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1 Introduction
Throughout this paper we assume that E is a real Banach space with its dual £*, C is a

nonempty, closed, convex subset of E, and J : E — 2" is the normalized duality mapping
defined by

Je={f €E:(nf) = %I = IfI*}, VxeE. (L.D)

In the sequel, we use F(T) to denote the set of fixed points of a mapping 7. A point p in C
is said to be an asymptotic fixed point of T if C contains a sequence {x,,} which converges
weakly to p such that the lim,_, oo (x, — Tx,) = 0. The set of asymptotic fixed points of T
will be denoted by E(T). A mapping T : C — C is said to be nonexpansive if

ITx - Tyl < llx-yl, Vx,y€C. (1.2)
A mapping T : C — C is said to be relatively nonexpansive if F(T) = E(T) # ¥ and

o, Ix) < ¢(p,x), VYxeC,peF(T), (1.3)
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where ¢ : E x E — R! denotes the Lyapunov functional defined by
2 2
o(x,y) = llxlI” = 2(x. Jy) + ylI°s  Vx,y € E. (1.4)

It is obvious from the definition of ¢ that

(11l = IIy||)2 <o@xy) < (llxll + ||J’||)2» (15)

d’(x’y) = ¢(x7 Z) + ¢(Z,y) + 2(x -z,Jz _]y>’ (1'6)
and

P(x,y) = (%, Jx = Jy) + (v =%, Jy) < lxllllJx = Jyll + Iy — x|yl 1.7)

The asymptotic behavior of a relatively nonexpansive mapping was studied in [1-4]. In
1953, Mann [5] introduced the iteration as follows: a sequence {x,,} is defined by

Xntl = OpXy + (1 - an)Txm (18)

where the initial element xy € C is arbitrary and {«,,} is a sequence of real numbers in [0, 1].
The Mann iteration has been extensively investigated for nonexpansive mappings. One of
the fundamental convergence results was proved by Reich [6]. In an infinite-dimensional
Hilbert space, a Mann iteration can yield only weak convergence (see [7, 8]). Attempts to
modify the Mann iteration method (1.8) so that strong convergence is guaranteed have
recently been made. Nakajo and Takahashi [9] proposed the following modification of
Mann iteration method (1.8) for a nonexpansive mapping T from C into itself in a Hilbert
space: from an arbitrary xo € C,

Vn = QuXy + (1 - an)Txn;
Co={zeC:lly,—zll < llxn -z},
Qu={2€ C: (xy —2,%0 —x,) = 0},
Xp+l = PC,,OQ,,XO; Vn e NU{0},

where Py denotes the metric projection from a Hilbert space H onto a closed convex sub-
set K of H and proved that the sequence {x,} converges strongly to Pgr)xo. A projection
onto the intersection of two half-spaces is computed by solving a linear system of two
equations with two unknowns (see [10, Section 3]).

Let 6 : C x C — R! be a bifunction, ¥ : C — R! a real-valued function, and B: C — E*
a nonlinear mapping. The so-called generalized mixed equilibrium problem (GMEP) is to
find an u € C such that

O(u,y) + (y —u,Bu) + Yy (y) - (u) 20, VyeC, (1.10)

whose set of solutions is denoted by (60, B, ¥).

The equilibrium problem is a unifying model for several problems arising in physics, en-
gineering, science optimization, economics, transportation, network and structural anal-
ysis, Nash equilibrium problems in noncooperative games, and others. It has been shown
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that variational inequalities and mathematical programming problems can be viewed as
a special realization of the abstract equilibrium problems. Many authors have proposed
some useful methods to solve the EP (equilibrium problem), GEP (generalized equilibrium
problem), MEP (mixed equilibrium problem), and GMEP.

In 2007, Plubtieng and Ungchittrakool [11] established strong convergence theorems for
a common fixed point of two relatively nonexpansive mappings in a Banach space by using
the following hybrid method in mathematical programming:

xo=x€C,

Y =] o, + (1 - an)Jz,),

20 = T B Ton + B T T + B TS,),
H, ={z€ C:¢(z,y,) < d(z,x,)},
W,={zeC:{(x,—zJx—Jy) >0},
Xps1 = Pr,aw,x,  Vme NU{0}.

(1.11)

Their results extended and improved the corresponding ones announced by Nakajo and
Takahashi [9], Martinez-Yanes and Xu [12], and Matsushita and Takahashi [4].

Recently, Su and Qin [13] modified iteration (1.9), the so-called monotone CQ method
for nonexpansive mapping, as follows: from an arbitrary x¢ € C,

Vn = A + (L= ) T,

Co={ze C:llyo -zl < llxo —zll}, Q=C,

Ch={z€ Crri N Q1 llyn —2ll < llxn —2lI}, (112)
Qn={z€ Cr1NQu1:{xy—2%—x,) >0},

Xns1 = Pc,ng.x0,  Yn e NU {0},

and proved that the sequence {x,} converges strongly to Pr(rxo.

Inspired and motivated by the studies mentioned above, in this paper, we use a modi-
fied hybrid iteration scheme for approximating common elements of the set of solutions
to convex feasibility problem for a countable families of relatively nonexpansive mappings,
of set of solutions to a system of generalized mixed equilibrium problems. A strong con-
vergence theorem is established in the framework of Banach spaces. The results extend
those of the authors, in which the involved mappings consist of just finitely many ones.

2 Preliminaries
We say that E is strictly convex if the following implication holds for x,y € E:

X +
i =lyl =1,  x7y = HTde 1)

It is also said to be uniformly convex if for any € > 0, there exists § > 0 such that

+y

X
=yl =1 Je—ylze = HT <1s. 2.2)

It is well known that if E is a uniformly convex Banach space, then E is reflexive and strictly
convex. A Banach space E is said to be smooth if

X+ tyl| —|[|x
lim llx + gyl = llxll

t—0 t (23)
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exists for each x,y € S(E) := {x € E : ||x|| = 1}. E is said to be uniformly smooth if the limit
(2.3) is attained uniformly for x,y € S(E).
Following Alber [14], the generalized projection Pc : E — C is defined by

Pc =arginf ¢(y,x), Vx€E. (2.4)
yeC

Lemma 2.1 [14] Let E be a smooth, strictly convex and reflexive Banach space and C be a
nonempty, closed, convex subset of E. Then the following conclusions hold:

(1) @(x,Pcy) + (Pcy,y) < ¢d(x,y) forallx € C and y € E.

(2) Ifx€Eandze C,thenz=Pcx < (z—y,Jx—Jz) > 0,Vy e C.

(3) Forx,y €E, ¢(x,y) =0 if and only if x = y.

Lemma 2.2 [15] Let E be a uniformly convex and smooth Banach space and let r > 0. Then

there exists a continuous, strictly increasing, and convex function h : [0,2r] — [0, 00) such
that h(0) = 0 and

h(llxl = llyll) < o(x,y) (2.5)
forallx,yeB,:={z€E:|z| <r}.

Lemma 2.3 [16] Let E be a uniformly convex and smooth Banach space and let {x,} and
{yu} be two sequences of E. If ¢(x,,,y,) — 0, where ¢ is the function defined by (1.4), and
either {x,} or {y,} is bounded, then ||x,, — y,|| — 0.

Remark 2.4 The following basic properties for a Banach space E can be found in Cio-
ranescu [17].
(i) If E is uniformly smooth, then J is uniformly continuous on each bounded subset
of E.
(ii) If E is reflexive and strictly convex, then /™! is norm-weak-continuous.
(iii) If E is a smooth, strictly convex and reflexive Banach space, then the normalized
duality mapping J : E — 2F" is single valued, one-to-one, and onto.
(iv) A Banach space E is uniformly smooth if and only if E* is uniformly convex.
(v) Each uniformly convex Banach space E has the Kadec-Klee property, i.e., for any
sequence {x,} C E, if x, =~ x € E and ||x,,|| — ||x||, then x, — x as n — oo.

Lemma 2.5 [18] Let E be a real uniformly convex Banach space and let B,(0) be the closed
ball of E with center at the origin and radius r > 0. Then there exists a continuous strictly
increasing convex function g : [0,00) — [0, 00) with g(0) = 0 such that

A + ey + yzl* < Alxl® + wllyll® + v l2l® = Aug(llx - y1) (2.6)
forall x,y,z € B,(0) and A, i,y € [0,1] with A+ p+y =1.

Lemma 2.6 [19] The unique solutions to the positive integer equation

(m, —1)m,

S M Zinn=123,.. 2.7)

Page 4 of 12
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are

-1 1 1
PR ikt = Jame s n=1,23,..., (2.8)
2 2 4

where [x] denotes the maximal integer that is not larger than x.

3 Main results

Theorem 3.1 Let E be a real uniformly smooth and strictly convex Banach space, and
C be a nonempty, closed, convex subset of E. Let {T;} : C — C and {S;} : C — C be two
sequences of relatively nonexpansive mappings with F := ;5] (F(T;) N F(S;)) # 0. Let {x,}
be the sequence generated by

xo=x€C, H, =W_=C,

Vn =T + (1= )]zl

2y =] onJ%n + BuJ Ty % + Yl Siy%n),
Hy={z€ H, 1 N Wy1:¢(z,5,) < P(z,x0)},
Wa={ze H,i N W1 (%, — 2, Jx = Jy) > 0},
%Xns1 = Py,nw,x, VYme NU{0},

(3.1)

where {1}, {a}, {Bu}, and {y,} are sequences in [0,1] satisfying

(1) 0<Xr,<1,YneNU{0}; limsup,_, Ay <1;

(2) ay + By + ¥Yn=11lim,_ o oy = 0 and liminf,_, o, B, vy > 0;
and i, is the solution to the positive integer equation n = i, + m (m, >i,n=12,...),
that is, for each n > 1, there exists a unique i, such that

ii=1, ip=1, i3=2, is =1, is =2, ig =3,

i7=1, is =2, ig =3, o =4, in=1
Then {x,} converges strongly to Prx, where Prx is the generalized projection from C onto F.

Proof We divide the proof into several steps.
(I) H,, and W,, (Vn € NU {0}) both are closed and convex subsets in C.
This follows from the fact that ¢(z,7,) < ¢(z,x,) is equivalent to

2(z,Jxn = Jyu) < 1% ll* = 1yl (3.2)

(II) F is a subset of ()2, (H, N W,).
In fact, we note by [4, Proposition 2.4] that for each i > 1, F(S;) and F(T;) are closed
convex sets and so is F. It is clear that F C C = H_; N W_;. Suppose that F C C,,.;1 N Q,;

&

for some n € N. For any u € F, by the convexity of || - ||*, we have

¢(ur Zn) = ¢(M7]_1 [an]xn + IBn]Tinxn + yn]Si,,xn])
= ”M”2 - 2(”; an]xn + ﬁn]Tinxn + )/n]Sinxn)
+ ”an]xn + ﬁn]Ti,,xn + yn]Sinxn”2

< Null® = 200, (w0, Jo) = 2B, JTi, %) = 271t JSi %)
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+ 1211 + Bull Tip 1 + 1S3 11>
= u (1, %) + P (ts, T, %) + Y (s, S %)
< ou (1, %) + Bt 20) + V(1 %)
= ¢(u,x,), (3.3)

and then

D, yn) = ¢ (1] [AnJxn + A= An)Jza])
= Nal® = 2(et, At + (L= Azn) + | Al + (1= M)z
< Nuall® = 220G, ) = 200 = M) (14, J2n) + A llall® + (1= 1) 121
= Ao (ell® = 2, o) + leall?) + (1= 2 (26 = 204, J2a) + 12,1
= An®(u, %) + (1= 1) (1, 2,1)
< M@, %) + (1= A0) (14, %)
= ¢(u,x,). (3.4)

This implies that F C H,. It follows from x,, = Py, ,nw,_,x and Lemma 2.1(2) that

(xn - Z:]x _]xn) Z 0: VZ € Hn—l N Wn—b (35)
Particularly,
(Xn —2z,Jx = Jx,) >0, VYucekF, (3.6)

and hence F C W,,, which yields F C H, N W,,. By induction, F C (2, (H, N W,,).
(III) limy,— o0 [l — Tinxn” =1lim,_, o |, — Sinxn” =0.
In view of x,,41 = Py,nw,* € H, and the definition of H,, we also have

¢(xn+1:yn) < ¢(xn+1rxn); Vn e N. (37)
This implies that

lim ¢(xp1,90) = lim @(x41,%,) = 0. (3.8)

1—>00 n—>00

It follows from Lemma 2.2 that
lim {|%,41 = Yull = im |l — x4l = 0. (3.9)
n— 00 n— 00

Since J is uniformly norm-to-norm continuous on bounded sets, we have
lim || Jx,.1 —]yn” = lim |Jx,.1 —Jx,]| =0 (3.10)
n— o0 n— 00

and

”]xn+1 _]yn” > (1 - )‘n)”]xnﬂ _]Zn” - )\n”]xrﬁl _]xn”’ Vne NU {O} (311)
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This implies that

i1 = Jzull < (”]xnﬂ = Pull + Aullocnia _]xn”)

1-A,

=1 (a1 = Tyl + o1 = Jall)- (3.12)

From (3.10) and limsup,,_, ., A» < 1, we have lim,,_, o ||/%,+1 — Jzx || = 0. Since J7!is also uni-

formly norm-to-norm continuous on bounded sets, we obtain
lm (|21 = 2, = lim |77 0in) =77 (2a) | = 0. (313)
n— 00 n— o0

From |[lx, = zull < [y — ®ua1ll + %01 — 24]l we have lim,_o I, — 24 = 0. Since {x,}
is bounded, ¢(p, T;,x,) < ¢(p,x,) and ¢(p,S;,x,) < ¢(p,x,) for any p € F. We also find
that {Jx,}, {/T;,x.} and {JS; x,} are bounded, and then there exists an r > 0 such that
{Uxn}, UTi, %4}, USi, %1} C B,(0). Therefore Lemma 2.5 is applicable and we observe that

B,24) = IPI* = 200, + B Tipn + Vi)
+ lltnfen + BuT iy + VI Siyén )
< 1p1? = 200 (D, Jn) = 2Bu (0. Ty %) — 2V (5] Si, %)
+ aullxal” + Bull Toyoull® + Vil Sty 1> = Buvug (T3, = JSi, %)
= @, 00, %) + Bud D, Ti, %) + VP, Siy %) = Buvug (I T, %0 = JSi, %)
< ¢P %) = BuVu€ (W Ty = 1S, %nll)- (3.14)

That is,
Bu¥n& (I Ti,%n = JSi,%nll) < d(02%0) — d(p,20), (3.15)
where g : [0,00) — [0, 00) is a continuous strictly convex function with g(0) = 0.

Let {|| Ty,

there exists a subsequence {2} of {x,, } such that for any p € F,

Xy —Si, % ||} be any subsequence of {|| T}, x,, — S;, %, |}. Since {x,, } is bounded,

ing

lim ¢(p, x,,].) =limsup @ (p,x,,) := a. (3.16)
J—>© k— o0
From (1.6) we have

¢, %) = ¢P,20) + D (2n %n) + 20 = Zus J2u; — Ju,)
< (P, 24) + B2, %) + M|z, = Tt | (3.17)

for some appropriate constant M > 0. Since

1im (z,,,%,) = 0 = lim [[/z,, |, (3.18)
Jj—00 j—00
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it follows that
a =liminf ¢(p, xn/) <liminf¢(p, z,,j). (3.19)
]—)OO ]—)OO

From (3.3), we have

limsup ¢(p, z,;) < limsup ¢ (p,x,) = a (3.20)

j—o00 j—o00
and hence lim;_, o, ¢(p, x,,j) =a=lim;, . ¢(p, Z”/)' By (3.15), we observe that, as j — oo,
:Bniynjg(”]n‘njxn/ _]Siﬂ}.xni ”) =< ¢(prxn/) - ¢’(P: an) — 0. (3.21)
Since liminf,_, o B,y > 0, it follows that lim;_, o, g(]| ]Tin]_xnl, - ]Sinjx,,j [l) = 0. By the proper-

ties of the mapping g, we have lim;_, ., || ]T,»n/x,,j — ]Sin;x"i | = 0. Since J ! is also uniformly
norm-to-norm continuous on bounded sets, we obtain

. T -1 : =1(7¢. —
jlirgo ||Tinjxnj _Sinjxnj” —12120”1 (]Ttnjxnj) -J (]Slnjxn]‘)“ =0, (3-22)

and then lim,,, oo || T, %, — Si, %4 || = 0. Next, we note by the convexity of | - |* and (1.7) that,
as 1 — 00,

¢(Tinxn: Zy) = I Tinxnllz -2 inxman]xn + ﬁn]Tinxn + Vn]Sinxn>

+ ”an]xn + IBVt]Tinxn + yn]Si,,anZ

<N Till* = 200 ( Ty J) = 2B Tip s T T 20) = 2 { T 20, i, %)
+ [l 12 + Bull Tinll* + V1S 611>

= (T3, % %n) + Bu®(Ti %, Siyn) = 0, (3.23)
since o, — 0. By Lemma 2.3, we have lim,_, || T}, %, — z,|| = 0 and hence
1 Tin = Zull < N Tipn = Zall + 1120 — %ull = O (3.24)
as n — 00. Moreover, we observe that
1S5, %0 = 2ull < 1Si, %0 = Ti 2l + | T3 %0 — 20|l — O (3.25)

as 1 — oo.

(IV) x,, — Prx as n — o0.

It follows from the definition of W, and Lemma 2.1(2) that x, = Py, x. Since %, =
Py, nw,x € W, we have

¢ X %) < P(Xpi1,%), V=1 (3.26)
Therefore, {¢(x,,x)} is nondecreasing. Using x,, = Py, x and Lemma 2.1(1), we have

b (x4, %) = ¢(Pw, %, %) < ¢(p: %) — (P, %) < P(p, %) (3:27)

Page 8 of 12
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for all p € F and for all n € N, that is, {¢(x,,,x)} is bounded. Then
lim ¢(x,,x) exists. (3.28)
Hn—0Q

In particular, by (1.5), the sequence {(||x,|l — |lx||)?} is bounded. This implies that {x,} is
bounded. Note again that x,, = Py, x and for any positive integer k, X,k € Wyix1 C W,
By Lemma 2.1(1),

¢(xn+ern) = ¢(xn+k;PW/nx)
< ¢(xn+k7x) - ¢(Pan, x)

= ¢(xn+k) x) - ¢(xm x)‘ (3.29)
By Lemma 2.2, we have, for m,n € N with m > n,
h(”xm _xn”) < ¢(xmrxn) < ¢(xmrx) - ({b(xn;x); (330)

where % : [0,00) — [0,00) is a continuous, strictly increasing, and convex function with
h(0) = 0. Then the properties of the function g show that {x,} is a Cauchy sequence in C,
so there exists x* € C such that

x, — x* (n— 00). (3.31)

Now, set N; ={k e N:k=1i+ W,m > i,m € N} for each i € N. Note that T;, = T;
and S; = S; whenever k € N;. By Lemma 2.6 and the definition of N;, we have N; =

(1,2,4,7,11,16,...} and iy = iy = iy = i7 = i1 = {15 = - - - = 1. Then it follows from (3.15) and
(3.24) that
lim ||Tixg —xkll = lim  ||Spex — k|| =0, VieN. (3.32)
N;3k—00 N;ak— 00

It then immediately follows from (3.31) and (3.32) that x* € F(T;) N F(S;) for each i € N
and hence x* € F.

Put u = Prx. Since u € F C H, N W, and x,,1 = Py, nw, %, we have ¢(x,.1,%) < ¢, %),
Vn € N. Then

¢(x",x) = Tim p(@,,%) < P(u,), (3.33)

which implies that x* = u since u = Prx, and hence x, — x* = Prx as n — oo. This com-
pletes the proof. O

Remark 3.2 Note that the algorithm (3.1) is based on the projection onto an intersection
of two closed and convex sets. We first give an example [20] of how to compute such a
projection onto the intersection of two half-spaces.

Let H be a Hilbert space and suppose that (x,7,z) € H> satisfies

(weH: (w-y,x-y)<0}n{weH: (w-zy-2) <0} #0. (3.34)
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Set
=(x-yy-2), p=lx-yl’, v=ly-zI®, p=pv-n’ (3.35)
and
z, if p=0and w > 0;
Qx,y,2) = 1x+ (L +7/v)(z-y), ifp>0and v > p; (3.36)

y+W/p)m(x—y)+ulz-y), ifp>0andmv<p.

In [21], Haugazeau introduced the operator Q as an explicit description of the projector
onto the intersection of the two half-spaces defined in (3.34). He proved in [21] that the
sequence {y,} defined by y = x and

(VneN)  yui = Q% Q, Y, PsYn), PAQ(X, Y, P5Yn)) (3.37)

converges strongly to Pcx.

Since the algorithm (3.1) involves the projection onto the intersection of two convex sets
not necessarily half-spaces, we next give an example [22] to explain and illustrate how the
projection is calculated in the general convex case.

Dykstra’s algorithm Let Q1,2,,..., 2, be closed and convex subsets of R". For any i =
1L,2,...,p and x° € R”, the sequences {x'} are defined by the following recursive formulas:

k_

O_xp ’

xK = Pg, (k| — yfl), i=1,2,...,p, (3.38)
J’f(:t (xf1 J’k i=12,...,p

for k =1,2,... with initial values x) = x° and 3} = 0 for i = 1,2,...,p. If Q:= (", Q: # 4,

then {xf‘} converges to x* = Pq(x?), where Pq(x) := arg infyeq [ly - x||%, Vx e R".

Note Another iterative method termed HAAR (Haugazeau-like Averaged Alternating Re-
flections) for finding the projection onto intersection of finitely many closed convex sets
in a Hilbert space can be found in [20, Remark 3.4(iii)].

4 Applications
The so-called convex feasibility problem for a family of mappings {T;}5°; is to find a point
in the nonempty intersection (-, F(T}).

Note Although the problem mentioned above is indeed a convex feasibility problem, it is
mainly referred to the finite case.

Let E be a smooth, strictly convex, and reflexive Banach space, and C be a nonempty,
closed, convex subset of E. Let {B;}°, : C — E* be a sequence of p;-inverse strongly mono-
tone mappings, {{/}% : C — R! a sequence of lower semi-continuous and convex func-
tions, and {6;}%°, : C x C — R! a sequence of bifunctions satisfying the conditions:

(A1) 6(x,x) =0
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(Ay) 6 is monotone, i.e., 8(x,y) + 0(y,x) <0;
(A3) limsup, ,60(x + t(z - x),y) < 0(x,9);
(A4) the mapping y — 6(x,y) is convex and lower semicontinuous.

A system of generalized mixed equilibrium problems (GMEP) for {0;}7°, {B;}{5, and
{1:}7 is to find an x* € C such that

0:i(x*,y) +{y — ", Bx*) + ¥:(9) - ¥i(x*) =0, VyeC,ieN, (4.1)

whose set of common solutions is denoted by € := (77 ©2;, where Q; denotes the set of
solutions to generalized mixed equilibrium problem for 6;, B;, and ;.
Define a countable family of mappings {S,;}7°, : E — C with r > 0 as follows:

1
Si(x) = {z eC:ti(z,y) + ;(y—z,]z—]x) >0,Vye C}, VieN, (4.2)

where t;(x,9) = 6:(x,y) + (y — %, Bix) + ¥:(y) — ¥i(x), Y&,y € C, i € N. It has been shown by
Zhang [23] that

(1) {S,:}%, is a sequence of single-valued mappings;

(2) {S,:17 is a sequence of closed relatively nonexpansive mappings;

(3) N F(Sr) = 2.

Theorem 4.1 Let E be a smooth, strictly convex, and reflexive Banach space, and C be a
nonempty, closed, convex subset of E. Let {T;}35, : C — C be a sequence of relatively non-
expansive mappings and {S,;}7°, : C — C be a sequence of mappings defined by (4.2) with
F:= (2 (E(T;) NE(S,,:)) # 0. Let {x,,} be the sequence generated by

xo=x€C, H,1=W_1=C,

Vn =T A + (1= )2l

2z = ] anJxn + BuJ Tiyon + VI Srinn),
H,={z€ Hyn N W1 : ¢(z, ) < d(z, %)},
Wy={zeH,.1NW,_1:{x,—2Jx-]y) >0},
Xp41 = Prnw,x,  VYme NU{0},

where {\,}, {a,}, {Bn} and {y,} are sequences in [0,1] satisfying
(1) 0<A,<1,Vune NU{0}; limsup,_, A, <1;
(2) ay, + By + ¥Yn=11lim,_ o a, = 0 and liminf,_, o, B, vu > 0;

% (my > iy, n=1,2,...). Then {x,} converges

and i, satisfies the equation n = i, +
strongly to Ppx, which is some common solution to the convex feasibility problem for {T;}32,
and a system of generalized mixed equilibrium problems for {S,;}7.
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