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Abstract

In this paper, we study the existence of multiple positive solutions of the
second-order periodic boundary value problems for functional differential equations
with impulse. The proof of our main results is based upon the fixed point index
theorem in cones.
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1 Introduction
In this paper, we will consider the existence of positive solutions for boundary value prob-
lems of second order impulsive functional differential equations of the form

(p(t)u/(t))/ +f(t’ut) :0) te],t?/tk,kzl,...,m,
-Au' () = Ik(uy), k=12,...,m, (1.1)
Ug = ¢, u(T)=A,

where J = [0, T],f :] x C, — Risa continuous function, ¢ € C; (C, be given in Section 2),
>0, p(t) € C(J,(0,00)), u; € Cy, us(0) = u(t +0), 0 € [-1,0]. I € C(C;,R),0 =ty <t <
ty <o <ty <tua=T,J =0, T)\{ty,..., t}. Aud' () = ' (6) — ' (£), u/ (£) (' (£)) denote
the right limit (left limit) of #/(¢) at £ = #, and A € R = (—00, +00).

Impulsive differential equations describe processes which experience a sudden change
of their state at certain moments. The theory of impulse differential equations has been
a significant development in recent years and played a very important role in modern
applied mathematical models of real processes arising in phenomena studied in physics,
population dynamics, chemical technology and biotechnology; see [1-3].

Many papers have been published about the existence analysis of periodic boundary
value problems of first and second order for ordinary or functional or integro-differential
equations with impulsive. We refer the readers to the papers [4-23]. For instance, in [6],
He and Yu investigated the following problem:

u't)=f(t,u(t),u), t#4,0<t<T,
Au(ty) = I(ult), k=1,2,...,m,
L{(t) = M(O)r te [—'L',O),
u(0) = u(T).
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By using the coincidence degree, Dong [4] studied the following periodic boundary value

problems (PBVP) for first-order functional differential equations with impulse:

u(@)=f(tu), t#4,0<t<T,
Au(ty) = L(ut), k=1,2,...,m, (1.2)
u(0) = u(T).

It is remarkable that the author required u(¢) = u(t + 1) for ¢ € [-7,0]. The author also
obtained the existence of one solution of PBVP (1.2).

To study periodic boundary value problems for first and second order functional dif-
ferential equations with impulse, the approaches used in [4, 6-8, 13-16, 20-23] are the
monotone iterative technique and the method of upper and lower solutions. What they
obtained is the existence of at least one solution if there is a pair of upper and lower solu-
tions. However, in some cases it is difficult to find upper and lower solutions for general
differential equations.

As we know, the fixed point theorem of cone expression and compression is extensively
used to study the existence of multiple solutions of boundary value problems for second-
order differential equations. In paper [5], Ma considers the following periodic boundary
value problem:

u'(t)+f(tu)=0, 0<t<T, (1.3)
up =, u(T) = A,
and he obtained some sufficient conditions for the existence of at least one positive solu-
tion of the PBVP (1.3).
In [19], by applying the fixed point theorem of cone expression and compression, Liu
investigates the existence of multiple positive solutions of the following problem:

ut)=f(tu), t#t,te(0,T),
Au(ty) = L(u(ty), k=1,2,...,m,
u(t) =), tel-7,0],

u(0) = u(T).

Motivated by the results in [5, 19, 24], the aim of this paper is to consider the existence
of multiple positive solutions for the PBVP (1.1) by using some properties of the Green
function and the fixed point index theorem in cones.

This paper will be divided into three sections. In Section 2, we provide some preliminar-
ies and establish several lemmas which will be used throughout Section 3. In Section 3,

we shall give the existence theorems of multiplicity positive solutions of PBVP (1.1).

2 Preliminary and lemmas

Let C; := {¢ : [-7,0] = R; ¢(¢) is continuous everywhere except for a finite number of
points ¢ at which ¢(£*) and ¢(¢7) exist and ¢(£7) = ¢(£)}, then C; is a normed space with
the norm

lelieo = sup |@®)], VeecC..
0e[-1,0]
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Let J* = [-1,T], C(J*) and C'(J*) represent the set of a continuous and continuously
differentiable on J*, respectively. Moreover, for u € C(J*) we define ||ul|;+ = sup,¢« |u(Z)|.
Furthermore, we denote:

PC(J*) = {u: u(t) is a map from J* into R such that u(¢) is continuous at ¢ # #, and
u(ty), u(ty) exist and u(t;) = u(ty) for k =1,2,...,m; u(t) = ¢(t) for t € [-7,0]}.
PCY(J*) = {u € PCU*) 1 ttl (t1,41..,) € C (b trsn), 1 (8) and o/ () exist; and o/ () = / (tx)
fork=1,2,...,m}. PC*(J*) = {u € PC(J*) : u(t) > 0,t € [-7, T]}.

Clearly, PC(J*) is a Banach space with the norm ||u||;« = sup,;« |u(t)| for u(¢) € PC(J*).
PC(J*) is also a Banach space with the norm ||z||; = max{||u|[;s, |||« }.

We need to assume the following conditions:

(A1) 1- foT G(s,s)ds > 0; ¢(0) > 0 for 6 € [-7,0], and A > ¢(0);

(A2) f(t,u) > 0forte[0,T] and u € PC*(J*);

(A3) I (k=1,2,...,m) are continuous and I;(u) > 0 for u € PC*(J*).

Lemma 2.1 (see [25]) Let E be a Banach spaces and K C E be a cone in E. Let r > 0 and
Q, = {x e K : ||x|| < r}. Assume that S : Q, — K is a completely continuous operator such
that Sx # x for x € 0%2,.

(i) If1Sx|l < |||l for x € 9K, then i(S, 2, K) =1.

(il) If|ISx|| = ||x|| for x € 0K2,, then i(S, 2,,K) = 0.

Lemma 2.2 For any y,ay € PC(J,R), and n,A € R. Then the problem

(O @) +y(t)=0, tel,t#t,k=1,2,...,m,
-Av' () =ar, k=1,2,...,m, (2.1)
u(0) =n, u(T)=A

has a unique solution

(A-n)
#(T)

T
u(t)=n+ o) + /0 G(z,5)y(s)ds + Z G(t, ty) p(tx)ax, (2.2)

O<ty<T

where

Gl - !(¢(T)—¢(r))¢(s), Ossse<T, /0 ds

s) = —— < +00. (2.3)
A(T) | p(O(H(T)-9(s)), 0<t<s<T, p(s)

Proof Integrating the first equation of (2.1) over the interval [0, ¢] for ¢ € [0, T), we get

u(t) = u(0) + p(0)u'(0)g(¢) - t[d)(t) - ¢(s)]y(s)ds - [6(6) - d(t) | o(tr)ax. (2.4)
0

O<ty<t

It follows from the boundary conditions #(0) = 1, u(T) = A and (2.4) that

o1 r
u(O)—m[(A—nH /0 [$(T) - s)ds+ S [¢(T)—¢<tk)]p(tk>ak].

O<ty<T

Together with (2.4), we obtain (2.2). O

By the standard discussion, we have the following lemma which will be used later.
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Lemma 2.3 The Green function G(t,s) defined in (2.3) has the following properties:
(i) G(t,s)=>0,Vt,s€[0,T];
(ii) G(t,s) < G(s,s) < +00,Vt,s€ [0, T7;
(iii) 0<oG(s,s) < Gl(t,s), Vt € [, B], s €[0, T, where o € (0,11, B € [, T), and

0<o i min{ o(T) —¢(/3), P(a) } <l

P(T) - p(a) #(B)

Form Lemma 2.2, the problem (1.1) is equivalent to the integral equation:

0(0) + LD p(t) + [ 7 G(t,5)f (5, u,) ds
(S(@©) = u®) = |+ Xguyer Gt ) p )k (), telo,T], (2.5)
o(t), te[-1,0].

Definition 2.4 A function u € PC}(J*) N C2(J) is called a positive solution of PBVP (1.1),
if it satisfies the PBVP (1.1) and u(¢t) > 0 on J*, and u(¢) 20 on /.
Define a cone K in PC(J*) as follows:

K= {x € PC(]*) :x> 0 onJ* and x(¢) > o ||x|lj0,77, VE € [a,ﬂ]}. (2.6)

Lemma 2.5 The operator S : K — K is completely continuous.

Proof 1t is easy to show that S(K) € K holds. Let B be a bounded subset in PC(J*). By
virtue of the Ascoli-Arzela theorem, we only show that S(B) is bounded in PC(J*) and
S(B) is equicontinuous. For any u € C; and 6 € [-7,0], ¢ € [0, T], we have u,(0) = u(t + 6).
Therefore, the set {u; : u € B, t € [0, T']} is uniformly bounded with respect to ¢ € [0, T'] on
C.. Then there exist two constants L; > 0, L, > 0 such that

uegslg[)éj]{ [f(s, us)|} <L, ueg&gﬁd{ |1/<(Mtk)| } <Ly, k=1,2,...,m. (2.7)

Taking

L = max {|G(t,s)|}, Lo = max {|G(t,tk)
t,s€[0,T1] t,t;€[0,T]

}ok=12,...,m. (2.8)

It follows from (2.5), (2.7), and (2.8) that S(B) is bounded in PC(J*).
Letu € Band ¢,t' € [-t, T] with £ < . There are three possibilities:
CaseLIf0<t<t <T,then

T
|(Su)(t) - (Su)(£')| < /0 |G(t,s) - G(t,s)|f (s, us) ds

A - ¢(0) /
(T) |¢(t) - ¢(t )i
+ Y |G t) - G(E, )| ot Ti(uy,).
O<ty<T

CaseIl. If -7 <t <t <0, then we have |(Su)(¢) — (Su)(¢')| = |@(t) — @(t')].
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CaselIl. If -1 <t<0<¢ < T, then
|[(Su) (&) = (Sw) (£')| < [(Sw)(') = (Sw)(0)] + | (Su)(0) — (Su)(8)|

T
5/ |G(t/,s) —G(O,s)[f(s, ug) ds
0

A-g0) . _
o0 |6(2) = 0] +[9(0) — 0(2)|
+ Z ‘G(t/,tk) - G(0, tk)’p(tk)lk(utk)-
O<ty<T

Clearly, in either case, it follows from the continuity of G(¢,s) and the uniform continu-
ity of ¢ in [-7,0] that for any ¢ > 0, there exists a positive constant §, independent of ¢,
t’ and u, whenever |t — t| < 8, such that |(Su)(¢) — S(u)(¢')| < € holds. Therefore, S(B) is
equicontinuous. O

3 The main results
In this section, we shall consider the existence of multiple positive solutions for the peri-
odic boundary value problems (1.1).

For convenience sake, we set

t,v I (v
= im M, 1130 = lim L,
vePCH Vll-z,01=> 0 [|V][[-7,0] vePCH,Vll_g,0>00 [|[V]l[=z,0)

For the first theorem we need the following hypotheses:
(Cl1) There exists a constant a; > 0 such that for ve PC*(J*) : |vll[.¢,0) < a1,

ftv) = Momax{|vl_cop l@l-c01},  VE€[0,T],

L) = Memax{|IVli—op l9lco ), k=12,...,m,

where M, and M are two positive constants satisfying:

B
U{MO/ G<%,s>ds+ > G<%,tk>,o(tk)Mk} >1. (3.1)

a<tp<p

(C2) There exists a constant by > 0 satisfying:
by > max{ loll=z,0 a1, (1 - D)_lA} (D be given in (3.2))
such that
ft,v) <MilIvllj—r0;, VYte€l[0,T] and L(v) < M{lIVli—ro, k=1,2,...,m

for ve PC*(J*) : IVl (=z,0) < b1, where Mg > 0, M} > 0 are constants satisfying:

T m
D:= M} G(t,s)d G(¢t, t) p(t ) M 1. 3.2
ti?éf’}]{ 0/0 (t.s) s+; & 0o tOM] | < (3.2)

Theorem 3.1 Assume that (Cl1), (C2), foo = 00, and I° = 00 hold. Then PBVP (1.1) has at
least two positive solutions ., . with 0 < ||uy|l[—z,1) < b1 < ||t |l =z,
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Proof Forany u € K, we have u(t) > o ||ulljo,1), t € [, B]. It follows from the definitions of
PC(J*) and u, that

lltsli(—z,01 = sup | (s+0)| = uls) = ol
0el-1,0

Then for u € K with ||u||[-;,7] = a1, it follows from (2.5) and assumption (C1) that

_ T
(514)(%) = (0) + MT?()O))QS(%) +/0 G(%,s)f(s,us)ds

+ > G(— tk) ()i (o1,)

O<ty<T
T
> f < ,s)f(s u)ds+ Yy G( tk)pm)fk(utk)
0 0<t<T
r /1
Z/O G(E,S>MOmax{”us”[—r,O]»”‘p”[—t,O]}ds
+ Z G(%Jk)/?(tk)Mk max{ || ug |l -z,00, 101l [-r.01} 3.3)
0<ty<T

b1
Z/ G(E;S>M0max{”us”[t,O]’”(O”[r,O]}dS
o

£y G(— tk) ()M max{ g Nl e, 01, |9l r,01}

a<tg<p

£ /1
2/ G<§,S>Moma><{ollull[o,n,||<p||[f,m}ds
o

+ Y (— tk) ()M max{o [[ulljo,r), 19l (-z.01}

a<tg<p
1 1
>01Mo ) G 7S ds + Z G E,tk )M ¢l (=2,
a<tp<p
> ull{-z,11 = aa. (3.4)

Now if we set Q,, = {u € K : || u|l[_;,77 < a1}, then (3.4) shows that ||Sul|[_;, 77 > [lu|[-,17 for
u € 082, . Thus, Lemma 2.1 yields

i(S, R4y, K) = 0. (3.5)

For u € K with || ul|(-,1) = b1, from (2.5) and assumption (C2), we have

lp(0) + e p(2) + [ Gt 5)f (5, 1s5) s
|Su(t)| = + ZO<£/<<T G(t, tk)p(tk)lk(utk)ly te [01 T]1
|(p(t)|r t S [_T’ 0]
< f()T G(t: S)Mé "uS ” [-7,0] ds + ZO<tk<T G(tr tk)P(tk)MZ ”utk ” [-7,0] T Ay
| ell=z0
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T
maxefo, 1 {M§ [y G(t,)|tts || [-r,0) ds
=< + Zo<fk<T G(t’ tk),O(tk)M/t ” Uy, ” [—r,O]} +A,
l@ll-z,01
Db1 + A,
=<
lell-z,0
< b. (3.6)

Set @, = {u € K : |ut||[-¢, 77 < b1}. Then (3.6) shows that || Sul|(_;, 1] < |||, 7] for 1 € 92y,
Hence, Lemma 2.1 implies that

i(S, Qp, K) = 1. (3.7)
According to fo, = 00 and I;° = 00, choose a constant 5* such that
b* > max{ loll=z01 bl} (3.8
and

f(tr V) EMOHVH[—':,O]r vVt e [Or T],VV € PC+( *)10b* = ”VH[—I,O]’
L) > MilVliro,  ¥vePC*(JF),0b" < Vlieonk=1,2,...,m,
where My > 0, My > 0 are constants satisfying:
— [P 1 1 —
oiMj G 5’5 ds + Z G E'tk o(t)My ¢ > 1. (3.9)
o a<tp<p

For u € K with | ul|[_,1) = b*, from (2.5), Lemma 2.5 and (3.9), by using the same method
to get (3.3), we can get

_ T
(Su)(%) = (0) + %qﬁ(%) +/0 G<%,s)f(s,us)ds

+ Z G(%, tk),O(fk)Ik(Mtk)

O<ty<T
B /1 \— 1 _
> | G55 |Molluslicords+ 3 G ot ) oMl e
o a<ty<p
Fo/1 \— 1 —
Zo{/ G(E,S>Mods+ > G(E,tk)p(tk)Mk}lluH[,,T]>b*_ (3.10)
o a<tp<p

Now if we set Qp+ = { € K : || u||[—1, 17 < b*}. Then (3.10) shows that || Su||[—¢, 71 > ||#]|[=z,7]
for u € 3Q2p+. Thus, an application of Lemma 2.1 again shows that

i(S, Qpe, K) = 0. (3.11)

Since a1 < by < b*, it follows from (3.5), (3.7), (3.11), and the additivity of the fixed index
that

i(S, 2, \Q24y, K) = 1, i(S, 2\ Qpy, K) = 1.


http://www.advancesindifferenceequations.com/content/2014/1/134

Zhao et al. Advances in Difference Equations 2014, 2014:134 Page 8 of 12
http://www.advancesindifferenceequations.com/content/2014/1/134

Thus, S has a fixed point u, in €2, \Q2q,, and a fixed point . in 24+ \Qy, . They are positive
solutions of the PBVP (1.1) and

0< ”u*”[fr,T] <b < ”u**”[—r,T]-
The proof is complete. O

For the second theorem we need the following hypotheses:
(C3) There exists a constant a, > 0 satisfying

az > max{||¢ll-rop (1 - D*)_IA} (D*is given in (3.12)),
such that for v € PC*(J*) : |[V|l[—1,0] < a2,
f&v) <Ag5lvlli=rop, VE€[0,T] and I(v) < ALIVIrop k=1,2,...,m,

where Af, A} are positive constants satisfying:

T m
Dt = tg{]g)}] {AS/ G(t,s)ds + Z G, te)p(t)rf ¢ <1 (3.12)
’ 0 k=1

(C4) Hy : R* — R* (k=1,2,...,m) are continuous nonincreasing functions such that
[k (v)| < H(|[v[l[=z,07) for v € PC*(J*).
(C5) There exists a constant b, with by > a, such that for any v € PC*(J*) : ob, <

VIl (2,01 < b2,

f@&v) = romax{|[vlli—zop @l-c0}, VEe€[0,T]
and

Li(v) = mcemax{[Vlicop l@ll-r0 ), k=1,2,...,m,

where Ao > 0, A >0, and
B /1 1
A Gl=,s)d Gl =t ) pt)re t > 1.
o{ o/a (2 S) S+a§;ﬂ (2 k)p( K k}_

Theorem 3.2 Assume that (C3)-(C5), and fo, = 0 hold. Then PBVP (1.1) has at least two
positive solutions ., . with 0 < ||ty |l[—z,1] < b2 < ||t || 2,7

Proof For any u € K with ||u||;_; 171 = a3. According to (2.5) and assumption (C3), we have
y [-7.T] g p

lp(0) + LD p(2) + [ G(t, 5)f (s, us) ds
|Su(t)| = + 2 o<t G 1) p(E) (g, ), tel0,T],
lp(®)], te[-7,0],
maxseqo, 1Ay i Gt 8)llutsll—c.01 ds
=< + 2 0ctper GO L) P(EIAE Nttgy Nl -0} + A,
lelli-z015
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D*a; + A,
<
leli-z0
< as. (3.13)

Set Q4, = {u € K : ||lull[—r,1] < a2}. Then (3.13) shows that ||Su|l[_r,1] < ull[—¢,77 for u €
9%2,,. Thus Lemma 2.1 implies

i(S, 2y, K) = 1. (3.14)

On the other hand, it follows from (2.5) and assumption (C5) that

1\ (A-p0) [1 r
(Su)(i) = ¢(0) + Wd)(i) +/0 G(E,s)f(s,us)ds

+ Z G(%, tk)p(tk)lk(utk)

O<ty<T

T
1
- [ G(E,s)xomax{nusn[_,,m,||<p||[_f,m}ds
0

1
+ > G(E,tk)p(tk)kaax{nutk||[,,O],nwn[,m}

O<ty<T

/1
Z/ G<§,S>AomaX{0llull[O,T],||<ﬂ||[—r,o]}ds
o

1
Y G(E,tk)pm)kaax{o||u||[o,n,||<p||[T,O]}

a<tp<p
B /1 1
> a{xo/ G(E’S> ds+ Yy G(E,tk>p(tk)kk} ltll e,
o a<tp<p
> ||ullj—r,r) = b2 for any u € K with ||u||[_¢, 7] = b. (3.15)

Set Qp, = {u € K : ||lull[—x,r] < b2}. Then (3.15) implies that ||Su||[-, 7] = |t~ 1) for u €
92p,. Thus an application of Lemma 2.1 again shows that

i(S,Qp,,K) = 0. (3.16)

In view of assumption (C4) and f, = 0, there are two possibilities:
Case 1. Suppose that f is unbounded, then there exists a constant d; satisfying:

dy > max{||@ll-c01 b2},
such that

ft,v) <eolvlizro) forvePC* (]*) Wll=r01 = d1,VE € [0, T] (3.17)
and

L) < He(IVll1=r,0) < Hi(dy), k=1,2,...,m,
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where ¢ is a positive constant satisfying

T m
max 80d1/ G(t,s)ds + Z G(t, tr) p(t ) He(dy) } + A < d. (3.18)
te[0,T] 0 1

If u € K with ||u||[—z,1] = d1, then it follows from (2.5), (3.17), and (3.18) that

maxzeqo,r){€0dh fOT G(t,8)ds + Doy o7 G(& 1) p(E)Hic(dh)} + A,
lell-z,0
<d. (3.19)

|Su(t)| < {

Case 2. Suppose that f is bounded. Then there exists a constant N such that
Ift,v)]| <N, t€[0,T],VvePC*(*).

Taking

T
dzZmaX{H‘P”[r,O]:tIer[l(?);]{N/ G(t,s)ds + Z G(t,tk)p(tk)Hk(O)}+A,bz}.

0 0<ty<T

For u € K and ||u||[_;,7] = d>, from (2.5), we have

maxefo,r N [y G(t,)ds + Yoy, .1 Glt 1) p(t) Hi(0)) + A,

Su(t
Jsuto)] = :||¢||[—r,o]

<dy.
Choose d = max{d, d,}. Hence, in either case, we always may set
Qq={ueK:|ullm<d},
such that ||Sul|[-¢,7] < |-, 1) for u € 32,4. Thus, Lemma 2.1 yields
i(S, Q4 K) = 1. (3.20)

Since a; < by < d, it follows from (3.14), (3.16), (3.20), and the additivity of the fixed point
index that

i(S, 2, \Quy, K) = =1, (S, 24\ Qp,, K) = 1.

Thus, S has a fixed point u, in Q, \ﬁaz, and a fixed point u,, in Qd\ﬁhz. They are positive
solutions of the PBVP (1.1) and

0 < ltalli—z,17 < b2 < s | [z, 17

The proof is complete. O
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Example 3.3 Consider the following PBVP:

(€' () = (1 + £2)F(supye(_y0) [4:(0)]);
—Au () = I(supge;_y0 (5 +6))), (3.21)
u(t) = 551 +sint), te[-1,0], ul) =2,

where
1-./x x¢€[0,0.25), x+0.8, x €[0,0.6),
F(x) = { 2x, x € [0.25,20), I(x) = %x, x €[0.6,21), (3.22)
+x?,  xe[20,+00), a® - 14, x€[21,+00).

Then PBVP (3.21) has at least two positive solutions ., u.. with 0 < [Ju,]l[_1,;) <10 <

20| [-1,1]-

Proof PBVP (3.21) can be regarded as a PBVP of the form (1.1), where

f&x) = (1+)F(Ixll), L) =I(lIxll), (p(t):%(1+sint), (3.23)

and p(t)=e',A=2,71=-1,T=1.

First we have 1 — fol G(s,s)ds ~ 0.8980. By choosing « = 0.25, 8 = 0.75, we get o =
0.2543 < 1. On the other hand, it follows from (3.21) and (3.22) that f5, = 00 and I}° = 0o
are satisfied. Finally, we show that (C1) and (C2) hold. Choose M, =10, M; =16, a; = %,
by =10, M§ =2, M{ = % By calculation, we get

075 71 11 1
o1 My G| =,s)ds+G| =,= |p| = |M1; ~1.0868 >1, D=~ 0.7754
095 2 22 2
and

max _topan,(1—-D) ~ 8. <p; =10.
{llollicop a1, (1 - D)'A} ~8.9048 < by =10

Then it is not difficult to see that the conditions (C1) and (C2) hold.
By Theorem 3.1, PBVP (3.21) has at least two positive solutions u,, u., with 0 <
2t 1,17 <10 < [[2tsse |l -2,11- 0
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