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Abstract

In this article, some Gronwall-type integral inequalities with impulses on time scales
are investigated. Our results extend some known dynamic inequalities on time scales,
unify and extend some continuous inequalities and their corresponding discrete
analogues. Some applications of the main results are given in the end of this article.
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Introduction
The theory of time scales, which has recently received a lot of attention, was initiated
by Hilger [1] in his Ph.D. thesis in 1988 to contain both difference and differential cal-
culus in a consistent way. Since then many authors have investigated the dynamic
equations, the calculus of variations and the optimal control problem on time scales
(see [2-11]). At the same time, a few papers have studied the theory of integral
inequalities on time scales (see [12-14]).

In this article, we study some Gronwall-type integral inequalities on time scales,
which extend some known dynamic inequalities on time scales, unify and extend some
continuous inequalities and their corresponding discrete analogues. It is helpful in our

result to study dynamic systems and optimal control problem on time scales.

Preliminaries
For convenience, we present some important theorem on time scales in this section.
The approach is based on the ideas in [9] and will be of fundamental importance in
following results.

A time scale T is a nonempty closed subset of R. The two most popular examples are
T =R and T = Z. Define the forward and backward jump operators o, p : T — T by

o(t)=inf{s e T|s > t}, p(t)=sup{seT|s<t},teT,

where, in this definition, we write sup@ = infT = a and inf# =sup T = b. A point
t € T is said to be left-dense, left-scattered, right-dense, right-scattered if p(¢t) = ¢, p (¢)
<t o (t) =t o(t) >t respectively. The forward (backward) graininess
w: T — [0,+00)(v: T — [0, +00)) is defined by u(¢) = o(¢) - t(v(t) = t - p(t)). Define
PCyq(T, R)(PCrra(T,R)) = {x: T — Rlx, PCpa(T,R)(PCra(T,R)) = {x: T — R|x is con-
tinuous at right-dense point t € T \ A, x exists right limit at £ € A or left-dense point
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[|x]|pc = max {sup [lx(t+)]], sup ||x(t—)||} » x is left (right) continuous and exists right
teT teT

(left) limit at £ € A}. Endowed with norm

[1x||pc = max {sup [lxe(t+)11, sug IIx(t—)II} :
€

teT t

{PCpra(T, X), || - llpc} and {PCpra(T, X), || - |Ipc} are Banach spaces.
Theorem 2.1. (1) Let f € L'(T,R). Then

F(t) = /f(r)Ar,teTT

[a1)

implies F € Cyy(T, R)is A-differentiable A-a.e. on Tand

F(t) — F(s) = /f(r)Ar fors, teT.
[s:1)

(2) If f and g are A-differentiable A-a.e. on T, then

/ [f2(2)8(x) +f7(1)g* (1)] At = f(1)g(1) — f(5)8(s) for s, t € T,
[s,t)

The exponential function e, on time scale plays a very important role for discussing
dynamic equations on time scales. Define I'y(T) = {p € L] (T, R)I1 + u(t)p(t) # 0}. For
any p,q € I'1(T), define p ® g =p + q + upq, p = —lf;p, pPOq-= qu Further, we
can show that p® q,p © ¢, ©p € I'1(T). Define the generalized exponential function as
follows:

o(t9) = exp | [ £ (AT
[s:1)

Theorem 2.2. Assume that p,q € I'1(T), then the following hold:

(1) eo(t, s) =1, e,(t, 1) = 1, ey(t, s)ey(s, 1) = ey(t, 1), ey,(0(t), 5) = [1 + u(t)p(t)]ey(t, s);

ep(t,s

2) ep(t’ s) = e,,(ls,t) = eep(s' ), ep(t; s)eq(t, s) = ep@q(t¢ 5), eZEt,S% = epeq(t/ )

(3) €p(++5) € C(T, R), (e,(-, )™ = p(Jey(- 5)ep(s, )™ = -p(ey(s, o() A-a.e. on T.

Main results
In this section, we deal with Gronwall-type integral inequalities with impulses on time

scales. For convenience, we always assume that f € L' (T, R), p;, ¢; € L' (T, R*) with R*

=00, +),0 <Ay <1(i=1,234),020B20((k=12 - n),*=sup lxs)|

ass<t

Xy, sup |x(s)] in the section.
T<s<b

Theorem A. (1) If x € Cyy (T, R)satisfies the following inequality

xA(1) < pr1(O)x(t) + f(t) A —a.e onT



Peng et al. Advances in Difference Equations 2011, 2011:26 Page 3 of 12
http://www.advancesindifferenceequations.com/content/2011/1/26

then
x(t) < ey, (t, a)x(a) + / ep (t, o(r))f(r)Ar forallt T,
[a,1)
(2) If x € PCya (T, R*)satisfies the following inequality
x(t) < a+ / pr(T)x()AT+ Y B (), VieT,
[a,t) <t

then

x( <a [J(1+B) e, (ta), VieT.

tp<t
(3) If x € PCyy (T, R")satisfies the following inequality
x(t) <a+ / p1(7)x(z)AT + / q1(2)x" (o (7))AT + Zﬂkx(tk), VieT,
[4,) [a.) =t
then there is a constant M > 0 such that
x(t) <M, VteT.
(4) If x € PCyy (T, R )satisfies the following inequality
x(t) < o+ / p1(7)x(z)AT + / pa(t)x AT + / ql(r)x’“ (o(x))AT
[a.t) [a.t) [a.t)
+ / qz(t)xfrz(r)Ar + Zﬁkx (tr), Vt e T,

[a,t) <t
then there is a constant M > 0 such that
x(t) <M, VteT.

(5) If x € PCyyq (T, R*)satisfies the following inequality
() = [ pEsscs [ pEwacs [ a@eeacs [ o
[a.t) [a.t) [a.t) [at)
+a+ / g3 (0)x (T) AT + / q4(r)xﬁ4(r)At + Zﬂkx (t), VteT,

[a,b) [ab) fie<t
then there is a constant M > 0 such that
x(t) <M, VeeT.

Proof. (1) Note that p; € L'(T,R*) implies p; € I'1(T) and 1 + u(t)p1() > 0 for all
t € T. Now

[x(eep, (ta)]* = [x4(0) = p1 (Ox(D)] eop, (o (1), a) A —ae.onT.
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Therefore,
x(t)eep, (1, a)—x(a) = / [x*(r) = pr(2)x(1)] eep, (o (2), @) At < /f(f)eepl(ff(f)rﬂ)mf
[at) [at)
that is,
x(t) < ep, (t, a)x(a) + / ey, (t,o(r))f(r)Ar forallt e T.
[a.0)

(2) Define

y(t) = o + / pr(T)x()AT + Y Bux(n), Ve e T.

[ul t) <t

By Theorem 2.1, y is A-differential A-a.e. on T and

{VA(I) =p1(Ox(t) < pr(y(t), t#t.,
y(a) = o, y(te+) = (1 + Br)y(tr)-

For t € [a, t1], it is obvious to
(1) < ey, (1, a).
Further, we have

y(0) < y(ti+) e, (1) < a(1+8) [ [(1+81) ey, (i a)ep, (1, 14) = @ [ [(1+81) ep, (1, @), Ve € (8 tin].

<t <t

Thus,

x(t) e [[A+B0e(ta), VieT.

<t
(3) Setting
() =a+ / p1(t)x(z)AT + / g1(2)x (o (7))AT + Zﬂkx(tk),
[a1) [a1) et
then

{YA(t) = pr(0)x(t) + g1 ()6 (o (1)) < pr()y(t) + &1 ()Y (0 (1)) A —ae.onT, t#1,
y(a) = a,y (te+) =y () + Bex(tr) = (1 + Br)y(te).

Using the conclusion (1), we have

TONEREY ) (CEYATGO R § (RN RO OGO
<t <t a0)
< TI@+8) | wepn(ta)+ f e (1,0 (1)1 (1) (0 (1)) At

<t

1)

Page 4 of 12
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Fort e T, let
B1) = 0ty (b.0) + e, (b0) [ 10 @()AT 26, 00) [ g1 (o (DA,
[a1) [a,b)
then / is monotone increasing function and h(b) = 2h(a) — aey, (b, a),
n
WA () = e, (b, )i ()Y (0 (1) < [[ 2+ B) e, (b, a)gi (1) (1), Ve e T.
k=1
A-integrating from a to ¢, we obtain
W't) —h' M) <p / g1(v)Ar, VteT,
[a1)
where
n
p=(1=21)ep (ba) [T(2+ 50"
k=1
Now, we observe that
(2h(a) - ey, (b)) ™ —H (@) = 0 [ si(ar
[a,b)
Letting

I'(z) = (22 — ey, (b, a))lf)ll —zi™,

[ @ a 1—Xxy
thenT' € C ([ e”‘z(b'a), +oo) ,R) and T ( emz(b,a)> _ _( emz(b,a)> <0

Z—>+00 z—+00 z1—M Z—>+00 z

r N 1-1
lim I'(z) = lim (=) zZ'7 = lim [(2 - e"l(b'“)) f 1i| Z17M — Lo,

Using the proof by contraction, one can show that there exists a constant M > 0
such that g(a) <M. Thus,
x(t) <y(t) <h(a) <M, VteT.
(4) Setting A = max{iy, A5},

0= {1ty 20 21 00 =90+ p2(0, 50 = 10+ 200, Vi T,

we have

x(f) <a+ f p(t)z At + / g(r)zﬁ(r)Ar + Z,Bkztk, vteT.

[a,0) [a,0) fie<t

Furthermore,

Z <a+ / p(t)z; At + / g(r)zﬁ(r)Ar + Z,Bkztk , VteT,

[a.0) [a.0) fiet
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By the conclusion (3), there is a constant M > 0 such that

x(t) <M, VteT.
(5) Setting A = max{dy, Ao, A3, A4},

l, xt<1,

4
10-{0 X0 p0 =@, ¢0- Y, vieT
- i=1
we have
r0 zas [pen@acs [ gy a3 ftw)
[a,1) [a,b) <t

By the conclusions (3) and (4), we can show that the conclusion (5) is true. The
proof is completed. ©

In Theorem A, we give some Gronwall-type generalized integral inequalities on time
scales. Next, we give some backward Gronwall-type generalized integral inequalities on
time scales which can not be directly obtained from Gronwall inequalities.

Theorem B. (1) If x € Cy(T, R") satisfies the following inequality

H0) <0+ [ (0w ()ar,
[t.b)
then
x(t) < f(r) + / ey, (T, )p1(v)f°(v)At for t € T.
(t.b)
(2) If x € PCyyq(T, R*)satisfies the following inequality
x(t) <o+ / pr (T (T)AT + Y Bix(tr)
[t,b) >t

then

x(t) <a[[(1+Bue, (b1), Vi eT.

>t
(3) If x € PCyq(T, R* )satisfies the following inequality
x(t) <a+ / p1(0)x (T)AT + /gl(T)xU(T)A‘L',
[t.b) [t.b)
then there is a constant M > 0 such that

x(t) <M, VeeT.

Page 6 of 12
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(4) If x € PCyyq(T, R )satisfies the following inequality

x(t) < ot+/pl(r)x}‘l(r)At+/pz(r)xi‘;Ar+ /gl(l’)x(d(‘[))A‘L’

[t.b) [t,b) [t.b)
+ / gz(r)xa(r)bAr + Z Brx(tx), Ve e T,
[l,b) t>t

then there is a constant M > 0 such that

x(t) <M, VeeT.

(5) If x € PCa(T, R )satisfies the following inequality

x(t) < fpl(r)xAl(r)Ar+/pz(r)xﬁ;Ar+/gl(r)x"(r)Ar+ /gg(r)x(,(,)hAt

[.b) [.b) [.b) [.b)

+a+ /g3(r)x’\3(r)Ar+/g4(r)x§“(r)hAr+Zﬁkx(tk),

[ab) [ab) it

then there is a constant M > 0 such that

x(t) <M, VeeT.
Proof. (1) Define

y(t) = / p1(7t)x°(z)Ar fort e T.

[tb)

Then y(b) = 0 and

y2(0) = =p1 (027 () = —=pr (Y7 (1) = 1 ()f° (1) A—aeonT.
Note that,

[¥()ep, (1, D)1 = [y (1) + p1()y° (1)] ey, (t.b) A —ace.on T,
therefore,

Y065, (01) = = [ PO (e (1)

[tb)

Moreover, we obtain

x(t) < f(1) + f e, (T, )p1(v)f°(r)At for t e T.

[t.b)

(2) Setting

y(t) = a + / pr (T (D)AT + Y Bex(n), Vi e T.

[l,b) tp>t

Page 7 of 12
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then y is A-differential A-a.e. on T and

yA(1) = =p1 (0)x7 (1) = —p1 (1) (1), t#t,
Y (=) =y () + Bex(te) < (1 + Br)y(t),
y(b) = «.

For t € [t,, b], by the conclusion (1) we have
y(t) < aep, (b t).

When t € (t,, t,,1], By Theorem 2.2 and the conclusion (1) we also obtain
V() < ¥(ta=)ep, (ta, 1) < (1 + Bn)ep, (b, 1).

Thus,

x(t) <a ][ (1+Bue, (b1), Vi eT.

>t

(3) Setting y = (¢ + 1)(B + 1), B = [(ap) €1, @)g(r)A1, then

x(t) < (x+/pl(r)x'“(r)Arﬂx/egl(r/t)gl(r)ArJr/egl(r,t)gl(r) / pr1(v)x* (V) AvAT

() [t.b) [t.b) [.b)

< y+y/p1(r)x“(r)Ar.
[a,b)

Letting
h(t)=y+vy / () (t)AT +y / p1(0)x* (7)Ax,
[tb) [ab)
then % is monotone descending function and
h2(6) = —ypi (DK (1)
A-integrating from ¢ to b, we obtain
W) =R () < (1= 1)y / p1(7)AT.
[tb)
Therefore,
(@h(e) = y)' ™ =B @) < (1 =aly [ )
[a.b)

Using the method of the conclusion (3) in Theorem A, one can show that there is a
constant M > 0 such that

x(t) <M, VeeT.
(4) For ¢ € T, define

1, =x(t)<1,

ZM={ﬂmanzL
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we have

x(t) <a+ f p(t)z, At + f g(r)zﬁ(r)bAr + Zﬂkz%, VeeT,

[tb) [t.b) =t

where A = max{ld;, A5}, p(t) = p1(t) + po(£)g(t) = g1(t) + g»(¢). Hence

z, <o+ / p(t)z, AT + / g(t)z(’\,(r)bAt + Zﬂkztkw vieT,

[t.b) [t.b) be>t

By the conclusion (3), there exists a constant M > 0 such that

x(t) <M, VteT.
(5) Setting A = max{dy, Ao, A3, A4},

1, X < 1,
Xty Xt Z 1r

4
p(t) = pi(t) +pa(t), g(1) = Zgi(t), vt e T.

i=1

o - |
then we have

y) <o+ / p()y(r) AT + / SO (AT + Y (e,

[t.b) [a,b) =t

Further, we also can prove that the conclusion (5) is hold. This completes the proof.

Remark 3.1: (1) If T = R, then the inequality established in Theorem A reduces to the
inequality established by Peng and Wei in [15].

(2) Using our main results, we can obtain many dynamic inequalities for some pecu-
liar time scales. Due to limited space, their statements are omitted here.

Application
In this section, we present some applications of Theorems A and B to investigate cer-
tain properties of solutions of the following impulsive dynamic integral equation

X (6) + p(0)x7 (£) = f (&, x(), 27 (1), (Sx) (1), (Wx)(1)) , £ & A,
(Sx)(t) = [ k(t,7)s(7,x(7), %% (1)) A, teT,
[a.t)
(Wx)(t) = [ m(t, t)w (7, x(1), % (7)) At, teT (4.1)
[a.b)
X (te+) = X (1) +Jr (x (1), h € A,
x(a) = xo,

where p € I'1(T).
Definition 4.1: A function x € PCyy(T, R) is said to be a weak solution of (4.1), if x

satisfies the impulsive integral equation

x(t) = egp(t, a)xo+/ eep(t, Tf (7, x(2), 27 (), (Sx)(v), (W) (1)) At+ ) eep(t, t)Ii(x()), t € T

o) <t

Suppose that:

[F] (1) k meCy(TxT,R), the functions f:TxXxRXxRXRxR—>R
w:TxRxR—R w:T xR xR — R are measurable in ¢ € T and locally Lipschitz
continuous, that is, for any p > 0, there exists a constant L(p) > 0, for all x;, y;, z;, w; €

Page 9 of 12
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IN

X, satisfying |[xi|[, |[il], [|z], [lwil| < p (i =1, 2), we have

Lip)(lxr —x2 I+ lyr —y2 l+ 121 =22 ||+ [l wi — w2 ]),
Lp) (lx1 —x2 1+ y1 =2 ll),
Lip) (% —xa l+llpr—p2 1)

I f(t,x1, 1,21, w1) — f(t, X2, ¥2, 22, w2) |l
I s(t 21, 1) = st x2,2) |l
Il w(t, x1, y1) — w(t, x2,y2) |l

IN A IA

(2) There are constants 0 <A; < 0 (i = 1, - - -, 4) and function ¢1, g, g3 € L* (T, R*)
such that

A

If(t.x,ywz)l < qi(t) (1 + ]+ 1M+ w] + |z|) Nx,y,w,zeRteT,
Is(tx, )l < qa(t) (1+Ixl +y/*?) ¥x,yeRteT,
w(t,x,y)l < qs(6) (1+ ™ +y™) Yo,y eRteT.

(3) There are constants 8; > 0 such that the mapping J; : R - R (k = 12 - - - n) satis-
fies

I Je(x) =T I < Be I x =y Il ¥x,y € X.

Theorem C. Under assumption [F], if p € T'1(T), then the system (4.1) has a weak
solution x € PCyy(T, R).
Proof. Define the operator H on PCyy(T, R) given by

(Hx)(1) = /eep(t:f)f(frx(f)rx”(f), (Sx)(2), (Wx)(1))AT + ecp(t, a)xo+ )  eep(t, ti)i(x(t))-
Iﬂ:[) <t
We can first prove that H : PCp,(T, R) — PCpy(T, R) is continuous and compact.
Letxe Y = {x € PCya(T,R)|x = §(Hx), 6 € [0, 1]}. When 0 = 0, set y = éx, if not y
= 0. Note that

@l = M |:|xo|+ Il (U 1 e UL gl + I m I g3l ) + ) |]k(0)|j|

k=1

+M5/q1(f)|y(f)|Af+M5 %1 g2l /41(f)|yr|Af

[a,t) la.t)
~ M3 / GO ()" At + M5 || & | dal, / 00y AT,
[a,t) lat)
+MS | m |l gl / a5 (1) ()1 At
[a,b)
M8l [ gl (2)F A+ MY Buly(u).
[a,b) <t

By Gronwall inequality (5) in Theorem A, there is a constant M > 0 such that
y(©)] =M, VteT.
It follows by Leray-Schauder fixed point theorem, H has a fixed point in PCy(T, R),

that is, the impulsive integro-differential equation (4.1) has a weak solution
x € PCy(T,R). O
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For the following backward problem

2 (1) +p(D)e° (1) = w(t, (1), ¢° (1)), a<t<b,
{ o(b) = o1, (4.2)

we introduce the following assumption:
[W] (1) The function w:T x R x R — R is A-measurable in t ¢ T and locally

Lipschitz continuous, i.e. for all ¢y, ¢o, 1, Yo € R, satisfying |¢1], |P2], |vals lwa] < p,
we have

[w(t, o1, Y1) —w(t, g2, ¥2)l < L(p)(lp1 — @2l + [¥1 — 2|) forall t € T.

(2) There exist a constant 0 <A < 1 and a function g € L!(T, [0, +00)) such that

lw(t, @, ¥)| <q(e)(1 +lel* +|y|) forall g, ¥ €R.

We can prove the following result.
Theorem D. Let p € I'1(T). Under the assumption [W], the backward problem of the
nonlinear dynamical equation (4.2) has a unique weak solution ¢ € Cy(T, R).
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