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Abstract

In this paper, we consider a system of two heat equations with nonlinear boundary
flux which obey different laws, one is exponential nonlinearity and another is power
nonlinearity. Under certain hypotheses on the initial data, we get the sufficient and
necessary conditions, on which there exist initial data such that non-simultaneous
blow-up occurs. Moreover, we get some conditions on which simultaneous blow-up
must occur. Furthermore, we also get a result on the coexistence of both
simultaneous and non-simultaneous blow-ups.
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1 Introduction and main results
In this paper, we study the following system of two heat equations coupled by nonlinear
boundary conditions,

u; = Au, ve=Av, (x,1t)e€eQx(0,T),
g—’; = ey, g—; =ulef”, (x,6)edQ x(0,7), (1.1)
u(x,0) = up(x), v(x,0) =vo(x), x€Q,

where Q = By = {|x| < R} C RY, parameters «,q > 1, p, > 0. Assume the non-zero, non-
negative initial data ug, vo are radially symmetric non-increasing continuous functions,
vanishing on 9€2, as well as satisfy the compatibility conditions,

é’aﬂ = ey,
on xeQ (1.2)
W _ 14 oBvo
on — 0 ’
and Aug, Avy > 0, for x € Q.

The system (1.1) can be used to describe heat propagation of a two-component com-
bustible mixture in a bounded region. In this case, # and v represent the temperatures
of the interacting components, thermal conductivity is supposed constant and equal for
both substances, and a volume energy release given by powers of u and v is assumed; see
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[1, 6]. The nonlinear Neumann boundary conditions can be physically interpreted as the
cross-boundary fluxes, which obey different laws; some may obey power laws [4, 7, 10, 14],
some may follow exponential laws [18]. It is interesting when the two types of boundary
fluxes meet. In system (1.1), the coupled boundary flux obey a mixed type of power terms
and exponential terms.

As we shall see, under certain conditions the solutions of this problem can become un-
bounded in a finite time. This phenomenon is known as blow-up, and has been observed
for several scalar equation since the pioneering work of Fujita. Blow-up may also happen
for systems, X. F. Song considered the blow-up conditions and blow-up rates of system
(1.1), when p,g>0,0 <a<land 0 < B < p, in [16].

However, it can only show

lim sup{[[u.,0) [, + v, )] o} = 00,

whether the blow-up is simultaneous or non-simultaneous is not known yet.

Recently, the simultaneous and non-simultaneous blow-up problems of parabolic sys-
tems have been widely considered by many authors [2, 3, 8, 9, 11-13, 15, 19, 20]. For ex-
ample, B. C. Liu and F. J. Li [8] considered the nonlinear parabolic system

u; = Au + u™e?”, ve=Av+ule™, (xt)eQx(0,T),
ulx, t) =vix, t) =0, (x,t)€dQx(0,7),
u(x, 0) = ug(x), v(x,0) = vo(x), xe€Q.
They got a complete and optimal classification on non-simultaneous and simultaneous
blow-ups by four sufficient and necessary conditions.
Motivated by the above works, we will focus on the simultaneous and non-simultaneous

blow-up problems to system (1.1), and get our main results as follows.

Theorem 1.1 There exist initial data such that the solutions of (1.1) blow up, if
a>1, or B>0, or pg>pBla-1).

In the sequel, we assume the blow-up indeed occurs. Then we get the conditions, under
which simultaneous or non-simultaneous blow-up occurs.

Theorem 1.2 There exist initial data such that non-simultaneous blow-up occurs if and
only if

a>q+1, or B>p.
Corollary 1.1 Any blow-up is simultaneous if and only if

a<qg+1,

B=<p.
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Figure 1 Non-simultaneous and simultaneous blow-ups.

Theorem 1.3 If

a>q+1,

B>p
both non-simultaneous and simultaneous blow-ups may occur.

In order to show the conditions more clearly, we graph Figure 1 with the region of non-
simultaneous and simultaneous blow-ups occur in the parameter space.

The rest of this paper is organized as follows: In next section, we consider the blow-
up conditions of system (1.1), give the proof of Theorem 1.1. In Section 3, we will study
the sufficient and necessary conditions of non-simultaneous blow-up, in order to prove
Theorem 1.2. In Section 4, we consider the coexistence of both simultaneous and non-
simultaneous blow-ups; Theorem 1.3 is proved.

2 Blow-up
In this section, we prove the blow-up criterion of system (1.1). First, we check the mono-
tonicity of the solution.

Lemma 2.1 Let (u, v) be a solution of system (1.1), then u,,v; > 0, for all (x,t) € Bg x (0, T).
Proof Set
M =u,, N=v, (xt)e€Brx(0,T).
From the hypothesis of initial data, we can get

M; =AM, N;= AN, (x,t)€Br x(0,T),

%{ =pu®e?" N + au® ‘e’ M,

% =qui~'eP’M + BuleP'N, (x,t) € 3Bg x (0,T),
M(x,0) = Aug >0, N(x,0)=Avg >0, x¢€Bp.

By the comparison principle, M(x,t), N(x,t) > 0, for (x,t) € Bz x (0, T). O
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Proof of Theorem 1.1 1t is easy to check that
g—’; =eP'u® > vPu?,
g_; = ulef >yl . (%)ﬁﬂ Bl

Let (1, ) be a solution of the following system:

u, = Au, v,=Ay, (%1t eQx(0,T),

Howt, oL, (50 €02 x (0.7), 1)

u(x,0) = ug(x), v(x,0) =1p(x), x€Q.

By the results of [17], the solutions of (2.1) blow up with large initial data if « > 1, or
B >0, or pq > B(a —1). By the comparison principle, (1,v) is a sub-solution of (1.1), thus
the solutions of (1.1) also blow up. O

3 Non-simultaneous blow-up
In this section, we prove Theorem 1.2 with four lemmas. Firstly, we define the set of initial
data with a fixed constant ¢ € (0,1),

Vo = {(uo,vo)lAuo —eule! >0, Avy —eule’ > 0,x € BR}.
Lemma 3.1 For any (ug,vo) € Vo, there must be

us(x, t) > s(u"‘e”")(x, t)
(x,£) € Bg x [0, T). (3.1)
ve(x, £) > e(uqe‘g")(x, t)

Proof Set
J=u;—eu®e”, K =v,—eulel, (x,t) € Bg x [0, 7).
By computations, we can check that

Ji— AJ = (uy — Au), — sau® e (u, — Au) — epu’e?” (v, — Av)
+ su""zep"(a(a —1u? + 2apuu,v, +p2u2vf) >0,
K; — AK = (v, — Av); — equ e (u, — Au) — efulel’ (v, — Av)
+ suq_zeﬁ"(q(q — 1) + 2qBuu,v, + ,BZMZV%) >0,

(x,t) € B x (0, T).
d d 0
J_ (e™u®), - caus 1 oy _ su"‘e‘”’p—v
an ! an an
="' pu® (vt - suqeﬁ") +e”au®! (ut - euae”")

= pu®e” K + au®'e?],
oK

P quTteP'] + BuleP K, (x,t) € 9B x (0,T).
n
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J(%,0) = Aug — suge’”® >0, x e By,

K(x,0) = Avg — culef"* >0, «x € Bg.

By the comparison principle, J(x,t), K(x,£) > 0, for (x,£) € Bg x [0, T).

Lemma 3.2 Foranyte[0,T)
w(0,1) < [(& - Dee™ O @1 (T a1 (@ £1),
W0, < In{[Beuf(O)] F(T-0F) (B #0).
Proof First, we prove (3.2). From (3.1), we get
1(0,8) > eu”(0,£)e”*?,
then
1 (0,2) > eu (0, £)el*0 .
Integrating (3.4) from ¢ to 7T,

T
/ M dePVO(O)(T_t),
t

u*(0,t)

thus
~u(0,8) > e (T - £)(~a + 1),
then
(0, 1) < [(o - e O] @1 (T — a1,
Similarly, we can also prove (3.3) from (3.1),
v:(0,2) > eu’(0,£)e?"*) > euf (0)eP*0,
Integrating the above inequality from ¢ to T, then

T
/ e P"ODy,(0,8) dt > eul (0)(T - ¢),
t

1
Ee-ﬂvw'f) > euf (0)(T - t),

v(0,8) < —% In[Beud(0)(T - 1)].

(3.2)

(3.3)

O

The following lemma proves the sufficient and necessary condition on the existence of u

blowing up alone.

Lemma 3.3 There exist suitable initial data such that u blows up while v remains bounded

ifand only ifa > q + 1.

Page 5of 11
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Proof Firstly, we prove the sufficiency.
Let

—M—yF}

C(x,y,t1)= [47 (¢ — 1)V 'CXP{ 4(t-1)

be the fundamental solution of the heat equation. Assume (i1, Vo) is a pair of initial data
such that the solution of (1.1) blows up. Fix radially symmetric vy (> 79) in B and take
My > v5(0). Let the minimum of uy (> i1g) be large such that T is small and satisfies

q-1

[(o = )eer"o@] a1 gbMo . 754

a-1
Mo = vo(0) + ———
a—qg-1

Consider the auxiliary problem
vi=AV, (x,t)€Brx(0,T),

5 = Ll = Deero @) e efMo(T — gy a5, (x,0) € 9Bg x (0,7),

V(x,0) = vo(x), x€Bg.

For o > g + 1 and by Green’s identity [5], we have

t a-
a(x,t):/ r(x,y,t,O).Vo(y)dy+// F(x,y,t,r)~a—v'd5y~dt
B o JoBg n

:/B I'(x,9,t,0) - vo(y) dy

9

t
+f / F(x,y,t,r)-[(a—1)8¥V°(0)]7“%eﬂM°(T—r)_afl -dS, - dt
o Jag
o-1

- __4q_ a—gq—
<15(0) + ——— [(a - 1)83””0(0)] a1 Mo 30
a-g-1

=< MQ,

thus, My > v(x, £), for any (x,£) € Bg x (0, T). So v satisfies

ve=AV, (xt)eBrx(0,7T),
5zl -Dee @)@ (T - 1)@, (x1) € 0Br x (0,T),

v(x,0) = vo(x), x € Bg.

Combining the radial symmetry and the monotonicity of the initial data with the esti-
mate (3.2), we have

.
u(x),£) < u?(0,£) < [(@ - 1)ee™ @] &1 (T =) @1 (x,£) € B x (0, T).
So, v satisfies that

ve=Av, (x,t)€Brx(0,T),
;;’—; < [(o = Deer0O@]"a1 P (T - £) a1,  (x,£) € 3By x (0, T),

v(x,0) = vo(x), « € Bg.

Page 6 of 11
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By the comparison principle, v < v < M, so v remains bounded up to time 7. Since
(¢0,v0) > (¢10,V0), (1, v) blows up, hence only # blows up at time T'.

Secondly, we prove the necessity. Assume u blows up while v remains bounded, say
v<C.

By Green’s identity, we have
u(0,1) < u(0,z) + Cu®(0,t)(T - z),
for any z € (0, T), take ¢ such that #(0, £) = 2u(0, z), then
u(0,z) < Cu®(0,2)(T - 2),
hence,
w(0,60)> C(T -1 @1 te(0,T).
For some t; € (0, T), we can find a suitable ¢; € (0,1), such that
u(x,t1) — &1 (uge?™) (x,11) > 0.
Similarly to Lemma 3.1, we can prove there must be

ue(x,t) > &1 (u”e”) (%, t)
(x,2) € B x [t1, T). (3.5)
ve(x, £) = e1(ule) (x, 1)

Then
v,(0,8) > £,P0OCUT —t)-a1, tel,T).

Integrating the above inequality from #; to ¢, we have
t q
(0,£) > £, 0 Ct / (T 1) a1 dt +v(0,1).
5]

The boundedness of v requires that o > g + 1. d

The following lemma proves the sufficient and necessary condition on the existence of v

blowing up alone.

Lemma 3.4 There exist suitable initial data such that v blows up while u remains bounded
if and only if B > p.

Proof Firstly, we prove the sufficiency. Assume (i, Vo) is a pair of initial data such that the
solution of (1.1) blows up. Fix radially symmetric uo (> #4¢) in B and take M; > u0(0). Let
the minimum of vy (> ) be large such that T is small and satisfies

B-p

My > up(0) + [ﬁeug(o)]_%Mf’TT.

Page 7 of 11
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Consider the auxiliary problem

;= A, (x,t)eBrx(0,7T),
P _p _r
G = [Beug () PM(T - 1) %, () € 3Br x (0, T),

i(x,0) = ug(x), x € Bg.

For B > p, and by Green’s identity, we have

ﬁ(xr t) f MO(O) +

_p B-
[Beul(0)] P MITF <M.

So u satisfies

g—;‘ > [ﬁeug(o)]_%ﬁ“(T— t)‘%, (x,t) € 3Bg x (0, T).

From (3.3), we have

2—3 < [ﬁsug(O)T%u“(T— t)f%, (x,t) € 3B x (0, T).

By the comparison principle, u < u < M;. Since (ug, vo) > (2o, Vo), (4, v) blows up, hence
only v blows up at time 7.
Secondly, we prove the necessity. Assume v blows up while # remains bounded, say
u<CcC.
By Green’s identity, we have
¥(0,8) < v(0,z) + Ce?"ON(T - 2).
For any z € (0, T), take ¢ such that v(0,¢) = v(0,2) + 1, then
CeP"ONT —2) > 1,
thus
1
v(0,8) > In[C(T-0)] 7, te(0,T). (3.6)
From (3.5) and (3.6), we have

1(0,8) > e (0)C F(T -0 F, te(t,T). (3.7)

Integrating (3.7) from t; to ¢, we obtain that
e e
u(0,2) > u(0,t1) + &1u5(0)C™ 7 / (T -t) Pdr.
5]

The boundedness of u requires that 8 > p. g

4 Coexistence of simultaneous and non-simultaneous blow-up
In this section, we consider the coexistence of both simultaneous and non-simultaneous

blow-ups. In order to prove Theorem 1.3, we introduce following lemma.

Page 8 of 11
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Lemma 4.1 The set of (1o, vo) in Vg such that v blows up while u remains bounded is open
in L*™®-topology.

Proof Let (u,v) be a solution of (1.1) with initial data (i, vo) € Vj such that vblowsup at T
while # remains bounded, thatis 0 < %#(0, £) < M. We only need to find a L*°-neighborhood
of (19, vp) in V¢, such that any solution (i, ¥) of (1.1) coming from this neighborhood main-
tains the property that ¥ blows up while # remains bounded.

By Lemma 3.4, we know B > p. Take M, > M + ”OT(O), let (i, V) be the solution of the
following problem:

U = Ai{, 91: = Af/, (x, t) (S] BR X (O, T()),

% = e, g—; =1ef,  (x,£) € 9Bg x (0, Tp),
il(x; 0) = Ile(x)y f/(x’ 0) = 170(96), X € BR:

where radially symmetric (o, o) is to be determined and T is the maximal existence
time.
Denote

N(uo,v0) = {(5!0,170) €Vy

|70(0) — u(0, T — £0) | ..,

70(0) — (0, T - £0)] _ < 2 }

2

Since v blows up at time 7, there exists small gy > 0, such that (&, V) blows up and Tj is
small, satisfying

0 0)\71°7, &2
My >M + Moz( )+ﬂ€p[ﬂ8<u02( )> ] T,” Mg,

provided (g, ¥o) € N(uo, o).
Consider the auxiliary system,

Uy = A, (x,t) € Bg x (0, Tp),
s - _pr -Z
8 = [Beiig(0)] P Mg(To—1)"#, (x,1) € 3B x (0, To),

i(x,0) = iig(x), x € Bg.

By Green’s identity, # < M,. Hence,

ou -
% > [Beiid (0)]

=

B(To—8)F, (x,8) € 9Bg x (0, To).
Meanwhile, from (3.3), we get
_1 _1
¥(0,2) < In{[Beu(0)] 7 (To—1) 7 }.
So, we have
ou

- [Beit ()] ##(To - 1) F,  (x,£) € 3Bg x (0, To).

By the comparison principle, # < &z < M, then ¥ must blow up.

Page 9 of 11
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According to the continuity with respect to initial data for bounded solutions, there
must exist a neighborhood of (ug,vp) in Vy such that every solution (&, ¥) starting from
the neighborhood, will enter N(uy, vo) at time T — &9, and keeps the property that ¥ blows
up while # remains bounded. g

Similarly, we can prove the set of (u9,9) in Vq such that # blows up while v remains
bounded is open in L*-topology, we omit the proof here.
Now, we give the proof of Theorem 1.3.

Proof of Theorem 1.3 Under our assumptions, from Lemma 3.3, we know that the set
of (ug,vp) in Vy such that # blows up and v remains bounded is nonempty. And from
Lemma 3.4, we also know the set of (i, o) in V such that v blows up and « is bounded
is nonempty.

Moreover, Lemma 4.1 shows that such sets are open. Clearly, the two open sets are dis-
joint. That is to say, there exists (1o, Vo) such that # and v blow up simultaneously at a finite
time 7. 0
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