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Abstract

This paper is concerned with the existence of one and two positive solutions for the
following Sturm-Liouville boundary value problem on time scales

~(pOUA )2 +qt)u° (1) = Ft,u° (1), telo, T,
a1u(0) — LU (0) =0, asuo (M) + asuP (o (M) =0.

Under a locally nonnegative assumption on the nonlinearity f and some other
suitable hypotheses, positive solutions are sought by considering the corresponding
truncated problem, constructing the variational framework and combining the
sub-supersolution method with the mountain pass lemma.
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1 Introduction

The theory of dynamic equations on time scales has become a new important mathemat-
ical branch [1, 2] since it was initiated by Hilger in 1988 [3]. Since then, boundary value
problems (BVPs) for dynamic equations on time scales have received considerable atten-
tion, various fixed point theorems, sub-supersolution method and Leray-Schauder degree
theory have been applied to get many interesting results about the existence of solutions;
see [1,2,4-12] and the references therein. Variational method is also an important method
for dealing with the existence of BVPs. Recently, some authors have used the theory to
study the existence of solutions of some BVPs on time scales [4, 5, 13, 14].

Especially, in [4, 5], Agarwal et al. studied the following dynamic equation on time scales:
-u2(t) =f(t,u (1)), te(ab)r,
and

—ut®(0) =f (o), u’(t)), te(abr,
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with the Dirichlet boundary condition. They gave some sufficient conditions for the exis-
tence of single and multiple positive solutions by using the variational method and critical
point theory.

In [14], we considered the problem

~(pOu(©)* +qOu’ () =2 (6w (®),  te[0,T]r, L)

au(0) - au(0) =0,  azu(0*(T)) + agu(o(T)) =0, '
and obtained the existence of many solutions depending on the value of the parameter
A which lie in some different intervals under some suitable hypotheses. The main ap-
proaches are also the variational method and some known critical point theorems and
a three critical point theorem established in [15]. Erbe et al. [8] also established some ex-
istence criteria of positive solutions by a fixed point theorem in a cone with the globally
nonnegative hypothesis of f.

Motivated by the papers [4, 5, 8, 14], in this paper, we continue to study the problem

(1.1) in the case of A = 1, that is,

—(p@Ou ) + q(®)u ) =ft,u (t)), tel0,Tr,

(1.2)
ou(0) — ayu®(0) = 0, asu(a®(T)) + aau® (0 (T)) = 0.

Here T is a time scale and [0, Ty = {t € T:0<t<Tand T € T"z}, p € CY[0,0(D)]T,
(0,+00)), g € C([0, T]r, [0, +00)), f € C([0, T]t x R,R),; > 0,i=1,2,3,4, 04 + @2 > 0, 03 +
a4 > 0and o3 + a3 > 0. The purpose of this paper is to discuss the existence and multiplicity
of positive solutions to the problem (1.2) under the local non-negativity assumption of f
and some other hypotheses. The main tools are the truncated method, the variational
method, the sub-supersolution method and the mountain pass lemma. First, inspired by
the method in [4], we convert the existence of a positive solution of (1.2) to the existence of
a solution of an associated problem of (1.2). In contrast with the paper [4], the appearance
of term p(¢), our problem is more complicated and the proof is also different from [4] (see
Lemma 2.3 for details). Next, we construct a supersolution of (1.2) and give the existence
of one positive solution. Finally, under our weaker assumption on f (see (H1) and (H2)
for details), since we cannot verify that the corresponding functional for the associated
problem satisfies the P.S. condition, we consider the corresponding truncated problem. To
prove the existence of the second positive solution by the mountain pass lemma, we also
give an estimate of a nonnegative solution of (1.2) and prove the solution of a truncated
problem is also a solution of (1.2) for n large enough (see Theorem 3.3 for details). To the
best of our knowledge, the results are new both in the continuous and in the discrete case.

The paper is organized as follows. In Section 2, we present some basic properties of
some related Sobolev space on time scales, construct the variational framework, give some
properties of this framework and some necessary lemmas. In Section 3, we firstly get the
existence of a single positive solution of (1.2) by using the sub-supersolution method; then
applying the truncated method, analytic technique and mountain pass lemma, we estab-

lish the existence of two positive solutions.
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2 Preliminaries and variational formulation
In this section, we list the definition and properties of the Sobolev space on time scales
[16], give some lemmas which we need for the proof of the main result and construct a
variational framework.

For convenience, for f € L% ([a,b)1) [16, 17], we denote fabf(s)As = f[a,h) Tf(s)As. We
let AC([0,02(T)]r) [18] denote the class of absolutely continuous functions on [0, %(T)]t

and the Sobolev space is defined as
H, ([0,0%(T)];) = {ulu € AC[0,6*(T) ], u® € LA ([0,0*(T)) 1)},

with the norm

1

o*(T) 5
llall = (/0 (lu@)] + ]uA(t)|2)At> .

We know the immersion H ([0,02(T)]1) < C([0,0%*(T)]r) is compact. Analogous to the

proof in the real numbers situation, one can deduce the following result on time scales.

Lemma 2.1 Iff € CY(R), f € L®(R), u € H\([0,02(T)]1), then

fw) e Hy([0,0%(T)],)

and

1
(F () = u™(2) / f(ue) + (o(2) - £)s) ds.
0
Using Lemma 2.1, by a similar proof of T = R, one can derive the following.

Lemma 2.2 If u € H\([0,0%(T)]r), then u*,u~ € H\([0,0%(T)lt) and (u*)*(m )* > 0,

A-a.e.in [0,0%(T)]t, where u* = max{u,0}, u~ = —(—u)*.
For convenience, we denote

IB g—; ifOlz #0, IB Z—i ifOl4 7/0,
1= 2=
0 ifap=0, 0 ifas=0,

and for u,v € HA([0,0%(T)]1), we set

o(T)

o2(T)
(u,v)o = / p(t)uA(t)vA(t)At + / q(&)u’ (t)v° (t) At + B1p(0)u(0)v(0)
0 0

+ ,BQp(a(T))u(aZ(T))V(U2(T)),
llullo =/ (s, t)o.
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In order to discuss the existence of a positive solution of (1.2), we consider the following
problem:

—(p@)u” @) +q@Ou’ (&) =f(&, ()’ ), tel0,Tr, 1)
au(0) — au®(0) = 0,  asu(oX(T)) + aqu®(o(T)) = 0. '

First, we give an important lemma.

Lemma 2.3 If f(t,0) > 0 for t € [0, Tlr, u is a solution of (2.1), then u is nonnegative
in [0,0%(T)]r. Furthermore, if f(t,0) > 0 for t € [0, T, and p(t) is nondecreasing in
[0,0(D)]t, then u(t) >0, t € (0,6%(T))7.

Proof Let u be asolution of (2.1). In view of Lemma 2.2, we know u*,u~ € HA ([0,02(T)]1)
and (u*)*(u")® > 0, A-a.e. in [0,0%(T)]r. Multiplying (2.1) by («7)° (), integrating over
[0,0(T)) 1 and employing the integration by parts formula for an absolutely continuous
function on T, we find that

o(T)

o(T)
a2 < / PO @)(u”)> (1) At + / aOu () ()’ (£) At
0

0
+ B1p(0)u(0)u~(0) + ﬂgp(a(T))u(oz(T))u_ (O’Z(T))

o(T) o o

- /0 F(6 () 0) () ()AL
o(T)

_ f 1(6,0)(w) ()AL <.
0

Therefore, u(t) > 0 for t € [0,02(T)]7.

Next, we show that if p(¢) is nondecreasing in [0, (T)]t, and f(z,0) > 0 for ¢ € [0, T,
then u(¢) > 0, t € (0,0%(T))r.

In fact, if the conclusion is false, we can suppose that there exists ¢ € (0,52(T))r such
that u(c) = 0 and one of the following two cases holds:

(i) u(t) >0 for t € (c,c*(T))r and o (c) # o %(T),

(ii) u(t) = 0 for t € (c,0%(T))T and there exists § > 0 such that u(t) >0 for t € [c - 8,¢) 1.

For the case (i), if p(c) = ¢ < o(c), then u?(c) > 0, there exists § > 0 such that u*(¢) > 0 for
t € (c-8,c] . According to the nonnegativity of « on [0,02(T)]r and u(c) = 0, it is easy to

see that p(c) = ¢ < o(c) is impossible. Thus we have
a(,o(c)) =c. (2.2)

If p(c) < ¢ < o(c), then we know u2(c) > 0, u*(p(c)) < 0 and u*2(p(c)) = W > 0.

If p(c) = ¢ = o (c), then u®(c) = 0, u®(p(c)) > 0. Hence, in this case, we always have
ut©)=0,  u**(p(c))=0. (2.3)
Therefore

~(p(p(©)u™ (p(©)))" = =p(p(0)) ™ (p(c)) = p* (0(0)) ™ (c) < 0. (2.4)
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However, since u is a solution of (1.2), (2.2) and u(c) = 0, we know that

~(p(p(©@)u* (p())" =/(p(c),0) >0, (2.5)

which contradicts (2.4).

For the case (ii), it can be divided into two cases to consider.

(1) If o(c) < 0*(T), then one can deduce that u*(c) = 0, u**(c) > 0. From this and
—p(o(©)u®?(c) =f(c,0) > 0, we have a contradiction.

(2) If o(c) = 0%(T), then we always have o(c) > ¢. If u(6?(T)) > 0, then u®(c) > 0,
u®2(p(c)) > 0. Similar to (i), we get (2.2) and (2.3). But this is impossible from (2.4) and
2.5).

If u(c®(T)) =0 and ¢ = o(T), then o(T) > T, u®(c) = u®(c(T)) = 0, u*(p(c)) =
u®2(T) > 0. So, we get a contradiction to (2.4) and (2.5).

If u(0®(T)) = 0 and p(c) < ¢ < o(T), we have u®(c) = 0, u**(p(c)) > 0. Hence, we get
(2.2) and (2.3). But this contradicts (2.4) and (2.5).

If u(62(T)) = 0 and p(c) = ¢ < o(T), then u®(c) = 0. By assumption, u is a solution
of (1.2), so we have lim,_.. u®2(¢) < 0, which contradicts #?(c) = 0 and u(t) > 0 for
tec-6,0)r. O

Remark 2.4 From the proof of Lemma 2.3, we can easily find that if T = R, then the mono-

tonicity assumption of p(t) can be omitted.

By Lemma 2.3, under the hypothesis

(H1) p(¢) is nondecreasing in [0,0(T)]t, and f(£,0) > 0 for t € [0, T,
in order to prove the existence of a positive solution of (1.2), it suffices to consider the ex-
istence of a solution of (2.1). Now we establish the corresponding variational formulations
for (2.1). We set

E={uecHy([0,6%(T)])|u(0) = 0 if ap = 0,u(c*(T)) = 0 if y = 0},

then E is a Banach space with the norm || - ||, and we can find that || - ||y can be taken as an

equivalent norm on E. Define the functional / on E as

2

a=(T) o(T) a(T)
I(u) = %/ p(t)|uA(t)|2At+%/0 q(t)|u”(t)|2At—/0 E(t, (%) (2)) At

0
a(T)
- S0 ) DAL+ L Bp(O20) + 5 faplo (1) (0*(T)),

where F(t,) = [ f(t,s) ds.

Note that the appearance of the term f(;’ 2 f(t,0)(u™)° (t)At in the functional I guar-
antees that I is C!, see next lemma. By the definition of Fréchet derivative and the fact
that the immersion H} ([0,02(T)]t) < C([0,02(T)]t) is compact, we have the following

results.

Lemma 2.5 The following statements are valid.
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(i) 1€ CYE,R), and for every u,v € E,

o(T) o
I'(w)v = (u,v)o —/0 (& (") @) (@) At

(i) We define

a(T) - a(T) "
](u):fo F(t, (u") (t))At+f0 f&0)(u)’ ()AL, uek.

Then

o(T)
]/(u)V:/ f(& @) O ()AL, wveE,
0

J is weakly continuous in E and ] is compact.
(ili) The solutions of (2.1) match up to the critical points of I in E.

For the eigenvalue problem

—(p@)u™ (@) + q(O)u’ () = 2u’ (8), te[0,Tlr,

(2.6)
a1u(0) —ou”(0) =0,  azu(c™(T)) + aau(o(T)) =0,

we have the following lemma.

Lemma 2.6 [14, Lemma 3.1] The eigenvalues of (2.6) may be arrangedasQ <Ay <iy <---,
and there exists a countable orthonormal basis of E consisting of eigenfunction associated
eigenvalues of (2.6) and

2
. u
= inf llullo

) (2.7)
ueE,uz0 fO‘T(T) |uo (£)2At

Remark 2.7 By (2.7) and Lemma 2.2, we know the eigenfunction ¢ (¢) corresponding to
the eigenvalue A; satisfies ¢;(t) > 0 for ¢ € (0,02(T))r. Furthermore, by the Krein-Rutman
theorem [19, Theorem 7.C], we know ¢; € K with

K= {u € Elu(t)>0forte (0,62(T))T,MA(O) >0ifa; >0,u(0)>0ifa; =0,

u®(o(T)) <0ifag > 0,u(c*(T)) > 0 if a3 = 0}.

Lemma 2.8 [1, Theorem 4.73], [8] The problem (1.2) has the Green function

Loy (o(s), t=<s

G,(t,s) =
) Lo )y(e), t>ols),

where w = p(t) (> (£)Y (£) — p(£) 2 (£)] = const > 0, ¥, ¢ are solutions of

_(p(z,‘)uA(t))A +q®u’(t)=0 fortel0,Tlr, u(0) = ay, u?(0) =y

Page 6 of 12
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and

—(p(if)uA(t))A +q)u’(t)=0 fortel0,Tlr,
u(o*(T)) = aa, u® (o (7)) = —as,

respectively, and satisfy ¢(t) > 0, t € (0,6%(T)] 1, *(t) > 0, t € [0,0(T)]T, ¥ () >0, t €
[0,0%(T)) 1, ¥2() <0, ¢ € [0,0(T)]r.

Lemma 2.9 The function defined by

Gy(t,s)

Fs) = 97 (s)

belongs to L>°([0,0(T)]t x [0,0(T)]r), where ¢, is given in Remark 2.7.

Proof Clearly, I'(t, s) is well defined in [0, (T)]t x (0,0 (T))t.

If ay >0, by ¢1 € K and o191 (0) — a29*(0) = 0, we have ¢;(0) > 0. Hence ¢;(a(0)) > 0.

If oy = 0, then ¢;(0) = 0. By Remark 2.7, we know ¢{*(0) > 0. If o(0) > 0, then u° (0) > 0.
If 0(0) = 0, then there exists § > 0 such that ¢;(¢) > 0, ¢*(t) > 0 for ¢ € (0,8)r, then by
L'Héspital rule [1, Theorem 1.119] and Lemma 2.8, we know
9*(s)

—00 < lim inf <
8—0% 5€(0,8)T 01

< lim inf v(s)
(s) ~ 6—07se(09)r @i (s)

s As
< lim sup gl)()flim u v
8=0% ;e P1S) T 80 se(0.5)p @1 (S)

< +00

Hence, I' (¢, s) is bounded for s close to 0.
Similarly, we can derive that I'(z, s) is bounded for s close to o (7). a

In order to derive the main result, we list the following well-known mountain pass

lemma.

Lemma 2.10 [20, Theorem 6.1] Suppose I € C*(E, R) satisfies the P.S. condition. Suppose
1(0) =0 and

(i) there exist p >0, a > 0 such that I(u) > « for u € E with ||ul| = p;

(ii) there is uy € E such that |uy|| > p and I(u1) < a.
Define

P={peC’[0,1];E); p(0) = 0,p(1) = u1 }.
Then B = infyepsup,,, I(u) > « is a critical value.

3 Main results
In this section, we establish some existence criteria of a positive solution of (1.1) by em-
ploying the sub-supersolution method and critical point theory.

First, using a method analogous to that in [21], we construct a supersolution to employ
the sub-supersolution method.
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Theorem 3.1 Assume that (H1) holds and there are constants a; > 0 and a; > aa,, such
that

f(t,&‘) < /,Lé +ai, te [01 T]T)E € [0,612],

where | < Ay is fixed, a,, = ||u, oo, U, represents the unique positive solution of

—(pO)u™ ()™ + q(t)u’ (t) = pu® () +1, t<[0,T]r,
oqu(0) — ayu®(0) = 0, asu(o®(T)) + agu®(c(T)) = 0.

Then the problem (1.2) has at least one positive solution.

Proof For fixed p < A1, let v be the unique positive solution of

~(p@Out@)* + q)u’ (t) = pu® (t) + ar,  t€[0,Tlr, (3.1)

au(0) — au®(0) = 0,  asu(o®(T)) + agu®(o(T)) = 0. '
Then, from the definition of u,, we have ||v|« < a@14,. Then, by the assumptions, it is
easy to see that v is a supersolution of (1.2). In addition, condition (H1) guarantees that
the constant function 0 is a strict subsolution of (1.2). Therefore, the sub-supersolution
method implies (1.2) has a positive solution ;. O

Remark 3.2 Furthermore, by Lemma 2.8, we know

o(T)

< Gy (t,s)|As.

au_/o ter[r(l)?}(m| g-u( s)| s

Theorem 3.3 Under the hypothesis of Theorem 3.1 and suppose the condition
(H2) liminfe_, f(g—g) > A1 uniformly for t € [0, Tt

holds, then the problem (1.2) has at least two positive solutions.

In order to prove this theorem, we first present some necessary lemmas.

Lemma 3.4 Let v, uy be given in the proof of Theorem 3.1, then u, is a local minimizer of 1
inE.

Proof Denote
W = {u € Cl([O,o(T)]T,R)mlu(O) —aou®(0) = 0,0[31/[(0'2(T)) + 0[4MA(0'(T)) = 0}.

By the assumptions and Lemma 2.8, we easily find v — u; € K, u#; € K. Hence u is a local
minimizer of [ in W.

Next, by a similar argument to that in [22], we assert that u is also a local minimizer of
IinE.

In fact, if u; is not a local minimizer of I in E, then for every ¢ > 0 there is v, € E such
that 0 < ||v|l <&, I(q + ve) < I(u1) and I(u; + v,) = infyeg,vj<e L(v + u1). By the Lagrange
multiplier rule, we know there exists a constant u, < 0 such that

I'(ug +ve)p = pe(ve,0)o  forevery g € E. (3.2)
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Note that #; is a solution of (1.2), so
a(T)
I'(uy +ve)p = (1 + Ve, )0 — / F(&u] +v7)° At
0

a(T) a(T)
= (Ve, 0)o —/ St ud +v7)e” At +/ f(&ul)e’ At.
0 0

Thus, from (3.2), we have

a(T) a(T)
(- 20)(er 9)o - / Pl +v7)o" At + / Pt o At =00,
0 0
Therefore, v, is a solution of

-1 - ) p@)u () + q()u (t)
=f(t,u’ (@) +uf (1)) —f & u (), tel0, T, (3.3)
o u(0) — ayu®(0) = 0, asu(o2(T)) + aau (o (T)) = 0.

It is easy to show that v, — 0 as ¢ — 0 in C}([0, o (T)]r). But this contradicts the fact that
u; is alocal minimizer of I in W. O

Next, under hypothesis (H2), in order to show the existence of the second positive so-
lution of (1.2) by employing the mountain pass lemma, we need to show that [ satisfies
the P.S. condition. However, by (H2), we cannot justify this; therefore, we consider the
truncation function f, and the truncation functional /,, defined as follows.

Let y > A; and {&,} be an increasing positive sequence with &, — +00 as n — +00. For
n=1,2,...,define

f(&0), £<0,
fVl(t’g): f(t"i:): 0<&<§,
)/($ - %-rl) +f(t) Sn): é: > é:m

and
1 o(T) o o(T) o
I(w) = 3l - /0 Eo(6, (") (0) At - fo F6,0(w) ()AL ueE,

where F,(t,5) = [ fu(£,€) d&. Then

o(T)
I'(w)v = (u,v)o — / Ll @) @) ()AL, u,veE.
0

Lemma 3.5 Assume that (H1) and (H2) hold, then there exists ny > 0 such that the func-
tional I, satisfies the P.S. condition in E for n > ny.

Proof For given n, let {u,,} € E be the P.S. sequence of I, that is, {I,(u,,)} is bounded
and I (u4,,) — 0 as m — oo. If {u,,} is bounded, one can deduce that I satisfies the P.S.
condition by a similar proof to Proposition B.35 in [23].
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Suppose that {u,,} is unbounded. Since

o(T)
b=~ [ P00 O ), = o, = V5,

we have ||u, [0 — 0 as m — oo. Denote v,, = then ||[v,.llo = 1. So, without loss of

_Um
lumlio?

generality, we can assume that v,, — v > 0 in E, v,, — v in C([0,0%(T)]t). Note that

I;I(Mm)(Vm -v) 1
l4mllo ll4mllo

a(T)
/ St (1) ) W = v)° (D) AL, (3.4)
0
by the definition of f, and passing to limit in (3.4), one can derive that ||v| = 1.
In view of (H2) and the definition of f,,, for ¢ > 0 small enough, there exist £* > 0 inde-
pendent of #, ny > 0 such that

Jat,E)> (M + ) for& >&*, n>ny. (3.5)

Since (&5, ¢1)0 = M fO‘T(T) u?, (t)g (t)At, then

o(T)
& / Vi () () At
0

o(T)
- IIuylnHo </0 (A1 + &)u, (D)gy (E) AL — (um,%)o)
1 o(1) ) )
- ( f ot (1))@ (@) + (1 + ) (142, ()T ()AL — I, () r
lmllo \Jo
o(T) ,
¥ / (1 + &) (243,)” (O] (t)At). (3.6)
0

Passing to the limit in (3.6), we know & f(f(T) V2 (£)ef (¢) At < 0. Hence v = 0, which contra-
dicts ||v|lo = 1. Therefore {u,,} is bounded. So, I, satisfies the P.S. condition for n > ny. [

By Lemmas 3.4 and 3.5, we deduce that for n large enough, I, has a nontrivial critical
point w,, by using the mountain pass lemma and Theorem 1 in [24]. In order to obtain a
solution of (1.2), we need to get an estimate of w,. Therefore, we first give an estimate of
a nonnegative solution of (1.2) employing a method similar to that in [25].

Lemma 3.6 Suppose (H2) holds, then there is M > 0 such that for any nonnegative solution
u of (1.2), we have ||u]| o < M.

Proof If u is a nonnegative solution of (1.2), then by the definition of ¢;, we have

o(T) o
b3 / u’ (t)gy ()AL = /
0 0

+ %ﬁlp(O)u(O)wl(O) + %ﬁgp(a(T))u(az(T))wl (c*(D))

X

T) a(T)
PO P () At + /0 a0 ()¢ ()AL

o(T)
_ /0 F(6u(©)¢T (DAL, (3.7)
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Condition (H2) implies there exist p > A;, C > 0 such that
f(t,€)=pE-C, tel0,T],£=0. (3.8)

Hence, from (3.7) and (3.8), we derive that

a(T)
f o7 (DAL,
0

o(T) C
f W (07 (1) At <
0 P — A

So, using (3.7), we know

o(T) )qC a(T)
| s oy se= 25 [T poar
0 pP—A1Jo

— M

Thus, by (H2), we know fOG(T) If (&, u’ (2))|@f (¢) At is uniformly bounded. Note that by
Lemma 2.9, for ¢ € [0,0%(T)],

o(T

a(T) )
|lu(t)| = ‘/0 G(6,8)f (5,47 () As| < IT'll oo ; If (5,17 (5)) | 9] (s) As.

Hence, there exists M > 0 such that ||#]|s < M. O

Remark 3.7 Note that we only need (H2) to derive (3.8). Hence, (3.5) implies Lemma 3.6
is also valid for the truncation problem.

Proof of Theorem 3.3 Since the positive solution u; derived from Theorem 3.1 is a local
minimizer of I and 0 < &3 < v, we can choose ng large enough such that I(u) = I,,(x) for
every n > ny. Hence, u; is also a local minimizer of I, for n > ny. Then, from the definition
of f, and Lemma 3.5, we know the mountain pass lemma and Theorem 1 in [24] imply
that [, has the second critical point u,. Furthermore, by Remark 3.7, we know u, is also a
critical point of . Thus the problem (1.2) has the second positive solution ;. O
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