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1 Introduction
The nonlocal condition, which is a generalization of the classical condition, was motivated
by physical problems. The pioneering work on nonlocal conditions is due to Byszewski
(see [1-3]). Existence results for semilinear evolution equations with nonlocal conditions
were investigated in [4—6]. Neutral differential equations arises in many areas of applied
mathematics and such equations have received much attention in recent years. A good
guide to the literature for neutral functional differential equations is the Hale book [7].

Fractional differential equations describe many practical dynamical phenomena arising
in engineering, physics, economy and science. In particular, we can find numerous ap-
plications in viscoelasticity, electrochemistry, control, electromagnetic, seepage flow in
porous media and in fluid dynamic traffic models (see [8—10]). The result obtained is a
generalization and a continuation of some results reported in [11-15].

The main purpose of this paper is to study the existence of mild solutions of semilinear

neutral fractional differential equations with nonlocal conditions in the following form

D [x(t) + F(t, (0, 2(51(0)), .., x(b(0)))] + Ax(0)
= G(t,x(0),x(a1(2)), ..., %(a(0))), t€]=[0,b],
x(0) + g(x) = xo, (L1)

where —A is the infinitesimal generator of an analytic semigroup and the functions F, G
and g are given functions to be defined later. The fractional derivative °D*, 0 < o <1 is

understood in the Caputo sense.
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2 Preliminaries

Throughout this paper, X will be a Banach space with the norm || - || and -A : D(A) - X

is the infinitesimal generator of an analytic compact semigroup of uniformly bounded

linear operators {S(¢),t > 0}. This means that there exists a M > 1 such that || S(¢) || < M.

We assume without loss of generality that 0 € p(A). This allows us to define the fractional

power AY, for 0 < y <1, as a closed linear operator on its domain D(A” ) with inverse A7
We will introduce the following basic properties of A”.

Theorem 2.1 (see [16])
(1) X, = D(AY) is a Banach space with the norm || x ||, =|| AYx ||, x € X,,.
(2) S(t): X — X, foreach t >0 and AY S(t)x = S(t)AY x for each x € X,, and t > 0.
(3) Foreveryt>0,A"S(t) is bounded on X and there exists a positive constant C, such
that

C
|AYs@)| < t—VV (2.1)

(4) If0 < B <y <1, then D(AY) < D(AP) and the embedding is compact whenever the
resolvent operator of A is compact.

Let us recall the following known definitions.

Definition 2.1 (see [17-19]) The fractional integral of order o > 0 with the lower limit
zero for a function f can be defined as

- L [ SO

ds, t>0
F@)Jo t-sp=™ 7

provided the right-hand side is pointwise defined on [0, 00), where I'(-) is the Gamma
function.

Definition 2.2 (see [17-19]) The Caputo derivative of order o with the lower limit zero
for a function f can be written as

1 L fin(s)
‘cp* — ds = "¢ (1) . £>0,0 1 .
10 I'n-a) /0 (t = s)atl-n s ) > <n-l<a<mn

If f is an abstract function with values in X, then the integrals appearing in the above
definitions are taken in Bochner’s sense.

We list the following basic assumptions of this paper.
(H1) F :J x X"*! — X isa continuous function, and there exists a constant 8 € (0,1) and
My, M, > 0 such that the function AP F satisfies the Lipschitz condition:

|APF(s1,50, %15 s %) = APF (2,90, 315 ) || < M1(|Sl —S2| + max [l%; _J/i”):
for 0 <s;,82 <b,x;,y: €X,i=0,1,...,m and the inequality

”AﬂF(t,xo,xl,...,xm)” §M2< max ||| + 1), (2.2)
i=0,1,...,m

holds for (t, %0, %1,...,%,) € J x X",
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(H2) The function G :J x X"*! — X satisfies the following conditions:
(i) for each t € J, the function G(¢,-) : X"*! — X is continuous and for each
(%0, %1, ..., %,) € X" the function G(-,x0,%1,...,%,) : ] — X is strongly measurable;
(ii) for each positive number g € N, there is a positive function /,(-) : [0, 5] — R* such
that

sup || G(t, %0, %1, ..., %) || < hy(t),

lxo 1. ln | =g

the function s — (¢ — $)"*/,(s) € L([0,£], R*) and there exists a A > 0 such that

t 1-a
£ 8, (s)d
lim inf 0 =9 ) s
q—)OO q

=A<oo, tel0,b],

(H3) a;, by € CU,)), i =1,2,...,n, j = 1,2,...,m. g € C(E,X), here and hereafter E =
C(J,X), and g satisfies that:
(i) There exist positive constants M3 and M, such that ||g(x)|| < Ms|x| + M, for all
x €E;
(ii) g isa completely continuous map.
At the end of this section, we recall the fixed-point theorem of Sadoviskii [20], which is
used to establish the existence of the mild solution of the nonlocal Cauchy problem (1.1).

Theorem 2.2 (Sadovskii’s fixed-point theorem) Let ® be a condensing operator on a Ba-
nach space X, that is, ® is continuous and takes bounded sets into bounded sets, and
(P (B)) < u(B) for every bounded set B of X with (B) > 0. If ®(Y) C Y for a convex,
closed and bounded set Y of X, then ® has a fixed point in X (where () denotes Kura-
towski’s measure of noncompactness).

3 Main result

In this section, we study the existence of mild solutions for the neutral fractional differen-
tial equations with nonlocal conditions (1.1), so we introduce the concept of a mild solu-
tion.

Definition 3.1 (see [21, 22]) A continuous function x(-) : ] — X is said to be a mild solu-
tion of the nonlocal Cauchy problem (1.1) if the function (£ —s)* LAT, (¢t —s)F(s, x(s), x(b1(s)),
..., %(bm(s))), s € [0, b) is integrable on [0, b) and the following integral equation is verified:

x(8) = Su(t) [xo + F(0,%(0),2(51(0)),...,%(bn(0))) —g(x)]
— F(t,%(8),x(b1(2)), ..., x(bm(2)))

- ft(t — )" AT, (£ = S)F (5,(5), %(b1(5)), ..., %(byu(5)) ) s
0
+ /t(t —8)* LT, (¢ - s)G(s,x(s),x(al(s)), . ..,x(ozy,(s))) ds, 0<t<b, (3.1)
0
where

S, (t)x = /00 1a(0)S(£6)x db, T,()x=a /00 016 (0)S(£%0)x d6
0 0
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with 7, is a probability density function defined on (0, c0), that is 1,(0) > 0, 6 € (0, c0)
and [ 14(0)d6 =1.
Remark [~ 60n,(0)do = ﬁ
Lemma 3.1 (see [22]) The operators S, (t) and T, (t) have the following properties:
(1) for any fixed x € X, [1Sa(0)x]l < Ml | To(0x]] < (225 |
(I1) {Sa(t),t >0} and {T,(t),t > 0} are strongly continuous;
(III) foreveryt >0, Sy(t) and T,(t) are also compact operators;
(V) foranyx € X, B € (0,1) and § € (0,1), we have AT, (t)x = ALPT,(t)APx and

AT, ()] < G0, € (0, ).

|xlI;

Theorem 3.1 If the assumptions (H1)-(H3) are satisfied and xo € X, then the nonlocal
Cauchy problem (1.1) has a mild solution provided that

~ Ci_p (1 + B)b*P
LO = Ml [(M + 1)M0 + W] <1 (32)
and
aA Cl_ﬂF(l + ﬁ)haﬁMz
M|:M()M2 + M3 + F(O( ; 1):| + M()M2 + ﬁF(l A 0{[3) < 1, (33)

where My = |A~P|.

Proof For the sake of brevity, we rewrite that

(t,x(t),x(bl(t)),...,x(bm(t))) = (t, V(t)) and
(&:x(0),%(a1(0)),..., x(an(2))) = (£, u(t)).

Define the operator ® on E by
t
(Dx)(£) = Sa(2) [xo + F(0,v(0)) —g(x)] —F(t,v(1)) - / (t—s)" AT, (t - $)F(s,v(s)) ds
0
t
+ / (t -9 ' T (t - 5)G(s,u(s))ds, te].
0
For each positive integer g, let B, = {x € E : [|x(t)|| <¢,0 <t < b}.

Then for each g, B, is clearly a bounded closed convex set in E.
From Lemma 3.1 and (2.2) yield

/t(t —8)* AT, (¢ - S)F(s, v(s)) ds
0

< /t || (£ =) AP T, (¢ - s)AﬂF(s, v(s)) || ds
0

- aCi_gl'(1+pB)

' _ )81 48
T+ ap) /O(t )P APF (s, v(s)) | ds
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Ci_gT'(1 + B)b*f
S o max il +1)
- CipI'(1 + B)b*P

= ATt ap) My(q +1) (3.4)

it follows that (¢ — s)**AT, (£ — s)F(s, v(s)) is integrable on J, by Bochner’s theorem [23] so
® is well defined on B,. Similarly, from (H2)(ii), we obtain

” /t(t —8)* T, (¢ - S)G(S, u(s)) ds| < /t || (t—9)* 1T, (¢ - S)G(s, u(s)) || ds
0 0

M t
< % /0 (¢ =) G (s, u(s)) | ds

aM ! a-1
< m /0 (t - S) hq(S) ds. (35)

We claim that there exists a positive number g such that ®B, C B,. If it is not true, then
for each positive number g, there is a function x,(-) € By, but ®x, ¢ B, but || ®x,(t)[| > g
for some #(q) € J, where £(q) denotes that ¢ is dependent of g. However, from equations
(2.2), (3.4) and (3.5) and (H3)(i), we have

q < ||(@x,)(®) |
<M([llxo || + MoMy(q +1) + (Maq + My)] + MoMy(q +1)

Ci_p(1 + B)b*P
i L
BL (1 +ap)

My(g+1) + /:(t - s)“’lhq(s) ds. (3.6)

o
Mo +1)
Dividing both sides of (3.6) by g and taking the lower limit as g — +00, we get

CrgT (1 + B)bP M, -
Br (1 +ap) -

M|:MOM2 + M3 + i| + M0M2 +

a A
IMNa+1)
This contradicts (3.3). Hence, for positive g, B, C B,,.

Next, we will show that the operator ® has a fixed point on B, which implies that equa-

tion (1.1) has a mild solution. We decompose ® as ® = ®; + ®,, where the operators ®;

and @, are defined on B, respectively, by

(P1x)(t) = Sa(t)F(O, V(O)) - F(t, v(t)) - /t(t —8)* AT, (¢ - s)F(s, v(s)) ds
0
and
(®2x)(£) = S (t)[%0 — g(x)] + /0 (t —9)* " Tyt — 5)G(s, uls)) ds,

for ¢t € J. We will show that @, verifies a contraction condition while ®, is a compact

operator.

Page 5 of 10
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To prove that ®; satisfies a contraction condition, we take x;,x, € By, then for each t € J
and by condition (H1) and (3.2), we have

[(@121)(2) = (Prx2) (D)
< ||Sa(t) [F(O, vl(O)) - F(O, V2(0))] H + ”F(t, vl(t)) - F(t, vz(t)) H

+

/t(t —8)* AT, (¢ - 3) [F(s, vl(s)) - F(s, vz(s))] ds
0

Ci_pI'(1 + B)M;b*#
Br(1+ap)

= (M+ DMy sup [a(s) =229 + sup [(s) = 2(9)].
0<s< 0=<s<

Hence,

sup [#1(s) = x2(s)||

op
[ (@120)(8) = (@122)(8) || < My [(M F DM, + M] s

B +apB)

= L() sup Hxl(s) _xz(S) ”
0<s<b
Thus,

[(@1x1)(2) — (Prx2)(8) || < Lo Osupbllxl(s) —x3(s)]»

and by assumption 0 < Ly < 1, we see that ®; is a contraction.

To prove that @, is compact, firstly we prove that &, is continuous on B,.

Let {x,} C B, with x,, — xin B, then for each s € J, u,(s) — u(s), and by (H2)(i), we have
G(s, 1, (s)) = G(s, u(s)), as n — 0.

By the dominated convergence theorem, we have
[ ®2x, — Pox]|

= sup |Sq(0)[g(x) - g(xn)]

0<t<b

— 0,

+ /t(t = 8)* M To(t = 9)[G(s, un(s)) — G(s, u(s))] ds
0

as 1 — 00, that is continuous.
Next, we prove that the family {®yx : x € B} is a family equicontinuous functions. To
do this, let € > 0 small, 0 < ; < £, then

[(@22)(22) = (@22) (&) |

< ||Sa(82) = Su (@) |00 — g@) |

+ / - || (b — )" 1T, (82 — 5) — (8 — 8)* 2T (t — 5) H || G(S, u(s)) ” ds
0
+ / l H (ty—8)* 1Ty (ty —5) — (81 — 8)* 1T (81 — 5) ” H G(s, u(s)) || ds

o [l -9 Tt -9 | 65 t5) | .

5]
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We see that [|(®yx)(£2) — (Pox)(#1) || tends to zero independently of x € B, as t, — £, with e
sufficiently small since the compactness of S, (¢) for ¢ > 0 (see [16]) implies the continuity
of S,(¢) for £ > 0 in ¢ in the uniform operator topology. Similarly, using the compactness
of the set g(B,) we can prove that the function ®,x, x € B, are equicontinuous at ¢ = 0.
Hence, ®, maps B, into a family of equicontinuous functions.

It remains to prove that V/(£) = {(Pox)(¢) : x € B,} is relatively compact in X. Obviously,
by condition (H3), V(0) is relatively compact in X.

Let 0 <¢ < b be fixed, 0 < € < t, arbitrary § > 0, for x € B,, we define

(@5°%)(¢) = f 1 (0)S(£°6) [0 — g(x)] 8

s

. Ooe —5)"10,(0)S((t - 5)%0)G(s, dod

+Ol/0 /(; (t—5)*"n4(0) ((t s) ) (s u(s)) s
=S(e"‘8)v/(S N4 (0)S(£%60 — €¥8) [xo — g(x)] db

+ aS(earS) /(;f—e /500 ot - s)“_lna(G)S((t —9)%0 — e"‘S)G(s, u(s)) do ds.

Since S(€8), €*8 > 0 is a compact operator, then the set V() = {(¢§'5x)(t) tx € By} is
relatively compact in X for every €, 0 < € < ¢ and for all § > 0.

Moreover, for every x € B, we have

S
[(@:9)(0)  (05%)(®)| < / 1 (0)S(°6) [0 - ()] d6 H

+o

Y
/ / o(t —s)“‘lna(O)S((t—s)o’Q)G(s,u(s)) do ds
o Jo

+o

/t/wé’(t—s)“1na(0)S((t—s)“9)G(s, u(s)) do ds
0 Js

- f - f " 0= 9 0 (O)S((¢ - 9)0) G (s, u(s)) d ds
0 $

=

§
/0 1 (0)S(°6) [0 - ()] d6 H

+o

t s
/ / o(t —s)“‘lna(G)S((t—s)“Q)G(s,u(s)) do ds
o Jo

+

/t /OO 0t - )" "o (0)S((t - $)*0) G(s, u(s)) do ds
t—e J§

S
< M[llxol + Ml + Ms ] / 1 (0) do
0

t s
+ aM(/ (t- s)“’lhq(s) ds) / 0n4(0)do
0 0

+OlM(/[ (t—s)"‘_lhq(s) ds> /wOna(Q)dB
t—e€ 0

5
< M[|lxoll + Ms]|x]| +M4]/ Na(0) do
0
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t s
+OlM(/ (t—s)“‘lhq(s)ds)/ 0n4(0)do

a-1
F(1+a)/ (t—8)""hy(s)ds.

Therefore, there are relative compact sets arbitrary close to the set V(¢), ¢ > 0. Hence, the
set V(¢), t > 0 is also relatively compact in X.

Thus, by Arzela-Ascoli theorem @, is a compact operator. Those arguments enable us
to conclude that ® = ®; + ®, is a condensing map on B, and by the fixed-point theorem
of Sadovskii there exists a fixed point x(-) for & on B,. Therefore, the nonlocal Cauchy

problem (1.1) has a mild solution, and the proof is completed. d

4 Example
Let X = L%([0, ], R), we consider the following fractional neutral partial differential equa-

tions
€9y |:u(t, z) + / a(z,y)u(t,y) dy] = aju(t, z) + azh(t,u(t, z)), 0<t<bh0<z<m,
0

u(t,0)=u(t,m)=0,0 <t <b,
r T
u(0,2) + Z/ k(z,y)u(t,y)dy =up(z), 0<z<m, (4.1)
— Jo

where €97 is a Caputo fractional partial derivative of order 0 < <1, 5> 0,z € [0,7], p is

a positive integer, 0 < £y <t <--- <, < b.
up(z) e X = Lz([O,n],R), k(z,y) € Lz([O,n] X [O,n],R).
We define an operator A by Af = —f” with the domain
D(A) = {f() € X : f,f absolutely continuous, f” € X,f(0) = f(r) = O}.

Then —-A generates a strongly continuous semigroup {S(¢)};>o which is compact, analytic,
and self-adjoint. Furthermore, —A has a discrete spectrum, the eigenvalues are —n*, n € N,

)2 sin(nz). We also use the

with the corresponding normalized eigenvectors u,(z) = (2/7
following properties:

(a) Iff € D(A), then Af =Y o2 n*(f, u,)u

(b) ForeachfeX, A™f =3 1(f,u,)u,.In particular, A~

(c) The operator AY2 is given by

1/2” =1.

Amf = Zn(f,u,,)u,,

n=1

on the space D(AY?) = {f(:) € X, Y02, n{f, un)u, € X}.
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The system (4.1) can be reformulated as the following nonlocal Cauchy problem in X:

°D” [x(t) + F(t,x(t),x(bl(t)),...,x(bm(t)))] + Ax(t)
= G(t,x(t),x(ul(t)),...,x(an(t))), te]=][0,b],
%(0) + g(x) = xo,

where x(¢) = u(t, -) that is (x(¢))(z) = u(t,2), t € [0,b], z € [0, 7].
The function F: [0,b] x X — X is given by

(F(t,)(2) = /0 a(z9)o() dy

holds for (¢, t) € [0,b] x X — X and z € [0, ].
The function G: [0,b] x X — X is given by

(G(t,9))(2) = 9;h(t, u(t, 2))

holds for (¢, t) € [0,b] x X — X and z € [0, ], and the function g : E — X is given by

p
g =) Kex(t),

i=0

where Kq(u)(z) = fon k(z,y)u(y)dy, for z € [0, ].

We can take o = % and G(t,x) = ﬂ% sinx, then (H2) is satisfied. Furthermore, assume that
Mz =My =@+ [5 k*(z,y)dydz]"*. Then (H3) is satisfied (noting that K, : X — X is
completely continuous).

Moreover, we assume the following conditions hold:

(i) The function a(z,y), z,y € [0, 7] is measurable and

b/ g
/ / a*(z,y) dydz < oc.
o Jo

(i) The function d,a(z,y) is measurable, a(0,y) = a(w,y) = 0, and let

T e 172
B 2
N; = [/0 fo (Bza(z,y)) dydz:| < 00.

Therefore, the conditions (H1)-(H3) are all satisfied. Hence, according to Theorem 3.1,
system (4.1) has a mild solution provided that (3.2) and (3.3) hold.
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