchy data (g, /). It is known that this problem is severely ill-posed
in the sense that if the solution exists, then it does not depend continuously on the data g.
Indeed, a small perturbation in the data may cause dramatically a large error in the solution
u(-,t). Hence, a regularization method is needed.

The standard problem of the heat conduction in Cartesian coordinates u; = uy,, x €
[0,1], £ > 0, with the data u(0, ) = f(¢) and u,(0, ) = 0 is well studied by various methods.
The Fourier method was used in [1-3]. The mollification method and projection regular-
ization based on the Laplace and Fourier transforms are applied respectively in [4] and
[5]. For axisymmetric problems, we should mention recent articles. In [6, 7], the authors
consider an axisymmetric IHCP of determining the surface temperature from a fixed lo-
cation inside a cylinder. In [8, 9], the authors investigated the case of identifying a source
from the final data. Xiong [10] studied the problem of identifying a boundary condition
by the method of quasi-reversibility. A modified Tikhonov regularization method was ap-
plied for an axisymmetric backward heat equation in [11]. Lesnic et al. [12] applied the
method of fundamental solutions (MFS) (with a Tikhonov regularization) to the radially
symmetric inverse heat conduction problem (IHCP) analogous to our problem. Inverse
problems for fractional diffusion equations are studied by many authors; for example, we
mention the recent article [13].

In this paper, we formulate problem (1)-(4) as an integral equation of the first-kind of
Volterra type. Then we use the Tikhonov regularization method to approximate this equa-
tion. To the author’s knowledge, there are no papers devoted to IHCP with radial axisym-
metry using the Laplace transform. Our contribution can therefore be considered as a
generalization of the paper [5] to the axisymmetric case.

This paper is organized as follows. In Section 2, we give a representation of the solution
of the direct problem using the Laplace transform. Then finite difference method (FDM) is
applied to give numerical approximation. In Section 3, our inverse problem is reduced to
the integral equation of Volterra type; then we apply the Tikhonov regularization method
to compute the boundary temperature u(a, t) = f(¢t) from the Cauchy data u(b,t) = g(t),
u,(b, t) = 0 and give some numerical results. Finally, in Section 4, we present a conclusion.

2 Direct problem

Problem (1)-(2) can be reduced to an integral equation. For this, we assume that u(a, £) =
f(¢) is known and (for simplicity) 4(t) = 0. We consider the following direct problem:
given f, find u(x, £) such that

ou 0%u 19u
Er =m(r,t)+;5(r,t), r € (a,b),t >0,

0
u@ ) =fO,  -(b=0, 120, ©)
r
u(r,0)=0, relab).
We have the following uniqueness theorem.

Theorem 1 Problem (5) has at most one solution in the space

H= Co([O, +oo[,H2(]a,b[)) N Cl(]O, +oo[,L2(]a,b[)).
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Proof Let u(r,t) be a solution of the homogeneous problem (5) (with f = 0). Multiplying
PDE by ru and integrating by parts over the interval (a, b), we obtain the identity

b b 2
b
f —uurdr+/ (8_u> rdr=0.
. Ot 2 \Or

We set E(¢) = f: urdr, t > 0, which leads to

dE b b
— = 2/ uurdr = —2/ (u,)*rdr <0,
dt a a
and therefore E(¢) = E(0) =0 for all t > 0, and u(r,t) =0, r € (a,b), t > 0. O

2.1 Reconstruction of the solution
We use the Laplace transform (with respect to the variable ¢) for the representation of the
solution.

Let f(t), t > 0, be a continuous function of slow growth, which means that there exist
two constants C > 0 and o > 0 such that |f(¢)| < Ce°’ for ¢ > 0.

The Laplace transform F(s) = Lf(s) of f(¢) is defined by

F(s) = /+00 e (1) dt, R(s) > o,
0

which is an analytic function in the half-plane i(s) > o, and the inverse Laplace transform
is given by the complex integral [14]

@) =L7NF)@) = L /UHOO etF(s)ds, t>0.

2708 J—ivo

Let U(r,s) = Lu(r,-) and F(s) = Lf(s). Problem (5) can be formulated as follows:

1

U'+-U-stu=0, rel(ab),
r

U(a,s) = F(s), u',s) =0,

au
W¢
The first equation in (6) is the modified Bessel differential equation with the general

where U’ =
solution

U(r,s) = Colo(r+/s) + CLKo(r/5).
Then the solution of problem (6) is given by

W (r,s)

U(r,s) = F(s) Wias)

(7)
with

W (r,s) = L(bN/s)Ko(rv/s) + Ki(b/5)lo (r/5), (8)
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where 1, and K|, are the modified Bessel functions of the first and second kind, respectively
[15].
Applying the inverse Laplace transform and the convolution theorem [14], we obtain:

u(r,t) = /tf(T)k(r,t— 7)dt )
0

with the kernel

1 [ W(r,s)
(V, t) =5 .
27i J_joo Wila,s)

etds, t>0. (10)

Lemma 1 The heat kernel k(r, t) satisfies the properties
(i)

Z B W’(: S:n)) it forr>a,t>0, (11)

with

b
W (r,s,) :10(2@ Y1 (AB,) —Jl(wnYo(gﬁn), A==,

W (r52) = (B YiOuB) — B Yi(Br) (12)

+ )‘-[]O(A-,Bn)YO(ﬁn) _IO(ﬁn)YO()‘-ﬁn)];

where ], and Y, denote the Bessel functions of the first and second kind, respectively,
and s, = B2, n=1,2,..., is the sequence of the zeros of W(a,s).
(i) forallneNanda<r<b,

9"k

S (r0)=0. (13)

Proof (i) Considering the contour Cg = [—iR, iR] U {Re”,6 € (3 37”]} and using the asymp-
va(;z) et = O(e’““'uz) as |s| — oo (see Appendix 1), we can express the pre-

vious integral for ¢ > 0 and a < r < b as follows:

totic formula |

k)= = tim [ 09 g g (14)
2mi R>o0 Jc, Wia,s)

The function W(a,s) is analytic with respect to the variable p = \/s and possesses a
sequence of simple roots p, located on the imaginary axis such that p, = —iB, where
By~ (n— l) —,n=12,... (see Appendix 2). Formula (11) follows from the Cauchy the-
orem.

(ii) Deriving the integral (10) with respect to ¢, for all n € N, we obtain

0"k = Lf n Wrs) ds, r>a. (15)

——(r,0) =
ot (.0 278 J_ioo s W(a,s)

The function G,(r,s) = s" V‘XV/(“ S)) is analytic in the half-plane %(s) > 0 except at the origin,

where lim,_, o Go(r,s) =1 and lim,_, o G,,(r,s) = 0 for n > 1, and has the behavior |G,(r,s)| =
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O(p" exp[—(r —a)p"? cos §]) as p = |s| — +00 uniformly for 6 € [-Z, Z]. Then we can use
the Cauchy theorem with an adequate contour to have

3"k
8”( r,0)=0 forrela,b]. (16)
O
As a consequence, the integral (9) is written as the formal series
o0
W (r,s,) _
u(r,t) = Z,B,, (rs S”/f(r “Tdr, r>a,t>0. 17)

Theorem 2 Assume that f(t) € C}([0, +oo[) is such that f(0) = 0 and f(t) =0 for t > T.
Then series (17) converges in L*(a, b[) for all t > 0 and defines a solution of problem (5)
belonging to H.

Proof Integrating by parts in (17), we can write « in the form

wrf) = Z ﬁln ‘/\‘),/V/((r,S:n)) snt / F(x)e T dr + f(t)zﬁln VVVV((;S:) (18)

Using the asymptotic behavior (see Appendix 1)

W(rs,) (-1)"a b-r 1
W’(a,sn)_ﬁ(l—k) cos( P n)+O<;> (n— o0) (19)

and the estimate

(r)e" " dr

<M/B;, M =suplf(s)],

we see that the first series in (18) is uniformly convergent and the second term is of the
same nature as the series Z cos(n(k =)y = (%n Let us show that last series con-

verges in L*(|a, b[, rdr). Indeed the partial sum Sy(r) = Zn 0 f 2 cos(L=2) is a Cauchy
sequence, that is, for all g > 1,

b
/ |Sn+q — SN Prdr

b|N+g-1 2 a-1] N+gq-1
r
= E aycos|m| A —— dr = Z o, COS nz) dz
a n=N a 0
N+g-1 N+q 1

E o, cos(nz)

Z loa)? = 0 (as N — o0).

=,

In the last step, we used the orthogonality of the system {cos(#z)} in L2(]0,7[), and [ is an

integer chosen such that A —1 < Iz. Furthermore,

W(r,s,

du sp(t—T)
a—t(r,t)—Z,Bn Ve n)ff (v)e ") d, (20)
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which converges as the series Y, cos G- \with || < M’/ By, M = sup |f'(¢)|. Therefore
%—‘t‘ € L*(Ja, b[). Now we show that u is a weak solution of the PDE in problem (5). For this,
let us consider the sequence

t
un(r,t) = / f(@)kn(r,t —1)dt, N €N, (21)
0
with
W(r,s) .
kn(r,t) = Z P (22)
Defining the differential operator Pv := % - % - %%, we have

12
Pun(r,t) = f(t)kn(r, 0) + / f(@)Pkn(r,t—t)dr.
0
However, Pky(r,t) = 0, and then Pup(r,t) = f(t)kyn(r,0). From Lemma 1 it follows that
lim kx(r,0) = k(r,0) = 0.
N—oo

On the other hand, P : D'(Q) — D'(Q), Q =]a,b[ x ]0,+00], is a continuous operator.
Then Pu = limy_, o Puyn = 0. We now show that u € H. Since %(rur) = Tlp + Uy = Tl
in D'(Ja, b]) at fixed ¢, we have u, € H'(Ja, b[) and u(-,t) € H*(]a, b[). Finally, it is easy to
verify that t — u(-,t) is C* from ]0, T'[ to L*(]a, b[). O

Remark 1

o Iff € L*(R,) (not smooth), then the differentiation of series (17) with respect to the
variable r or ¢ presents some difficulties. We can only say from the previous proof that
u is a weak solution in L(]a, b[). However, if we know that # is differentiable with
respect to ¢, then u is regular in both variables (7, t).

« For the numerical computation, the integral g, (¢) = fot f(z)e*=) dr is approximated
by the trapezoidal rule. More precisely, if {¢; = ik, i = 1, M + 1} is a subdivision of [0, T]
and f"(¢) waf ! fio(t - t;) is an interpolation of f, where

is a basic function, and f; = f(¢;), then g, is approximated by

M+1
gf,’(t) = Zgn,iso(t — )y &ni= Zci/(Sn)ﬁ
i=1 j<i

with ¢;(s) = % =Dhs[cosh(sh) —1].
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2.2 Approximation by finite difference method (FDM)
Problem (5) can be discretized by replacing the derivatives by difference quotients as fol-
lows. Consider a uniform grid points in the (r, t) plane:

ri=a+({i-1h, i=0,N+1,h=(b-a)lN,
t, = nt, n=0M+1,t=T/M.

Letting u} = u(r;, t,), system (5) is discretized by the following finite difference scheme:

Wy 1
i i no_ n n 1 n o _ .n . _
=y 20 v ul ) + gy —uly), i=1,.. ,N,n=1,...,M,
u) =0, i=1...,N, (23)
n o _ n - —
Uy = fur 1 = Uns n=1,...,M.

1

Scheme (23) is explicit, and the solution #}** is easily found:

h h
ut = R<1 + 2—>u?+1 + (1 -2R)u! + R(l - 2—)%"1 withR = —. (24)
ri

ri h?

We can prove the following result concerning the stability of scheme (23).

Theorem 3
(1) The finite difference scheme (23) is consistent of order O(t + h?).
2 If
1
R:%S 5 (withh<l),

then scheme (23) is L*®-stable.

Proof (1) Assuming that the solution is fairly regular (C*), we use the Taylor expansion.
(2) This can be proved in a similar way as in the lecture [16]. If R = hiz < %, then we see
from (24) that u/*! is a convex combination of u” |, u/, u?,,. Letting M" = max,_1,_n(u),

,,,,,

we have

n+l h n n h n
u!™ <R 1—; M" +(1-2R)M" +R 1+7 M",

T i

from which it follows that u;’“ < M". Taking the maximum, we deduce that M < M7,

,,,,

h h
uf‘*l zR(l - 2—)771” +(1=2R)m" +R<1 + 2—)m"
i ri

and u/*! > m". Taking the minimum, we obtain m"*! > m". Hence

,31137},(”7”) < lilllaév(u?) and ieriul,lN(uf’”) > ,mirle(u?),

which establishes the stability. O
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Figure 1 Comparison of exact solution gex and @)
numerical solution g, of the direct problem; .1 ‘ ‘ ‘
(a) Test 1; (b) Test 2. 08
06
0.4r
0.2
00 0‘.5
®
1r A - fex il
0.8f — % ||
06} \ ~ = %
041 “\ 1
0.2
o ‘
0 0.5 1 15 2 25 3
t

2.3 Numerical examples
Puta=1,b=2,T=3.

We consider the following examples.
Test 1 Data: u(a,t) =f(t) = xpn,2) (xr denotes the characteristic function of an interval ).

Test 2

2(t-1), 1<t<l1b5,
f&)=4322-98), 15<t<2,

0 otherwise.

In the following figures, we show the response g(t) = u(b, t) to the source f(t).

In Figure 1, we call g the solution given by the truncated series (17) (with a rank N >
40) and g,, the approximate solution computed by FDM with parameters N = 30 and
M =12,000.

3 Resolution of the inverse problem
3.1 Integral equation
As the function u(b,t) = g(£) can be known, the resolution of the inverse problem (1)-(2)

can be reduced to the resolution of the Volterra integral equation of the first-kind

AF(D) = fo k(i - 0)f (2) dt = g(0) (25)

with the kernel

o]

W (b, s,,)
Zﬂn V)

The function k(¢) is continuous on [0, +oo[ satisfying £(0) = 0, |k(t)| < C1e?¢, where Cj,
C, two constants, for ¢t > 1 and k € C*°(]0,+0o0[). Then A € L(H), H = L*([0,T]). The
range R(A) of A is nonclosed in H (A is compact and nondegenerate). This means that
equation (25) is ill-posed. The problem is, moreover, severely ill-posed since all derivatives
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of the kernel k(¢) vanish to zero according to Lemma 1(ii) (see also [17]). Therefore, some
kind of regularization procedure will be necessary to solve the problem in the case of a
perturbed data g°.

For the numerical resolution of equation (25), we approximate the kernel k by the trun-

cated series

-, Wib,s,)
k() = Y By, (26)
N ,12:1: W(a,sn)

Remark 2 The truncation error (the rest Ry = k — ky of the series) is estimated by

Rv@®)| <G> ne~2r’t
n>N

< Cl § :ne—Czne
n>N

C1N6_C2€N
S ey for Nt > ¢ (27)
with C; = (ﬁ)z. This means that, for ¢ close to 0, we need more terms in the series. For
computation, we choose N = 40 for h <t < 0.1, N =20 for 0.1 <t <1, and N =10 for
t > 1. For 0 <t < h, we can take k(t) = 0, since we know from (13) that k(b, t) is close to

zero as t — 0 (see Figure 2). The parameter /1 = 1\1/1 is the step time (we assume that 1 > ).
We denote by Ay the operator with kernel ky.

Proposition1 Ay converge to A in the Banach space L(X), X = C[0, T] equipped with the

norm || - |l o-

Proof Using the asymptotic formula (19) with r = b, we can write

INOEDY ((—1)" 7\5(/?_ ot Vn) e fit

n>N

Figure 2 The heat kernel ky(b, t) with N = 40.
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with y,, bounded. Then

_g2 _g2
[Rn(t)| < CsBne N + Cy Ze Pit,  Cy=sup|yul.
n>N

Using (27) with € = 1, it follows that

T 1/N T
/ ]RN(t)\dt=f ]RN(t)\dH/ |Ry(0)| dt
0 0 1/N

1/N
<G | Bneftdi+ O(Ne@N) = 0(1/8y),
0

which leads to
T
veel0, 7], |a-any ] <l [ |Ruo]ds
0

and ||A — Ayl z¢0 = O(L/N). O

3.2 Tikhonov regularization
The approximate equation Ayf = g is solved by the Tikhonov regularization method. Re-
call the principle of the method.

Suppose that A € L(H) is a compact operator in Hilbert space, injective and with dense
range. The equation Af = g is ill posed, that is, A™! : R(A) — H is not bounded (a small
error in data g generates an important perturbation on the computed solution f). The
Tikhonov regularization method consists in solving the normal equation

(A*A +al)f* = A%g, (28)

where o > 0 is a regularization parameter, and / is the identity operator. Equivalently, f*
is the unique minimum of the Tikhonov functional

1= A = glly; +ellf I
The solution f* can be written as follows:
= (A*A+al) A%,

which can be expressed in terms of the singular system (u;, %, Vi)jeN* as

i
f¥i=Ryg = —zia(g,vj)u,-.
i M

Now let g € R(A), and let g € H be a measured data with ||g — g°|z < 8. We define
f*% = R,g®. A posteriori discrepancy principle gives a selection of « (a solution of the
equation [|Af*? — g|| = 8). Standard Tikhonov regularization theory (see [18, Theorem
2.17]) shows the convergence f*® — f in H as § — 0 with the strategy « = «(8). For other
methods, we indicate the papers [17, 19], which give a survey of regularization methods
for first-kind Volterra equations.
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3.3 Numerical experiment
We consider the following examples.

Test1 As a first example, we consider the couple {f, g}, where

ula,t) =f(t) = xp2»
and g(¢) = u(b, t) is computed by finite difference scheme (see Section 2.2).

Test 2 We consider the example given by

2(t-1), 1<t<15,
f&)=432(2-1¢), 15<t<2,

0 otherwise.

To check the efficiency of the proposed algorithm, we choose in numerical experiments
the parameters a =1, b=2, T =3 or T =5 as required, and the rank of truncation 30 <
N <40.

For an exact data function g(¢) = u(b, t), we use a finite difference scheme with N = 30
points in the interval [1,2] and M = 12,000 points in [0, 7]. The discrete noisy version
is g® = g + Srandn(size(g)), the command ‘randn(-)’ generates arrays of random numbers
whose elements are normally distributed with mean 0, variance o2 = 1, and standard de-
viation o = 1. For the singular decomposition and Tikhonov-Morozov algorithms, we used
the Matlab package developed by Hansen [20].

3.4 Results and discussion

Figures 3 and 4 show the numerical results that confirm the stability of the method with
respect to the noise level § < 0.001. However, the rank in ky must be large enough (here
N > 30) to ensure the convergence of the Tikhonov algorithm. Figure 5(a) shows that,
for § = 0.01, the oscillations increase, which requires a new regularization. Indeed, if we
use the mollification method [4], then the oscillations are damped (see Figure 5(b)). The
operation consists in taking the convolution g, = p, * g with p,(¢) = ﬁ exp (—5—22), where
v — 0 is the radius of mollification. If g vanishes near the ends of the interval [0, T'], then g,
isasmooth function and is a good approximation of g; this fact is realized if the observation
time T is large enough (in practice, we take T = 2Ty if suppf C [0, Tp]). In the presence of
the noise, according to the analysis in [4], we choose v = ¢/8 with ¢ = 1 estimated by test.

4 Conclusion

In this paper, we considered the inverse boundary-value problem of heat conduction with
radial variable (in the cylindrical domain). The problem is solved by the approach based
on the direct and inverse Laplace transforms. This leads to the Volterra equation of the
first-kind with a special kernel. The Tikhonov method is applied to solve numerically this
equation for perturbed data. The numerical results show that the method is efficient when
the noise level § = 0.001. If § = 0.01, then the mollification procedure is applied (before the
regularization) to the data g°, but with time observation T large enough.

Page 11 of 14
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Figure 3 Test 1. Exact and approximate solution of @
the inverse problem (IP); (a) with (§ =0, N =40 and
T =3); (b) with (6 =0.001, N=40, T = 3).

0.5 1 15 2 25 3
t
Figure 4 Test 2. Exact and approximate solution of is @
IP; (@) with (§ =0, N =40, T = 3); (b) with (§ = 0.001, ' ‘ ‘ ‘
N=50,T=23). T feg ||
0.5
0
05 05 1 15 2 25 3
t
Figure 5 Test 2. Exact and approximate solution of » ‘ @ ‘
IP with parameters (§ =0.01, N=30, T =5);
(@) without mollification; (b) with mollification 1t — g [{
V=0l . A
R VY
o 1 2 3 4 5
t
®
1 T T
0.5
0
-0.5 L
1 2 3 4 5
t

Appendix 1: Asymptotic expansions

For fixed v and |z| — 00, we have [15]

2 T VT 2 . T VT
]v(z)N,/Ecos<z—Z—7), Yv(z)~,/£sm<z—1—7>, (29)

e T o,
Iv(z)wm, Ku(z)fv\/;ze . (30)
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We consider the rapport G(r,s) = % with W(r,s) = I,(b/3)Ko(r/3) + Ki(b/3)Io(r+/s).
Due to (30), we have, for r € ]a, b] and |s| — +00,

’G(r,s)‘ = ﬁexp(—(r— a)p"?|cos o D + O<l),
r 2 P

where p = [s| and 6 = arg(s) € [-7, 37”]. Then there exist positive constants C and p such

that, for |s| large enough, say |s| > po,

0
cos —
2

|G(r,5)e”| < Cexp|:—(r —a)p'?

+ tpcos 9:|

< Cexp[—mﬁ( cos % + |cos€|):| (m =min(r — a, t))
3
< Cexp(—u+/p) <uniformly for 6 € [%, 77[:|> (31)

Appendix 2: Zeros of cross-product
We want to seek the roots s, of the following function (cross-product):

W (s) = L(b+/9)Ko(av/s) + Ki(b/s)Io(av/s).

We show that s, = —,33 with B, — +00 as n — +00. For this, we consider the self-adjoint
operator defined in H = L?((a, b); r dr) by

1d/( d
AL[z———(r—u
dr

- 2 . ~UuQa =
s ) D(A) = {U € H?*(]a,b[); U(0) = U'(1) = 0}.

IfAU = AU, then (AU, U) = |U'||?> = A||U||?. Since A~! is compact, A has a sequence of pos-
itive eigenvalues A,, — +00. On the other hand A, = —s, coincides with the roots of W (s).
Indeed, this can be seen by solving the Sturm-Liouville problem (system (6) in Section 2)
with A = —sand F = 0.
Now we give the behavior of s,. Using the relations between the Bessel functions
I,(2) =i",(iz) and K,(z)= %i’”l [Ju(iz) + iY,(iz)] forneN,

we obtain, for s = -2,

W (=) = - [o(@b)a(6) ~1i6B) Yoap)]. (32)

Using the asymptotic expansions (29) for large 8, we get

v g2

and hence the zeros of W (s) are a sequence s, = —f2, n=1,2,..., such that

8 1\ arm
~|\n-=)—— asun— +00.
" 2)b-a
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