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We discuss the existence and uniqueness of the solutions of a second-order m-point nonlocal
boundary value problem by applying a generalized quasilinearization technique. A monotone
sequence of solutions converging uniformly and quadratically to a unique solution of the problem
is presented.

1. Introduction

The monotone iterative technique coupled with the method of upper and lower solutions
[1-7] manifests itself as an effective and flexible mechanism that offers theoretical as well as
constructive existence results in a closed set, generated by the lower and upper solutions. In
general, the convergence of the sequence of approximate solutions given by the monotone
iterative technique is at most linear [8, 9]. To obtain a sequence of approximate solutions
converging quadratically, we use the method of quasilinearization [10]. This method has been
developed for a variety of problems [11-20]. In view of its diverse applications, this approach
is quite an elegant and easier for application algorithms.

The subject of multipoint nonlocal boundary conditions, initiated by Bicadze and
Samarskil [21], has been addressed by many authors, for instance, [22-32]. The multipoint
boundary conditions appear in certain problems of thermodynamics, elasticity and wave
propagation, see [23] and the references therein. The multipoint boundary conditions may
be understood in the sense that the controllers at the endpoints dissipate or add energy
according to censors located at intermediate positions.
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In this paper, we develop the method of generalized quasilinearization to obtain a

sequence of approximate solutions converging monotonically and quadratically to a unique
solution of the following second-order m—point nonlocal boundary value problem

=x"(t) = f(t,x(t),x'(t)), te][0,1], (1.1)
m-2 m-2

px(0) - qx'(0) = Y mix(n:), px(1)+gx' (1) = Dioix(mi), mi € (0,1), (12)
i=1 i=1

where f: [0,1] x R x R — R is continuous and 7;,0; (i = 1,2,...,m — 2) are nonnegative real
constants such that 3% 7; <1, 37 %0; < 1,and p,q > 0 with p > 1.

Here we remark that [26] studies (1.1) with the boundary conditions of the form
m-2
6x(0) —yx'(0) =0, x(1) = > aix(m), 1€ (0,1). (1.3)
i=1
A perturbed integral equation equivalent to the problem (1.1) and (1.3) considered in [26] is
1 m—2
x(t) = j k(t,s)f (s, x(s),x'(s))ds + <Zaix(11i)>t2, (1.4)
0 i=1

where

(1.5)

k(t, s) 1 {(Y+5f)(1—S), 0<t<s,

) (6+7) (6+ys)(1-1), s<t<l

It can readily be verified that the solution given by (1.4) does not satisfy (1.1). On the other
hand, by Green'’s function method, a unique solution of the problem (1.1) and (1.3) is

y + ot
6+y’

1 m-2
x(t) = J; k(t,s)f (s, x(s),x'(s))ds + <Z(x,~x(qi)> (1.6)
i=1

where k(t, s) is given by (1.5). Thus, (1.6) represents the correct form of the solution for the
problem (1.1) and (1.3).
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2. Preliminaries

For x € C![0,1], we define ||x||; = ||x|| + [|x’||, where ||x|| = max{|x(t)| : t € [0,1]}. It can easily
be verified that the homogeneous problem associated with (1.1)-(1.2) has only the trivial
solution. Therefore, by Green’s function method, the solution of (1.1)-(1.2) can be written as

1 m-2 _
*) = jo Glt,)f (s,x(s),x'(s))ds + <ZTix(11i)> < : o >
i=1

+
29+p p(2q+p)

(2.1)
m=2 ¢ q
+ o X\ ;i + ’
<Zl ml)) <2q+P p(29+p)
where G(t, s) is the Green’s function and is given by
+ vt +p(1-5)), 0<t<s,
Gits) = ! (q+pt)(g+p-9) 22)
p(p+2q) (g+ps)(g+p(1-t), s<t<l.

Note that G(t,s) > 0on [0,1] x [0,1].
We say that a € C?[0,1] is a lower solution of the boundary value problem (1.1) and
(1.2) if

—a'(t) < f(ta(t),a(t), tel0,1],

m-2 m=2 (23)
pa(0) - qa'(0) < Y ma(n),  pa(l)+qa'(1) < D oia(y),
i=1 i=1

and f € C?[0,1] is an upper solution of (1.1) and (1.2) if

-B"(H) = f(t,p®), (1), te[01],

m-2 m-2 (24)
pp0) —af (0) > > 7p(ms),  ppQ)+af (1) > > 0ip(m:)-
i=1 i=1
Definition 2.1. A continuous function k : [0,00) — [0, 00) is called a Nagumo function if
© sds
sds _ 25
J, i 29

for A > 0. We say that f € C[[0,1] x R x R] satisfies a Nagumo condition on [0, 1] relative
to a, p if for every t € [0,1] and x € [minejoja(t), maxejo,115(t)], there exists a Nagumo
function h such that |f (¢, x, x)| < h(|]x']).

We need the following result [33] to establish the main result.
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Theorem 2.2. Let f : [0,1] x R? — R be a continuous function satisfying the Nagumo condition
onE={(t,x,y) € [0,1] xR?: a < x < B} where a, p : [0,1] — R are continuous functions such
that a(t) < B(t) for all t € [0,1]. Then there exists a constant M > 0 (depending only on a, 3, the
Nagumo function h) such that every solution x of (1.1)-(1.2) with a(t) < x(t) < p(t), t € [0,1]
satisfies |x'| < M.

If a,f € C?[0,1] are assumed to be lower and upper solutions of (1.1)-(1.2),
respectively, in the statement of Theorem 2.2, then there exists a solution, x(t) of (1.1) and
(1.2) such that a(t) < x(t) < p(t),t € [0,1].

Theorem 2.3. Assume that a, p € C*[0, 1] are, respectively, lower and upper solutions of (1.1)-(1.2).
If f(t,x,y) € C([0,1] x R x R) is decreasing in x for each (t,y) € [0,1] x R, then a < pon [0,1].

Proof. Let us define u(t) = a(t) — p(t) so that u € C?*([0,1]) and satisfies the boundary
conditions

m-2 m-2
pu(0) — qu'(0) < ZTiu(qi), pu(l) +qu'(1) < Zoiu(q,-). (2.6)

i=1 i=1

For the sake of contradiction, let 1 have a positive maximum at some f, € [0,1]. If t; € (0,1),
then /(fp) = 0 and u"(t)) < 0. On the other hand, in view of the decreasing property of
f(t,x,y) in x, we have

u(to) = a’ (to) — " (to) > —f (to, a(to), a'(to)) + f (to, B(to), f'(t0)) >0, (2.7)

which is a contradiction. If we suppose that u has a positive maximum at t; = 0, then it
follows from the first of boundary conditions (2.6) that

m—2

pu(0) — qu'(0) < ZTiu(m) < u(0), (2.8)

i=1

which implies that (p — 1)u(0) < qu'(0). Now asp > 1, g > 0, u(0) > 0, u'(0) < 0, therefore
we obtain a contradiction. We have a similar contradiction at ty = 1. Thus, we conclude that
a(t) < p), te [0,1]. O

3. Main Results

Theorem 3.1. Assume that

(A1) the functions a, p € C?[0,1] are, respectively, lower and upper solutions of (1.1)-(1.2)
such that a < pon [0,1];

(Az) the function f € C*([0,1] x R x R) satisfies a Nagumo condition relative to a,p
and fr < 0 on [0,1] x [mingepoja(t), maxsepo1;f(t)] x [-M, M], where M is a
positive constant depending on a, B, and the Nagumo function h. Further, there exists
a function ¢ € C*([0,1] x R?) such that ¥(f + ¢) > 0 with ¥($) > 0 on [0,1] x

[mingefoya(t), maxiejof(t)] x [-M, M], where

2(32 ' ’ 0 ' /262 3.1
V= (x-y) 37+ 200-0) (' -¥) 555+ -¥) 55 (1)
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Then, there exists a monotone sequence {ay} of approximate solutions converging uniformly to a
unique solution of the problems (1.1)-(1.2).

Proof. For y € R, we define w(y) = max{-M, min{y, M}} and consider the following
modified m-point BVP

=x"(t) = f(t,x(t),w(x'(t))), te]0,1],

m-2 m-2 (3.2)
px(0) — gx'(0) = ZTix(m), px(1) +gx'(1) = ZUix(’li)‘
i=1 i=1

We note that a, § are, respectively, lower and upper solutions of (3.2) and for every (t,x) €
[0,1] x [mingepo1ja(t), maxee[o,11f(t)], we have

] < h(Jewo(x)]) = R(|¥']), (3.3)
where hi(-) = h(w(-)). As
* sds M sds * sds
jo (s) _.[0 h(s) +fM R(M) ~ (34)

so his a Nagumo function. Furthermore, there exists a constant N depending on «, , and
Nagumo function h such that

M N
JO % Zfo % > (max{p(t) : t € [0,1]} - min{a(t) : t € [0,1]}), (3.5)

where M > max{N, ||&'||, |#'||}. Thus, any solution x of (3.2) with a(t) < x(t) < p(t),t € [0,1]
satisfies |x'| < M on [0, 1] and hence it is a solution of (1.1)-(1.2).
Let us define a function F : [0,1] x R? — Rby

F(t,x,x') = f(t,x,x") + p(t, x, x' - w(x')). (3.6)

In view of the assumption (A,), it follows that F € C%([0,1] x R?) and satisfies ¥(F) > 0 on
[0, 1] x [mingefoya(t), maxiejo1f(t)] x [-M, M]. Therefore, by Taylor’s theorem, we obtain

ftx,w(x)) 2 f(ty,w(y)) +F(ty,w(y))(x-y)
+Fe(ty,w(y)) (w(x) -w(y)) - [§tx,0) - ¢(ty,0)]
> f(ty,w(y))+ [Fx(ty,w(y)) - d«(t, f,0)] (x - y)
+Fo(ty,w(y)) (w(x) -w(y)).

(3.7)
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We set

H(t,x,x;y,y) = f(ty,w(y)) + [Fx(ty,w(y)) - =t £,0)] (x - )
+Fo(ty,w(y))(w(x) -wy)),

(3.8)

and observe that

ftx,w(x"))>H(tx,x5y,Yy),

(3.9)
flt,x,w(x")) =H(tx,x;x,x").

By the mean value theorem, we can find @ < ¢; < yand & < ¢» <y’ (c1,¢2 depend on y, v/,
resp.), such that

flby,w)) - f(ta®),a(t)) = fx(t,c1, ) (y —a(t) + fru(t,c1,0)(w(y') —d'(£). (3.10)
Letting

Hi(t,x,x5y,y") = f(ta(t),ad t) + fx(t, c1,02)(x —a(t)) + fr(t,c1,0) (w(x') —a'(t)),

(3.11)
we note that
ftyw(y))=Htyy:yy), 512
f(talt),at) = Hi(tat),at);y,y).
Let us define H as
_ H(t,x,x;y,y'), forx>y,
= ( v.Y) y (3.13)
Hi(t,x,x;y,y'"), forx<y.

Clearly H is continuous and bounded on [0, 1] x [minyepo1ja(t), maxeeo,1f(t)] x R and satisfies
a Nagumo condition relative to a, p. For every a(t) < y < p(t) and i’ € R, we consider the
m-point BVP

—x" = H(t,x,x’; vy'), tel[0,1],

2 m-2 (3.14)
px(0) — gx'(0) = ZTix(Ui)r px(1) +gx'(1) = Zo'ix(ﬂi)-
i=1 i=1
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Using (3.9), (3.12) and (3.13), we have

ﬁ(t,a(t),a’(t);y,y’) =Hi(t,a(t),a'(t);y,y) = f(t,a(t),a () > -a"(t),

m=2 m-2
pa(0) — g (0) < Y ma(n),  pa(l)+qa'(1) < D oia(y:),
i=1 i=1
- (3.15)
H(t,pM),p (), y,y) =HE M), B #);y,y) < f(EB1),F 1) <-p'(1),

m-2 m-2
ppO0) —gp (0) = D mp(m),  pP) +qf (1) 2 D oip(mi)-
i=1 i=1

Thus, a, p are lower and upper solutions of (3.14), respectively. Since H satisfies a Nagumo

condition, there exists a constant M; > max{||&||, |||} (depending on &, and a Nagumo

function) such that any solution x of (3.14) with a(t) < x(t) < B(t) satisfies [x'| < M; on [0, 1].
Now, we choose ay = a and consider the problem

—x" = ﬁ(t,x,x’; a,ap), te[0,1],

m-2 m-2 (3.16)
px(0) — gx'(0) = Zrix(qi), px(1) +gx'(1) = Zoix(m).
i=1 i=1
Using (A1), (3.9), (3.12) and (3.13), we obtain
H(t, ap, ay; a0, a0) = f(t, a0, ap) >~ (t),
m-2 m-2
pag(0) — qay(0) < > o (1), pao(1) +qgay(1) < > oo (1:),
i=1 i=1
(3.17)

H(t, p(t), B (1); a0, @) = H(t, p(t), B (1); a0, ap) < f (8, p(1), B (1)) < —B"(8),

m=2 m-2
pB0) —gpf (0) > > mp(m),  pp)+qpf (1) > D oip(m),
i=1 i=1

which imply that ag and f are lower and upper solutions of (3.16). Hence by Theorems 2.2
and 2.3, there exists a unique solution a; of (3.16) such that

ap<ar <P(t), |ay| <My, te[0,1]. (3.18)
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Note that the uniqueness of the solution follows by Theorem 2.3. Using (3.9) and (3.13)
together with the fact that a; is solution of (3.16), we find that a; is a lower solution of (3.2),
that is,

—ay = ﬁ(t,al,aa;ao,ag) < f(ta,w(ay)), tel0,1],

- - (3.19)
pa1(0) - ga (0) = > ey (1), par(1) + ga (1) = > oiers ().
i1 i=1

In a similar manner, it can be shown by using (A1), (3.12), (3.13), and (3.19) that a; and f are
lower and upper solutions of the following m-point BVP

_x" = ﬁ(t,x,x,; al, all)/ t € [O’]']’

m-2 m-2 (320)
px(0) —qx' (0) = Jrix(m),  px()+4x'(1) = Doix(mi)-
i=1 i=1
Again, by Theorems 2.2 and 2.3, there exists a unique solution a; of (3.20) such that
ar(t) <ap(t) <B(t), |ay(t)] <My, tel0,1]. (3.21)

Continuing this process successively, we obtain a bounded monotone sequence {a,} of
solutions satisfying

a(t) Sao(t) <asz(t) <--- < ap(t) <P(t), tel0,1], (3.22)
where a,, is a solution of the problem

—x" = ﬁ(t, x,x;0,,a,_4), tel0,1],

= m-2 (3.23)
Px(o) - qx,(o) = ZTix(rli)/ px(l) + qx,(l) = Zo-ix(rli)/
i=1 i=1
and is given by
x(t) J‘1 G(t,s)H (s, an, dy; ctyq, !, )ds + <m_2~l—x(q )>< —t . _49*p >
= 4 7y n; n-1s n— i i
0 ' i1 2g+p p(29+p)

(3.24)

m-2 N . ¢ . q
+<§0’ (m)><2q+r7 p(2q+r1)>‘

Since H is bounded on [0,1] x [mingejoya(t), maxepf(t)] x R x [mingejoqqa(t),
maxeqo,11(t)] x R, therefore it follows that the sequences { cxi{ ) }(j = 0,1) are uniformly
bounded and equicontinuous on [0,1]. Hence, by Ascoli-Arzela theorem, there exist the

subsequences and a function x € C'([0,1]) such that zx,(f b X uniformly on [0,1] as
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n — oo. Taking the limit n — oo, we find that ﬁ(t, Ay, 0 01,4, ;) — f(t,x,w(x')) which
consequently yields

1
x(t) = fo G(t,s)f (s, x(s),w(x'(s)))ds + <Z7‘1x(11, > ( . g+p >

2q+p " p(2q+p)
q
<Zazx(711 ><2q+p p(2q+p)>

This proves that x is a solution of (3.2). O

(3.25)

Theorem 3.2. Assume that (A1) and (Ay) hold. Further, one assumes that

(A3) the function F € C?([0,1] x R x R) satisfies y(0/0x')[F(t,x,y) + my*] < 0 for |y| >
M, where m = max{|Fxx (t,x,y)| : (t,x,y) € [0,1] x [minge[o1ja(t), maxiepo1f(t)] x
[-M, M]},and F = f + ¢.

Then, the convergence of the sequence {a,} of approximate solutions (obtained in Theorem 3.1) is
quadratic.

Proof. Let us set e,41(t) = x(t) — ap11(f) > 0 so that e, satisfies the boundary conditions
m-2 m-2
penii(0) = gel, (0) = D Tiena (1), pena(1) +qel, (1) = Y cien (1:). (3.26)

In view of the assumption (Aj3), for every (t,x) € [0,1] x [min[oja(t), maxieo,15(t)], it
follows that

Fu(t,x,M) +2mM <0,  Fu(t,x,~M) —2mM > 0. (3.27)

Now, by Taylor’s theorem, we have
er ()= [F(t,x,x") - ¢(t,x,0)]
- [f(t, an,w(a),)) + Fx(t, a,w(a,)) (n1 — an)
= ¢x(t, B,0) (a1 — an) + Fu (t, an, () ) (w (@) — w(ay,))]
=F(t,an, w(a),))(x — ap1) + Fo (t, an, w(ay,)) (2" —w(a),,;))
+ % [(x - an)zFxx (t/ Z1, ZZ) + 2(x - an)(x, - w(a;q))Fxx’(t/ Z1, ZZ)
+ (x' - w(“;a))zFx’x’(t/ z1, Zz)]
- [(,b(t, x,0) = ¢(t, an,0) — Py (t/ ﬁ,O) (@ns1 — “n)]

< P (bt 0(03) (v = 0(@)) + (52 ) (=l 12 = (@) ) + pr (=),
(3.28)
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where a, < z1 < x, w(a),) < 2z < &, a, < ¢ < P, My = max{|Fxy|, |Fxx |,|[Frx|} on
[0,1] x [mingepo1ja(t), maxeepo1f(t)] x [-M, M] and p; = pmax{d.(t,x,0) : (t,x,0) €
[0,1] x [mingejo,ja(t), maxejo,1B(t)]} with p > 1 satisfying p — a,, < p(x — a,,) on [0,1]. Also,
in view of (3.13), we have
1(t (t X, X ,) H(t Xpi1, & n+1l 70, X n)
> f(t, X, x,) - f(t/ an+1/w(an+1))

= fx(t/ C3, C4)en+1 + fx’(t/ C3, C4) (x, - w(a’ml))

(3.29)

> —Yeus1 + fx(t,c3,C4) (xl - w(‘x,n+1 ) )'

where ap1 < 3 < x, w(a),,) < cy < x' and y = max{|fx(t,x,y)| : (t,x,y) € [0,1] x
[mingejo,ya(t), maxepof(t)] x [-M, M]}.

Now we show that w(a/,,(t)) = a,(t). By the mean value theorem, for every y; €
[-M, M] and w(a,,(t)) < ¢5 < y1, we obtain

Fo(t,an(t),y1) = Fo(t, an(t), w(a,,; (1)) + Fox (t, an(t), cs) (y1 — w(a,,(1))). (3.30)

Leta/ ,, > M for some t € [0,1]. Then w(a),,(t)) = M and (3.30) becomes

n+l

Fx' (t’ an(t)’ ]/1) = Fx'(t/ an(t)/M) + Fx’x’(t/ an(t)/ CS)(yl - M)

(3.31)
< Folt,an(t), M) = m(y1 = M).
In particular, taking y1 = —M and using (3.27), we have
Fo(t,ay(t),-M) < Fy(t, a,(t), M) + 2mM <0, (3.32)

which contradicts that Fy (t, a,(t),—M) > 2mM > 0. Similarly, letting & ,, < —M for some
t € [0,1], we get a contradiction. Thus, it follows that |a] ,, (t)| < M for every t € [0, 1], which
implies that w(a/ ,, (t)) = ) ,, (t) and consequently, (3.28) and (3.29) take the form

—ell 1 (t) < Fy(t,an, w(a,(t)))el,(t) + Mslleq|?, (3.33)
where M3 = p; + (M,/2) and
—e, 1 (t) > —yen(t) + fu(t,c3,ca)e), 4 (1). (3.34)

Now, by a comparison principle, we can obtain e,,.1(t) < r(t) on [0, 1], where r(f) is a solution
of the problem
~1"(t) = Fy (t, an, w (e, (£)))7 (t) + Ms]le|]],

. (3.35)
pr(0) —gr'(0) = ZT,-e,M (1:), pr(1) +gr'(1) = Zolenﬂ (1:)-
i=1
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Since F, is continuous and bounded on [0, 1] x [mine[o1ja(t), max;c[o,115(f)] x R, there exist
¢, &1 > 0 (independent of n) such that —¢; < Fy < ¢ on [0, 1] x [minejo17a(t), maxeefo11 ()]
[-M, M]. Since & — Fy (t, an, w(a,)) > 0 on [0,1], so we can rewrite (3.35) as

(1) + Gar' (1) = (G2 = Fee (8, an, w0(2,)) )7 () = Ms|lenll?

m-2 (336)
pr(0) — gr'(0) = Zmz,m (i), pr(1) +qr'(1) = Zolen+1 (m),
i=1

whose solution is given by

1
(0 = [ Gutt9)(@a = Fo b, (@) (5) - Malle ) s

E . q+p ! i
<ZT16"+1(’11 > <2q+p + p(2q+p)> <ZGZen+l(Tll > <2‘1+P ' P(2q+p)>

(337)
where
<1 _ ’L@qe—@(l—s)) (L@q _ e—czt>, 0<t<s,
Gy, (t,5) = ! - g ’
G((p+ae)/p=e®) <e—§z(t—S) . ’%@qe—czu—@) <P+Pﬂ - e—§25>, s<t<l,

(3.38)

. . . — LIy (s,an(s) (@ (s)))ds ~it Lot
Introducing the integrating factor p(t) = e~ " such that ™" < p < e%', (3.34)
takes the form

("' (Ou(t)) = ~Mallenllip(t). (3.39)
Integrating (3.39) from 0 to t and using r'(0) > (-1/g) 3.1} 2 Lien (11i), we obtain

. -1 m-2 t
FOu®) > T Xmiewn (1) - Ml | p(s)ds, (3.40)
i=1

which can alternatively be written as

/ 3 &
'z ol ren(n) - gegltu eallf(e2 - 1)
-2 (3.41)
-1'¢ Ms;
_ - T & — = — _ 2
> > Til | ens | @ 3lenll? (e 1> prllenll - pallenl?,
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where p1 = (1/q) 315, 2, pa = (M3/¢) (e - 1). Using the fact that G, (t,5) < 0 together with
(3.41) yields

Gas(t,5) (2 = Fe)r' (1) < |Gey(t,)] (62 = E) (pillenall + pallenl )
(3.42)

<G (9] @2+ &) (prllennll + pallenl?),

which, on substituting in (3.37), yields

enn <7(t) < I:|G§z(f, ) [(@+ 0 (prllensill + palleall}) + Mallea) ] ds

<ZTle"+l(m ><2qip i p(g;fr’)> (ZM"+1 i) > <2qt+P ’ P(qu+ P)>

1 1
< fo 1Gert, )] (G2 + &) <p1||en+1||ds v fo 1Gar ()| (palCa + &1) + M) ||en||%>ds

m-=2 m-2
Ptq
+ ETi"‘ Oi ——— )enn(m)
<i=1 i=1 ><P(2q+P)> :

m-2 m-2
< <B + ( T + O'i> <&>>”€n+1” + A”en”%/
i1 i1 p(29 +p)

where

(3.43)

1 1
A= (P2(€2 + §1) + M?,) max fo |G€2 (t, S) |dS, B = (€2 + §1)P1 max Jl) Ing (t, S)ldS. (344)

Taking the maximum over [0, 1] and then solving (3.43) for |le,+1||, we obtain

lewall < A leall?
el < enllr- (3.45)
1-B- (1 m+ 217 0) (p+a/p(29+p))
Also, it follows from (3.33) that
(€1 u(t)) > —Msllenllu(t) > ~Mze®|leq|l], t € [0,1]. (3.46)

Integrating (3.46) from 0 to t and using v/ ,,(0) > (-1/q) Zi”if Tiens1(1;) (from the boundary
condition (pe,.1(0) - ge,,,(0) = ZZIZ Tien+1(1i))), we obtain

M (e% - 1)

5 llenll?, (3.47)

, _1 m-2
e, (Hpu(t) > ;ZTienH (mi) -
i=1
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which, in view of the fact e < p < e%! and (3.45), yields

A
93 > 1—B—<Zl Tt 2 ol>((p+q)/p(2q+}9))

| My(eb - 1)
o)

(3.48)

2 2
] llexlly = —61llenllt,

where

m-2

5, = max{ et <1 Ti> > 4
93 1-B- (Zlng T+ Dty 01)((P+‘7)/P(2‘7+P))

Gt _
+M], te [0,1]}.

(3.49)
&
As e,,1 € C1([0,1]), there exists t € (0,1) such that
€i1 (’_—L) =ep41(1) — en1(0) < eup1(1)

9, 1 q6 2
Oi€n 1(711) - —e, (1) <= O'i“en 1” + _”en“l
el p " Pg p (3.50)

1
p
< A mz_zo-+ il I
= i _ nll1-
pl1-B- (ZrPoi+ Zim) ((p+a)/p2q+p)| 5 P

Integrating (3.46) from ¢ to t(t<t)and using (3.50), we have

e2fA T2 0
p[1-B- (Zroi+ 32 w) ((p+49)/p(20+p))]

e;z+1 (t) < eglt

] (3.51)
R Ms (&5 - o) lel?
p &) e

Using (3.45) in (3.34), we obtain

yAp(t)
1-B— (S0 00+ S0 7) ((p+a) /p(29 +p))

(L (1))’ < lexlls, (3.52)
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where p;(t) = efofx 1(,03,04)d5  Gince fx is bounded on [0, 1] x [mineq,1ja(t), maxeeo,115(t)] x
[-M, M], we can choose {3, (s > 0 such that =03 < frce) < G4 ON [O 1] x [mingejoqa(t),
maxe(o,11f(1)] x [-M, M] and e % < ;1 (t) < €% so that (3.52) takes the form

) , Aest
(e (Hpa(t)) < ! llenll?- (3.53)
1-B— (S0 00+ S0 7) ((p+a) /p(29 +p))
Integrating (3.53) from f to t ( > t), and using (3.51), we find that
, 1|, N yA(eht — et
ena® < 2 e (D) (7) + . (e —) leal?
2 L[1-B- (S0 0+ S027) (0 +9)/p(29 +p))]

Aett 32 q56§4t
pL-B- (So+ S2n) (e a) /pCa+p)]

< e@st

yA(eg‘*t - e§4?>

§4[1—B_<Zl o+ 30 Tz>(<P+q)/P(2L]+P)>]

2
+ llenlly.

(3.54)

Letting

eéztAZl e
p[1-B- (I o+ 22 ) ((p+9) /p(2a +p))]

6, = max4 max{ et

+§ + —Ma <e§;— 6€2t> ,te [O,Z]

A€§4t Zz 1 Oi + q6e§4z
p[1-B-(Zr0i+ Z07m) ((p+a) /pa+p))| P

ST o]

G1-B- (212 0+ 2197 7) (b +4) /p(2q+p))]

max{ e®t

(3.55)
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it follows from (3.51) and (3.54) that

el (1) < 6allenll3- (3.56)

Hence, from (3.48) and (3.56), it follows that

||eln+l ” < 63“671”%/ (357)

where 63 = max{61,62}. From (3.45) and (3.57) with

A
= + 03, (3.58)
[1-B- (20 + S50 %) (p+a)/p(29+p)))
we obtain
lenal = lewall + o) || < Qlleal?: (3.59)
This proves the quadratic convergence in C! norm. O
Example 3.3. Consider the boundary value problem
1 tH(x')?
X" = ——te* - —( -1) - —, te[0,1],
720 <1 + (x/)2>
(3.60)

—x(O)—— '(0) = <i>+%x<§>, Ex(1)+— x'(1) = (Z)

Let a(t) = 0 and f(t) = 1 + t be, respectively, lower and upper solutions of (3.60). Clearly a(t)
and p(t) are not the solutions of (3.60) and a(t) < p(t),t € [0,1]. Also, the assumptions of
Theorem 3.1 are satisfied. Thus, the conclusion of Theorem 3.1 applies to the problem (3.60).
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