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The existence of bounded nonoscillatory solutions of a higher-order nonlinear neutral delay
difference equation A(ak, - - - A(azn A(A1n A(Xn+bpXn-a))))+ f (0, Xneri s Xnerpps - - s Xn—r,,) = 0, > 10,
where 19 > 0,d > 0, k > 0, and s > 0 are integers, {ain},5,, (i =1,2,...,k) and {b,},,, are real
sequences, U;_i{7jn}ysn, € Z, and f : {n : n > no} x R® — R is a mapping, is studied. Some
sufficient conditions for the existence of bounded nonoscillatory solutions of this equation are
established by using Schauder fixed point theorem and Krasnoselskii fixed point theorem and

expatiated through seven theorems according to the range of value of the sequence {b,}

Moreover, these sufficient conditions guarantee that this equation has not only one bounded

nonoscillatory solution but also uncountably many bounded nonoscillatory solutions.

1. Introduction and Preliminaries

Recently, the interest in the study of the solvability of difference equations has been increasing
(see [1-17] and references cited therein). Some authors have paied their attention to various

difference equations. For example,

A(anAxp) + puxgmy =0, n>0

(see [14]),

A(anAxy) = Guxne1,  A(andxy) = guf (Xne1), n20
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(see [11]),
A* (X + PXnom) + PuXnk = GuXn1 =0, 1>y
(see [6]),
A% (xp +pxpi) + f(n,x,) =0, n>1

(see [10]),
Az(xn - Pxn—'r) = ZQifi(xn—o,-)/ n2=mnp
i=1

(see [9]),
A(anA(xn +bxn-1)) + f(N, Xn-dy,s Xn-doyr - - - » Xn—dy) = Cn,
(see [8]),
A" (X + CXpk) + PuXnr =0, n>mng
(see [15]),
A™(xp + CpXn-k) + puf (Xn-r) =0, n2>mng

(see [3,4,12,13]),

A" (xn + CXpk) + D 5 fs(Xnr) = qu, 1> 10

s=1
(see [16]),

A™(xp + CXpoi) + PnXnr = qGuXn1=0, mn>ng

(see [17]).

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

Motivated and inspired by the papers mentioned above, in this paper, we investigate

the following higher-order nonlinear neutral delay difference equation:

A(akn ce A(CIZrLA(alnA(xn + bnxn—d)))) + f(?l, Xn—r1nr Xn—rypr+ -+ rxn—rs,,) =0,

(1.11)

whereng > 0,d >0,k >0,and s > 0 are integers, {ain},5,, (i=1,2,...,k) and {b,},,, are real
sequences, U7_i{Tjn}usn, €Z,and f : {n:n>no} x R® — Ris a mapping. Clearly, difference
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equations (1.1)—(1.10) are special cases of (1.11). By using Schauder fixed point theorem and
Krasnoselskii fixed point theorem, the existence of bounded nonoscillatory solutions of (1.11)
is established.

Lemma 1.1 (Schauder fixed point theorem). Let Q be a nonempty closed convex subset of a Banach
space X. Let T : Q — & be a continuous mapping such that T is a relatively compact subset of X.
Then T has at least one fixed point in €.

Lemma 1.2 (Krasnoselskii fixed point theorem). Let Q be a bounded closed convex subset of a
Banach space X, and let T1, T, : Q — X satisfy Tix + T,y € Q for each x,y € Q. If Ty is a
contraction mapping and T, is a completely continuous mapping, then the equation Tyx + Trx = x has
at least one solution in Q.

The forward difference A is defined as usual, that is, Ax, = Xp+1 — x,. The higher-order
difference for a positive integer m is defined as A™x, = A(A™'x,), A%, = x,. Throughout this
paper, assume that R = (—oo,+00), N and Z stand for the sets of all positive integers and integers,
respectively, « = inf{n —rj, : 1 < j <s,m > np}, p = min{ng —d,a}, lim, ., (n—71j,) = +oo,
1<j<s, and l;" denotes the set of real sequences defined on the set of positive integers lager than f3
where any individual sequence is bounded with respect to the usual supremum norm ||x|| = supnzﬂlxn|
forx = {xn},5p5 € l;". It is well known that ZZO is a Banach space under the supremum norm. A subset
Q of a Banach space X is relatively compact if every sequence in Q has a subsequence converging to
an element of X.

Definition 1.3 (see [5]). A set Q of sequences in I3 is uniformly Cauchy (or equi-Cauchy) if,
for every € > 0, there exists an integer Ny such that

|xi — x| <e, (1.12)

whenever i, j > N for any x = {xi};5p in Q.

Lemma 1.4 (discrete Arzela-Ascoli’s theorem [5]). A bounded, uniformly Cauchy subset CQ of l;"

is relatively compact.
Let

A(M,N) = {x = {Xn}up €15 M < 20 < N, Vn 2[5} for N> M >0. (1.13)

Obviously, A(M, N) is a bounded closed and convex subset of I7. Put

b = lim sup by, b = liminfb,,. (1.14)

- —
71— o0 n [ee)

By a solution of (1.11), we mean a sequence {x,},>; with a positive integer No >
no + d + |a| such that (1.11) is satisfied for all n > Ny. As is customary, a solution of (1.11) is
said to be oscillatory about zero, or simply oscillatory, if the terms x, of the sequence {x},54
are neither eventually all positive nor eventually all negative. Otherwise, the solution is called
nonoscillatory.
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2. Existence of Nonoscillatory Solutions

In this section, a few sufficient conditions of the existence of bounded nonoscillatory solutions
of (1.11) are given.

Theorem 2.1. Assume that there exist constants M and N with N > M > 0 and sequences
{@in}psn, (1 <T<K), b} usngr {Bntnsny, a1d {Gn} sy, such that, for n > ng,

b, =-1, eventually, (2.1)
|f(n,u1,uz,...,us) — f(n,01,02,...,05)| < hymax{lu; —vi| : uj,v; € [M,N],1<i<s},
2.2)
|f(,un,us, ..., us)| < qn, ui€[M,N], 1<i<s, (2.3)
Z max{ Jhe,qr:1<i< k} < +0o0. (2.4)

t=ngp

Then (1.11) has a bounded nonoscillatory solution in A(M, N).

Proof. Choose L € (M, N). By (2.1), (2.4), and the definition of convergence of series, an
integer No > ng + d + |a| can be chosen such that

b,=-1, Yn>N,, (2.5)

*e] [*e] [©e]

i PIEDIIED ZLgmin{L—M,N-L}. (2.6)

[o'e)
k
j=1 h=No+jd =t t=ti1 t=t | [ [;21 i,

Define a mapping Tt : A(M, N) — X by

L— (_1)ki i Z Z Zf(t 7 Xt—ripr Xterpyr ++ o s Xt— rgt), n> NO/

(Trx), = i bomejd et b=t = [T, ax, (2.7)
(TLx)Nn/ ﬁSn<N0

forall x € A(M, N).
(i) It is claimed that Trx € A(M, N), for all x € A(M, N).
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In fact, for every x € A(M, N) and n > Ny, it follows from (2.3) and (2.6) that

[ee] [ee] [ee] [ee] [ee] t _ _ . _
(Tex), L=, > Do > Zlf( i T“'x; rare o Xiry) |
=1 h=n+jd b=t b=ty b=t |Hi:1a,~ti'
SRV v
j=1 h=No+jd =t;  tx=te I=ty Hi=1ait,-‘

(2.8)
2 M/

[*2] [*2] [*2]

(TLx)nSL+i i Sy ZL

" X k
j=1 =Ny+jd ta=t te=tk-1 t=tk Hizl ait; '

That is, (Tyx)(A(M,N)) C A(M, N).
(ii) It is declared that T; is continuous.
Let x = {x,} € A(M,N) and x® = {x{} € A(M,N) be any sequence such that
51”) — Xn asu — oo. For n > Ny, (2.2) guarantees that

| Tinlu) - Tan

) ) ) |f< ;X fu,)«”/ t(urZ[ rxt(il;)«st> - f(t/ Xt—ripr Xtrgr - - - /xt—rst)
IDNDWED DY :
j=1 ti=n+jd tr=t, te=ti-1 t=tk 'Hizlﬂiti|

u
o N max{ |x( 3 — Xi—r,
jt ]

k
[Tz a,

:1§jSS}

<l B S S ih—‘

j=1 t= No+]dt2 ty te=tk-1 t=tk Hizlaiti

(2.9)

This inequality and (2.4) imply that T}, is continuous.
(iii) It can be asserted that T A(M, N) is relatively compact.
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By (2.4), for any € > 0, take N3 > Ny large enough so that

[ee]

PDIIDICID I

= _€
5 (2.10)
j=1 t1=N3+jd t2=t tr=tx_1 t=tx I_L 14it; | 2

Then, for any x = {x,} € A(M, N) and ny,n, > N3, (2.10) ensures that

0 0

|TLXn1 - TL.’X'nzl < i Z Z o i i |f(t/ xtim,xlt;m’ : ' ',xtim)l

=1 h=mitjd b=t b=t b=t [T ai,

—.

[ee]

+ i i Z i i |f(t/ xt—T“/ x]t(—rzu . ‘ i xt—Tst)

j=1 ti=ny+jd b=t te=tx1 t=tg Hi:l ait;

0 0 o O

i PIRD IR WP W @11)

k
1=Na+jd b=t te=tes b=ty H,-zlau,.|

IN

0 0 0

5D NPITD 1Py

j=1 t1=N3+jd tr=t; t=tx_1 t=t

Hl 14it;

which means that Ty A(M, N) is uniformly Cauchy. Therefore, by Lemma 1.4, T, A(M, N) is
relatively compact.

By Lemma 1.1, there exists x = {x,,} € A(M, N) such that Ty x = x, which is a bounded
nonoscillatory solution of (1.11). In fact, for n > Ny + d,

oS S S § Ot n),

j=1 h=n+jd b=t te=tiq t=t [Tz ai,
(2.12)

xpg=L- (_1)ki i i i if(t’xt_rlt’xli_rﬂ/'"’xt_rst),

j=1 tj=n+(j-1)d ta=h t=tg-1 t=ty Hi:l ait;
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which derives that
= Xn-d = (= 1)k§: "ﬂzdl i Z Zf(t S Xty Xbrogs+ -+ 1 Xberyy)
e 1 h=ns(-)d ba=h b=t =k 15, au, ’
A~ x0a) = (CDFY, nf DI Y A E e S VAR SR
n j=1 h=n+1+(j-1)d b=t b=t t=h 15, ax,
- (_1)ki mfl i i if(t, Xtoriy Xtorys - o r Xtory)
S A M (2.13)

[ee]

= _(_1)kz Z Z S Z Zf(t’xt—rth—rzu- . '/xt—rst)

k
j=1 tr=n+(j-1)d ta=t2 ti=tr1 t=ty al(n+(j—1)d)1_[i:2aiti

+ (- 1)kZ Z Z Z Zf(t s Xtoryyr Xtorys - -+ Xtory)

1 binrjd sty ti=ta i=hk @1y T2t
=(- 1)k 12 Z Z Z (t Xt—ryyr Xterypr++ o s Xt— rbt)
h=nty=ty b=t t=ty alnl_L 2 Ait;
That is,
[ee] [e'e] [e'e] [e'e]
k-1 F Xtriys Xty -+ s Xtory)
alnA(xn _xn—d) = (_1) Z Z . Z Z 7 17 : 27 ’ t , (2'14)
bentaty  b=he =hy [Timai
by which it follows that

INCHVNCIPR R ILE S YR Y SEAGA S A SR S

k
b=l b=ty ti=te t=t Tl au,
k-1 - = = f(tr Xt—ripr Xt—ror e =+ /xt_rsf)
S S5 St
bentioty b=t il [T ai
_ 1 k-2 f(t Xt rl,lxt Torr e+ * /xtfrst)
NEIEIDNED WD ,
by=nty=ty b=t =t aani:Baitg

A(agn -~ Alam A(@inA Xy + buxn-a)))) = (D D f o, x0 Xnras o) Xy,

= _f(n/ Xn—r1r Xn-royrever xn—rsn)'
(2.15)

Therefore, x is a bounded nonoscillatory solution of (1.11). This completes the proof. O
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Remark 2.2. The conditions of Theorem 2.1 ensure the (1.11) has not only one bounded
nonoscillatory solution but also uncountably many bounded nonoscillatory solutions.
In fact, let Li,L, € (M,N) with Li#L,. For L and L, as the preceding proof
in Theorem 2.1, there exist integers Ni,N» > mny + d + |a| and mappings T1,,T1,
satisfying (2.5)-(2.7), where L, Ny are replaced by Li;, N; and L,, N, respectively,
and 321 S N S Dreetes iy (/[T @) < L1 = Lo|/2N for some Ny >
max{Ni, Ny}. Then the mappings T1, and T, have fixed points x, y € A(M, N), respectively,
which are bounded nonoscillatory solutions of (1.11) in A(M, N). For the sake of proving
that (1.11) possesses uncountably many bounded nonoscillatory solutions in A(M, N), it is
only needed to show that x # y. In fact, by (2.7), we know that, for n > Ny,

X, = L - (_1)ki i i i if(t, xt*m/xlt;fzt""'xt*Tst),

71 hemejdfh bt Bk ITi ai
(2.16)
yn — L2 _ (_1)ki i i . i if(t’ yt—rlt’ ’i_th/ . "yt—rst) .
71 hemejdfh bt Bk ITi. as
Then,
|20 = Yn| > |L1 — Lo
_ i i i . i i |f(t/xt—r1¢/ xt_TZ[/"'/xt_rsf) _f(t/yt—ruryt—rzﬂ- -~ryt—r5,)|
j=1 ti=n+jd ta=ti  te=te t=ti |Hi‘<:1 ait,-'
s-nl-feylS S S 5 S
i=1 h=Ny+jd o=t t=tir t=t | [;2q i, |
s-n-ang S5 5 S
j=1 h=Ny+jd =i ti=tis t=t¢ [[ [;2q qit,
>0, n>Ny
(2.17)

thatis, x# y.
Theorem 2.3. Assume that there exist constants M and N with N > M > 0 and sequences

{in}usng (LS TSK), Abn}usngr 1t usngs 190 Y usn,, satisfying (2.2)—(2.4) and

b, =1, eventually. (2.18)

Then (1.11) has a bounded nonoscillatory solution in A(M, N).



Advances in Difference Equations 9

Proof. Choose L € (M, N). By (2.18) and (2.4), an integer Ny > ng + d + |a| can be chosen such
that

b,=1, Vn>N,,

w  Now2jd-1 o © o a (2.19)
> 2 X 2 Xy Smin[L-M,N-L}.
j=1 h=Nog+@j-1)d =t ti=tis t=t¢ |[ [iq aiti|
Define a mapping Ty : A(M, N) — X by
( w  n2jd-1 o
L+(-D> > >
j=1 t=n+(2j-1)d t2=t1
(TLx)n =19 & f(t, Xt—ripr Xt—rypr =+ xt_r‘t) (220)
S W WA CAEIA LSS NS
tr=tg_q t=tg Hi:laifz‘
L (TLx)NO/ ﬁ <n< NO

forall x € A(M, N).

The proof that T; has a fixed point x = {x,} € A(M,N) is analogous to that in
Theorem 2.1. It is claimed that the fixed point x is a bounded nonoscillatory solution of (1.11).
In fact, forn > Ny + d,

o n2jd-1 o

NS SN SRS ST I <Y et )

=1 h=n+(2j-1)d f=h  ti=ti =t [Tisai,
(2.21)
© n+2j-1)d-1 o © = f(tx
7 Xt—ryr Xt— /"'/xt—s)
fa=Le (DY S 3 3 S O o),
j=1 tj=n+2(j-1)d b=ty te=tr_1 t=t Hizl ait;
by which it follows that
S TE 2 o~ f(E Xery, Xeor Xt-r,)
4 =T’ —Ttr 7 —Ts
Xn+xna=2L+ (DD D D Yy S = (2.22)
91 h=ns(-l)d b=t ti=tey =k [Tisau,
The rest of the proof is similar to that in Theorem 2.1. This completes the proof. O

Theorem 2.4. Assume that there exist constants b, M, and N with N > M > 0 and sequences
{@in}usny (1 <1< K), (b sy 1M usngs Gn ) nsny, satisfying (2.2)—(2.4) and

|bn| <b < NZE\IM' eventually. (2.23)

Then (1.11) has a bounded nonoscillatory solution in A(M, N).
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Proof. Choose L € (M +bN, N —bN). By (2.23) and (2.4), an integer Ny > ng + d + |a| can be
chosen such that

|b,| <b< N Vn > Ny,
>3 Y —F— <min{L-bN-M,N-bN - L}.
t1=Ng b=t tr=ty1 t=t Hf:l ajt; |
Define two mappings Tir, Tor : A(M,N) — X by
L- bnxn—d/ n2 NO/
(Thrx), =
(TiLx)yn,, P <n<Ny,
(2.25)
& & & f(tl xt—rur xt—th/ ey xt—rst)
(-1* , n> Ny,
(TZLx)n = tlgn fzgh tk=ka4 é Hf:l ait;
(ToLx) N, p<n<Np
forall x € A(M, N).
(i) It is claimed that Tirx + Tory € A(M, N), forall x,y € A(M, N).
In fact, for every x, y € A(M, N) and n > Ny, it follows from (2.3), (2.24) that
(Tix+Tory), 2L=bN = 3, 3+ D) Do 2 M,
t1=Np b=t te=ti1 t=ty Hi:1aiti|
(2.26)
(Tle+T2Ly)n <L+bN + Z Z Z Zk— < N.
h=Nof=h  ti=te t=t || |11 Qit; |
Thatis, (Tipx + Tory) (A(M, N)) € A(M, N).
(ii) It is declared that Ty is a contraction mapping on A(M, N).
In reality, for any x, y € A(M,N) and n > Ny, it is easy to derive that
|(T1ex), = (T1iey),| < 1bal|Xn-a = Yu-a| < b||x -y||, (2.27)
which implies that
ITocx =Tyl < bllx -yl 229

Then, b < (N — M)/2N < 1 ensures that Ty is a contraction mapping on A(M, N).

(iii) Similar to (ii) and (iii) in the proof of Theorem 2.1, it can be showed that Ty, is
completely continuous.

By Lemma 1.2, there exists x = {x,} € A(M, N) such that Ti;x + Torx = x, which is a
bounded nonoscillatory solution of (1.11). This completes the proof. O
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Theorem 2.5. Assume that there exist constants M and N with N > ((2-b)/(1 - b)M > 0 and
sequences {@in } ysn, (1 <1< K), {bn}ysngr 1Bt usngs 190 Y usn,, satisfying (2.2)—(2.4) and

b, >0, eventually, and 0 < b < b<l. (2.29)

Then (1.11) has a bounded nonoscillatory solution in A(M, N).

Proof. Choose L € (M + ((1 + b)/2)N, N + (b/2)M). By (2.29) and (2.4), an integer Ny >
ng + d + |a| can be chosen such that

b 1+b
=<b,<——, Vn>N,
2 = b‘rl = 2 7 nz 0rs
_ 2.30
) o) o) o) qt ) l+b l_? ( )
2 2 X D2 Smin{L-M-—=N,N-L+>M_.
t1=Ny k=t te=ty_1 t=tk Hi:1aiti|

Define two mappings T, Tor : A(M, N) — X as (2.25). The rest of the proof is analogous to
that in Theorem 2.4. This completes the proof. O

Similar to the proof of Theorem 2.5, we have the following theorem.

Theorem 2.6. Assume that there exist constants M and N with N > ((2 + E)/ (1+b))M > 0and
sequences {@in } ysn, (1 <1< K), {bn}ysngr 1M usngs 1Gn Y usn,, satisfying (2.2)—(2.4) and

b, <0, eventually, and =1 <b<b<0. (2.31)

Then (1.11) has a bounded nonoscillatory solution in A(M, N).

Theorem 2.7. Assume that there exist constants M and N with N > (Q(E2 -b)/ 5@2 -b)M >0
and sequences {Qin } >p, (1 <1< Kk), Abu}yspgr AP0V nsnys {Gn Y nsn,, satisfying (2.2)—(2.4) and

b, > 1, eventually, 1 < b and b <b® < +oo. (2.32)

Then (1.11) has a bounded nonoscillatory solution in A(M, N).

Proof. Take € € (0,b - 1) sufficiently small satisfying

1<l_7—s<5+s<(g—g)2,

(Ere)e-er=(E+e) N> ((Bre) @0 - @97 )M

(2.33)
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Choose L € (b+e)M+((b+€)/(b-¢))N, (b—¢e)N + ((b—¢)/(b+¢))M). By (2.33), an integer
Ny > ngy + d + |a| can be chosen such that

lz—g<bn<5+s, Vb > N,

& b b-
>, Z Z Z <rn1r1{—L (b-e)M-N, 2 M+ (b-¢)N - L}
h=Noh=t  t=te b=t ]_L 14it, b+e b+e
(2.34)
Define two mappings Ti1, Tor : A(M,N) — X by
rbL _;n+d, nZNO/
(Tle) = n+d n+d
\ (Tle)NOI ﬁ S n< NO/
. (2.35)
( (b—l) i i Z Zf(t s Xt=ripr Xt—ryyr -« s Xt— rst)’ n> No,
(Torx), = 4 7m+d f=nimh b=h = IT5 ai,
(ToLX) Ny p<n<Ny

for all x € A(M, N). The rest of the proof is analogous to that in Theorem 2.4. This completes
the proof. O

Similar to the proof of Theorem 2.7, we have

Theorem 2.8. Assume that there exist constants M and N with N > ((1+b)/(1 + I;))M > 0and
sequences {@in }ysn, (1 <1< Kk), {bu} ysnys (Rntnsng, (Gnnsn,, satisfying (2.2)—(2.4) and

b, < -1, eventually, —oo < b and b<-1. (2.36)

Then (1.11) has a bounded nonoscillatory solution in A(M, N).

Remark 2.9. Similar to Remark 2.2, we can also prove that the conditions of Theorems 2.3-2.8
ensure that (1.11) has not only one bounded nonoscillatory solution but also uncountably
many bounded nonoscillatory solutions.

Remark 2.10. Theorems 2.1-2.8 extend and improve Theorem 1 of Cheng [6], Theorems
2.1-2.7 of Liu et al. [8], and corresponding theorems in [3, 4, 9-17].

3. Examples
In this section, two examples are presented to illustrate the advantage of the above results.

Example 3.1. Consider the following fourth-order nonlinear neutral delay difference equation:

A AB"AQR"A(xy — Xy1)))) =0, n>1. (3.1)
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Choose M =1 and N = 2. It is easy to verify that the conditions of Theorem 2.1 are satisfied.
Therefore Theorem 2.1 ensures that (3.1) has a nonoscillatory solution in A(1,2). However,
the results in [3, 4, 6, 8-17] are not applicable for (3.1).

Example 3.2. Consider the following third-order nonlinear neutral delay difference equation:

A<(2n B n)A<<n2 s 1)A<xn L2 3— 1xn,4>>> . s1n(2326n-z) - COS(3-;Cn—3) ~0, n>5,
m n n
(32)

where

2" -1

ayp=n*-n+1, ay, =2" - mn, b, = T

o 3 ) (3.3)
Flnus,uz) = 51r11(12u1) ~ cos( uz), Hy = g = =

nd

Choose M =1and N = 5. It can be verified that the assumptions of Theorem 2.5 are fulfilled.
It follows from Theorem 2.5 that (3.2) has a nonoscillatory solution in A(1,5). However, the
results in [3, 4, 6, 8-17] are unapplicable for (3.2).
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