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1 Introduction
The theory on time scales has been developed as a generalization of both continuous and
discrete time theory and applied to many different fields of mathematics [2, 3, 5, 6, 21, 23].

It is widely known that the various types of stability of nonlinear differential equations
or difference equations can be characterized by using Lyapunov’s second method, the
method of variation of parameters, and inequalities, etc. [1, 21, 22, 24, 38, 40].

Pinto [32] introduced the notion of /-stability for differential equations with the inten-
tion of obtaining results about stability for weakly stable differential systems under some
perturbations. Also, Medina and Pinto [29] applied the /-stability to obtain a uniform
treatment for the various stability notions in difference systems and extended the study of
exponential stability to a variety of reasonable systems called /-systems. Pinto and Med-
ina obtained the important properties about /-stability for the various differential systems
and difference systems [26-28, 30, 33-35].

Choi et al. [7] investigated /-stability for the nonlinear differential systems by means of
the notions of Lyapunov functions and ¢ -similarity introduced by Conti [19]. Trench [39]
introduced summable similarity as a discrete analog of Conti’s definition of ¢, -similarity
and investigated the various stabilities of linear difference systems by using summable
similarity. Choi and Koo [8] studied the variational stability for nonlinear difference sys-
tems by means of n-similarity. Also, Choi et al. studied the asymptotic property and the
h-stability of difference systems via discrete similarities and comparison principle [9-11].
For detailed results about the various stabilities including the notions of /-stability and
strong stability of dynamic systems on time scales, see [12-18, 20, 25, 31].

In this paper we introduce the notion of u.-similarity which extends the continuous
tso-similarity [19] and the discrete n,-summable similarity [11]. Then we give a Lyapunov
functional characterization of /-stability for nonlinear dynamic systems on time scales by
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assuming the condition of u,-similarity between its variational systems. Furthermore, we
give some examples related to the notions of u,-similarity and /-stability on time scales.

2 Main results

We refer the reader to Ref. [5] for all the basic definitions and results on time scales nec-
essary for this work (e.g., delta differentiability, rd-continuity, exponential function and its
properties).

It is assumed throughout that a time scale T will be unbounded above. If T has a left-
scattered maximum mz, then T = T —{m}. Otherwise, T = T. Let R” be the n-dimensional
real Euclidean space. Cq(T x R”,IR”) denotes the set of all rd-continuous functions from
T x R” to R” and R, = [0, 00).

We consider the dynamic system

x® =f(t,x), «x(to) =x0,tp €T, (2.1)

where f € Cq(T x R”, R") with f(¢,0) = 0, and x* is the delta derivative of x : T — R”" with

respect to ¢t € T. We assume that f; = g—{c exists and is rd-continuous on T x R”. Let x(£) =

x(¢, to, x0) be the unique solution of (2.1) satisfying the initial condition x(z, £y, %o) = %o.

For the existence and uniqueness of solutions of nonlinear dynamic system (2.1), see [23].
Also, we consider its associated variational systems

vA = £.(t,0)v (2.2)
and
z% = fo(6x(8, 0, %0)) 2, (2.3)

where I + u(t)f.(t,%(¢)) is invertible for all £ € T and I denotes the # x n identity matrix.
To establish our main results we will use the following lemmas.

Lemma 2.1 [22, Theorem 2.6.4] Assume that x(t,ty,x0) and x(t,ty,yo) are the solutions
of system (2.1) through (to, x0) and (to,yo) respectively, which exist for each t € Ty and are
such that xy and y, belong to a convex subset D of R”. Then

1
x(t, t(),_)/()) —x(t, to,xo) = / q)(t, to,xo + T()/() —XQ)) dt - ()/0 —XQ), te T(),
0

where ® is a fundamental matrix of (2.3) and Ty = T N [ty, 00).

This lemma can be proved in the same manner as that of Theorem 2.6.4 in [22], so we
omit the detail.

Lemma 2.2 [23, Lemma 2.7.1] Let f € Cq(T* x D,R"), where D is an open convex set
in R". Suppose that f, exists and is rd-continuous. Then

1
flt, %) —f(t,%1) = /0 ﬁC(t, sxy + (11— s)xl) ds(xy —x1), teT.
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In order to prove the variation of parameters formula on time scales, we need the fol-
lowing result on differentiability of solutions with respect to initial values.

Lemma 2.3 Assume that f : To x R” — R” possesses partial derivatives on Ty x R" and
fa(t,x(8, tg, %0)) is rd-continuous on T. Let x(t) = x(t, ty,x0) be the solution of (2.1), which
exists for t >ty and let

af(t’x(t: tOer)) )

H(tv t()va) = (24)
ox
Then
0x(t, to,
¢)(t’ tOxxO) = M (2.5)
on
exists and is the solution of
CDA(t’ tOer) :H(t) tO;xO)qD(t; tO)xO)r te TO: (2'6)
CD(tOI tOer) =1 (27)

The proof of Lemma 2.3 follows simply by differentiating the solution identity
xA(t’ tO’xO) :f(t:x(t: tO»xO))» t = to,
with respect to xy. It is a special case of [36, Satz 1.2.22].

Remark 2.1 [23, Theorem 2.7.1] H(¢,ty,xo) in Lemma 2.3 is given by

1
H(t, to,%0) = E]iII(l)/ ﬁc(t,sx(t, to,%0) + (1 — 8)x(¢, to, x0 + %')) ds.
—%Jo
It follows from Lemma 2.3 that the fundamental matrix solution ®(¢, £y, 0) of (2.2) is
given by

0x(¢,to, 0
q)(t,to,o): %
0

and the fundamental matrix solution ®(t, ¢, %) of (2.3) is given by

dx(t, to,
(D(t1 tvaO) = M
on
or equivalently
1
x(t, tg,x0) = [/ d(t, to,sxo)ds:|x0. (2.8)
0

Let M, (R) be the set of all # x n matrices over R. The class of all rd-continuous functions
A:T — M,(R) is denoted by

Cra(T, M,,(R)).
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Consider the quasilinear dynamic system

¥y =A@y +g(ty), y(to) =yo,teT, (2.9)

where A € C,q(T,M,(R)) and g : T x R” — R”" is rd-continuous in the first argument with
g(t,0)=0.

We need the following result which is a slight modification of the variation of constants
formula in [24, Theorem 4.6.1].

Lemma 2.4 [36] The solution y(t, ty, yo) of (2.9) satisfies the equation

¥(t) = P(t, )yo + / O(t,0(5))g(s,0(9)As, £ > to, (2.10)

to

where ® is a transition matrix of the linear system
¥y =A@)y, (ko) = yo, (2.11)
where A € Cq(T*, M, (R)).
For the Lyapunov-like function V' € C4(T x R”,R,), we recall the following definition.

Definition 2.2 [23, Definition 3.1.1] We define the generalized derivative D* \/é'l)(t,x(t))
of V(¢,x) relative to (2.1) as follows: given ¢ > 0, there exists a neighborhood N(¢) of t € T
such that

o(t)—s [V(e@®),x(a () = V(s,x(a () - (o) - 5)f (£ %(2))) ]

<D* Vél) (tx(0) +e, seN(e)s>t,

where x(¢) is any solution of (2.1) and the upper right Dini derivative V2 (t) of V- is given

by
Vg < | Imioner SRS, i =0 () 212)
| e if £t <o(t) '
u() ’ ’

where V:(t) = V(¢,x(t)).
Then it is well known that
DV (x(0) = VA0

if V/(¢,x) is Lipschitzian in x for each t € T [22, 40].
In case ¢ € T is right dense, we have

fim % [Vt + %) + 0 (62(0)) - V(6,2(0)]

= lim
n—0*,n+teT n

D*V5y (tx(t)) = DVia)(£,x(2)) = ;

=D VL(2).
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In case ¢ € T is right scattered and V(¢,x(¢)) is continuous at £, we have

D'V (64(0) - ﬁ[v(am,x(a(t))) _V(6x0)].

In fact, if x(¢) is a solution of (2.1), we have
1
VA(Lx(t) = VA (6() + [ / D,V (o (£),x(8) + nu(t)x™(2)) dn]xA(t)
0
1
= V2 (t,x(0 (1)) + |:/ DV (t,%(8) + nu()x™(2)) dn]xA(t),
0

by the chain rule of a differentiable function V(¢,x(¢)) [37, Theorem 1].
We note that the total difference of the function V along the solutions x of (2.1) is given
by

AVin(n,x) = V(n +Lx(n+1, n,x)) - V(n,x(n, n,x)).

Choi et al. [7] investigated /i-stability for nonlinear differential systems using the notions
of to-similarity and Lyapunov functions. Also, Choi et al. [11] introduced the notion of
Heo-summable similarity which is the corresponding ¢, -similarity for the discrete case
and then characterized /-stability in variation and asymptotic equilibrium in variation for
nonlinear difference system via #n,,-summable similarity and comparison principle.

Now, we define u.,-similarity on time scales in order to unify (continuous ) £« -similarity
and (discrete) n-similarity for matrix-valued functions.

Let M1, (R) be the set of all # x n invertible matrices over R, and Cﬁd(’]l"‘, M, (R)) be the
set of all rd-continuous differentiable functions S from T* to 91,(R) such that S and S!
are bounded on T.

Definition 2.3 A function A : T — M, (R) is called regressive if for each t € T the n x n
matrix I + u(£)A(¢) is invertible.

The class of all rd-continuous and regressive functions from T* to M, (R) is denoted by
CrdR(TK:Mn(R))'
Definition 2.4 [17] Let A,B € C,qR(T*,M,(R)) and ¢ty € T. A function A is us.-similar
to a function B if there exists an absolutely integrable function F € C.q(T, M,(R)), i.e.,
o0
fto |F(t)| At < 0o, such that
S2(t) + ST (£)B(t) —A@)S(t) = F(t), teT-, (2.13)
for some S € CY,(T*, M, (R)).
Remark 2.5 If T = R, then u-similarity becomes to,-similarity and if T = Z, then -

similarity becomes 7.,-similarity. Also if A and B are u«,-similar with F = 0 defined on T,

then they are kinematically similar [4].
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Let N(ng) = {no,no +1,...,n9 + k, ...}, where ng is a nonnegative integer and 9t denote
the set of all s x s invertible matrix-valued functions defined on N(r).

Remark 2.6 [11, Definition 2.5] A matrix function A € M is noo-summably similar to a
matrix function B € 9 if there exists an absolutely summable s x s matrix F(n) over N(ny),
that is,

Z|F(l)| <00
I=ng

such that
AS(n) + S(n +1)B(n) — A(n)S(n) = F(n) (2.14)
for some S € G.
For the example of n,-summable similarity, see [11].

Remark 2.7 We can easily show that the #.,-summable similarity is an equivalence rela-
tion in the similar manner of Trench in [39]. Also, if A and B are n,,-summably similar
with F(n) = 0, then we say that they are kinematically similar.

Pinto [32] introduced the notion of /-stability which is an extension of the notions of
exponential stability and uniform stability of the solutions of differential equations. The
symbol | - | will be used to denote any convenient vector norm in R”. We recall the notions
of ii-stability for dynamic systems on time scales in [14].

Definition 2.8 System (2.1) is called an /-system if there exist a positive rd-continuous
function 1: T — R, a constant ¢ > 1 and § > 0 such that

(2, o, %0)| < claoH(D)h(to)™,  t>1to
for |xg| < 8 (here h(t)™ = ﬁ).
Moreover, system (2.1) is said to be

(hS) h-stable if h is a bounded function in the definition of /-system,

(GhS)  globally h-stable if system (2.1) is &S for every xy € D, where D C R” is a region
which includes the origin,

(hSV)  h-stable in variation if system (2.3) is AS,

(GhSV) globally h-stable in variation if system (2.3) is GhS.

For the various definitions of stability, we refer to [20] and we obtain the following pos-
sible implications for system (2.1) among the various types of stability:

h-stability = uniform exponential stability
= uniform Lipschitz stability

= uniform stability

asin [7, 34]. See [8, 26, 28, 29] for stability of nonlinear difference systems.
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We consider two linear dynamic systems
=A(t)x (2.15)
and
A = B(t)y, (2.16)

where A, B € C,¢R(T*, M,,(R)).
We say that if A and B are uo-similar, then systems (2.15) and (2.16) are un.-similar.

Lemma 2.5 [14, Lemma 2.3] System (2.15) is an h-system if and only if there exist a positive
rd-continuous function h defined on T and a constant ¢ > 1 such that

|CDA(t7 t0)| = Ch(t)h(t0)71) te TO)
where @4 is a fundamental matrix solution of (2.15).
We obtain the following result from Lemma 2.3 in [17].

Lemma 2.6 Assume that A and B are uo.-similar. Then

CDB(If, lf()) = S_l(t)|:CDA(t, to)S(t()) + /t by (t,O'(S))F(S)(DB(S, t())ASi|, t,toeT,

0

where &4 and ®p are the matrix exponential functions of (2.15) and (2.16) respectively.

Medina and Pinto [29, Theorem 3] showed that #SV implies 4S. Also, they proved the
converse when the condition

= k()
> s 1)Lf(l 10, %0) — f(1,0)| <00, 19 >0 (2.17)
[=

for |xg| < 8 holds [29, Theorem 14].

In order to establish our main results, we will introduce the following condition.

(H): £:(¢,0) andﬁc(t x(t, tg,%x0)) are us-similar for ¢ > £y and |xg| < § for some constant
8 > 0 and fto i 0([ 1 (t)| At < oo with the positive rd-continuous function /(¢) defined
onT.

Lemma 2.7 [12, Theorem 3.4] Assume that condition (H) is satisfied. Then variational
system (2.2) is also an h-system if and only if variational system (2.3) is an h-system.

We can obtain the same result about Lemma 2.7 by assuming that f;(¢,0) and
fa(t,x(¢, tg, %0)) are uy-quasisimilar for ¢ > ¢ instead of the condition (H) in Lemma 2.7
[18, Theorem 3.3].

For nonlinear dynamic system (2.1), we can show that

GhSV & GhS, hS & hSV

by using the concept of u-similarity.

Page 7 of 17


http://www.advancesindifferenceequations.com/content/2012/1/129

Choi et al. Advances in Difference Equations 2012, 2012:129 Page 8 of 17
http://www.advancesindifferenceequations.com/content/2012/1/129

We study the relation of /-stability between two systems (2.1) and (2.3) by assuming the
condition (H) is satisfied.

Theorem 2.8 [29, Theorem 2] Suppose that condition (H) is satisfied. If x = 0 of (2.1) is
h-stable, then v = 0 of (2.2) is h-stable.

We obtain the following result from (2.8).
Theorem 2.9 Ifz =0 of (2.3) is h-stable, then x = 0 of (2.1) is h-stable.
We can obtain the following result by using Lemma 2.7 and Theorem 2.8.

Theorem 2.10 Assume that condition (H) is satisfied. If x = 0 of (2.1) is h-stable, then z = 0
of (2.1) is h-stable in variation.

Remark 2.9 For nonlinear dynamic system (2.1), we show that two concepts of 4-stability
and /-stability in variation are equivalent under the condition that two variational systems
(2.2) and (2.3) are uq.-similar.

Choi et al. investigated Massera type converse theorems for the nonlinear difference
system x(n + 1) = f(n,x(n)) via nso-similarity in [8, Theorem 5] and [9, Theorem 2.1]. Fur-
thermore, they characterized /-stability in variation for the nonlinear difference system
by using the notion of ny,-summable similarity in [11].

We need the following lemma to prove our main theorem.

Lemma 2.11 [36, Korollar 2.1.13] Ifthe delta differentiable function h: T — R is positive,
then % is positively regressive, and e,(t, ty) satisfies

ep(t to) = ——

A
where p(t) = hh(—g)

We can obtain the following result that characterizes /-stability for nonlinear dynamic
system (2.1) via the notions of Lyapunov functions and u,-similarity. It is adapted from
Theorem 3.6.1 in [22] and Theorem 3.1 in [25].

Theorem 2.12 Assume that condition (H) is satisfied. Suppose further that h®(t) exists
and is rd-continuous on T. Then system (2.1) is GhS if and only if there exists a function
V(¢t,x) defined on T x R” such that the following properties hold:
(i) |x| < V(t,x)| <clx| for (t,x) € T x R” and a constant ¢ > 1;
(i) |V(t,x1) — V(t,x2)| < clxy — xp| for t € T and x1,x, € R
(iii) V(%) < SOV (t,) for (6,%) € T x R”;
(iv) V(t,x) is continuous on T x R”;

lim  |V(%%) - V(tx)|=0.

(L,3)— (t,x),i>t
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Proof Necessity: Suppose that system (2.1) is GAS. Then system (2.1) is GASV by Theo-
rem 2.10, i.e., there exist a constant ¢ > 1 and a positive rd-continuous bounded function 4
defined on T such that for each x € R”

|(D(tr tny0)| < Ch(t)h(to)_l, t > tO) (2'18)
where ® is a fundamental matrix solution of (2.3).
Fixt e T.Let A, :={r € R, : t + t € T}. Then we note that A, is nonempty from 0 € A;.

Define the function V: T x R” — R, by

V(t,x) = sup |x(t + T, ,%)| h(t + T) 7 h(2),

‘[EA[

where x(t + 7,¢,%) is a unique solution of system (2.1) for (¢,x) € T x R” with the initial
value x(t, t,x) = x. From GAS of (2.1) we have

(2, o, %0)| < claol()h(to) ™", € T, |x0] < 00.
Furthermore, we obtain

|x| = {x(t, t,x)| < sup |x(t + t,t,x)|h(t + 1) (D)

TEAt

< clxlh(t + @) h(t + ) h(t) = clx|.

Thus V satisfies property (i).
Let (£,x1), (t,x2) € T x R”. Then we have

|V(t,x1) — V(t,x2)| =

sup |x(t + T,5,%1) |h(t +7) 7 h(e)

‘[EAt

— sup (e + 7,6, 2) (e + 7) ()|

TEAt
< sup | (x(t +1,tx) —x(t+ T, t,xz)) |h(t + 1) th(p). (2.19)

TEA[

It follows from Lemma 2.2 that for each x; and x, in a convex subset D of R”

|x(t, to, x1) — x(t, to,x2)| < |1 — x| SUP|<D(1«‘, to, 77)|. (2.20)
neD

In view of (2.18), (2.19) and (2.20), we have

’V(t,xl) - V(t,xg)’ < |x1 —xp| sup |<D(t+ t,t,n)‘h(t+ ) h(s)
te€lA¢,neD

< |x1 = x|chlt + T)R@E) At + v) " h(E)

<clxr —wy|, t€To,x1,% €R”.

This implies that V'(£, %) is globally Lipschitzian in x for fixed ¢ € T.
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Next, we will prove property (iii). Let x(z, £y, xo) be a unique solution of system (2.1) for
each initial point (fy,x9) € T x R”. We will consider two cases, o (¢) = ¢ and o (£) > £, in the
proof.

Suppose that o(£) = ¢ and let § € A,. By the uniqueness of solutions of (2.1) and the
definition of 4S, we have

D'V (t,x(t))

- Tim STV (e 8, +,8,) V(6,500

— 1
=lim —[ sup |x(t +8+1,t+8,x(t+ 8,t,x))|h(t +8+1) h(t+6)
5NO S Lren,,s

—sup |x(¢ + T, 8,x(2)) | h(t + r)’lh(t)]

TEA[

— 1
= lim —[ sup |x(t+ t,t,x(t))|h(t+ )7 (e + 8)
N0 S te{rels,o0)it+teT}

— sup |x(t + 1, t,x(t)) |h(t + t)_lh(t)]

‘EEA;

- 1 — -
<Tim - [re{fewﬂemp(t + 1, 6,2(8)) [t + 7) V(e) (e + SR - 1)]

< gl\_na %[(h(t +O)h()" -1)]V (&, x(2))

_H®
~ h(t)

V(t,x(2)).

Suppose that o (£) > t. Then it follows from the definition of V2 () that

Ve -ve.

A
)

Since the solution of (2.1) is unique, we have the following derivative:

V(e () - V()
wu(t)

o) [Tesxi) % (0 (2) + 7,0 (1), x(0 (8), £,x) ) | (0 () + ) "B (0 (£))

VA®L) =

— sup \x(t +1, t,x(t)) |h(t + r)_lh(t)]

TEAZ

1
= —[ sup |x(t + u(t) + 7, t + u(t),
I’L(t) TEAHV.O)

x(t + u(t), t,x)) |h(t +u(t) + t)_lh(t + ,u(t))

— sup }x(t +7, t,x(t)) ’h(t + r)_lh(t)]

Tl
= L[ sup |%(t + 7, 6,x(0)) |1t + 7) (e + (D))
() re{re[u(t),00):t+TeT)}

= sup (¢ + 7, £,%(0)) |t + T )|
Teh;

Page 10 of 17


http://www.advancesindifferenceequations.com/content/2012/1/129

Choi et al. Advances in Difference Equations 2012, 2012:129 Page 11 of 17
http://www.advancesindifferenceequations.com/content/2012/1/129

1 -1
< 0 [A(t + n(@®)h@)™ =1V (£x(2))

(
hA(t)
h(t)

V(t,x(2)).

Thus property (iii) was satisfied for two cases.

The continuity of V/(¢,x) can be proved in a similar manner of Theorem 3.6.1 in [22] and
Theorem 3.1 in [25]. It remains to show that V is continuous in the sense of (iv): let ¢ € T,
x € R” be fixed and choose ¢ > 0 arbitrary. Then §; > 0 and §; > 0 must be found such that

|[V(E,%) - V(tLx)| <e
holds for all
t=t+v, vVeA,0<v<é (2.21)
and all ¥ € B;, (x), where Bj, (x) is an open ball centered on x of radius §,.
If t € T is right scattered, then we can always choose a suitable §; such that £ = ¢ is the
only point satisfying condition (2.21) (see [22, Theorem 3.6.1]). Thus V/(¢,x) is continuous
in (¢,x) € T x R” since V is globally Lipschitz continuous in x for fixed t € T.

Suppose that ¢ € T is right dense and let = £ + v for v € A, with v > 0. Then we have

’V(Z‘,fc) - V(t,x)| = ’V(t +V,X) — V(t,x)‘

< ’V(t +v,x) - V(t+ v,x)’ (2.22)
+ |Vt +v,%) = V(£ +v,%(t +v,6,%))| (2.23)
+|V(E+ v, +v,6,%) - V(L) (2.24)

Since V/(¢,«) is Lipschitzian in x and x(¢ + v,t,x) is continuous in v, the first two terms
(2.22) and (2.23) on the right-hand side of the preceding inequality are small when |x — x|

and v are small. That is, we have
N £

|V(t+ v,x) - V(t+ v,x)| < 3
for all X € Bs, (x) when 8, < £~ and

|V(E+v,2) = V(E+v,x( +v,8%)|
< c|x—x(t+ v, t,x)|

£ N
<§, veA,0<v<d,

since it follows from lim,_, ¢4, (¢ + v, £,%) = x that there exists a 31 > 0 such that

&

v —x(t +v,8,%)| < =

forallve A, with0 <v <(§1.
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Let us consider the third term in (2.24). We note that
x(E+v+T, 040,208+ v,8%)) =x(E+ 0 +T,5%).
Thus we have

|V (t+v,2(t +v,8,%)) - V(t,)]

sup |a(t+ v+, e+ 0,50 +v,6%) | +v+ 1) h(E+ )

1€MLy

— sup ’x(t +7T, t,x(t)) |h(t + t)_lh(t)‘

Tehy

sup |x(t +1, t,x(t)) |h(t +7)7 (@t +v)

te{relv,00)it+teT}

— sup |x(t + 1, t,x(t)) |h(t + t)_lh(t)‘
‘EEA[

h(t+v)
h(t)

- a(o) )

= ’ot(v)

where a(v) = SUP, ¢(;cfuooprrrem) 15 + T,8,2(0)|(t + T) 7 h(t) for v € A,.
We have a(v) < «(0) for all v € A; with v > 0. Furthermore, o(v) is a nonincreasing
function in v with

lim «(v) =a(0).
v—>0,veA;

Hence, there exists a 33 > 0 such that

h(t+v)

a(v) 0]

& o
—-a(0)| < 3’ veA,0<v<é;.

Now, choose §; = min{gl,gg}. Forf=¢t+vwithveA, where0 <v<§ and & € Bs, (%),
combining all of the above estimates of the terms in (2.22)-(2.24) gives
" e € ¢
V(t,x) - V(¢ —+ =+ ==,
V(%) (x)|<3+3+3 P
which proves the continuity of V (¢, x).
Sufficiency: Assume that V (¢, x) satisfies the properties (i)-(iv). Let x(¢, £y, xo) be any so-
lution of system (2.1). Then it follows from condition (iii) of V' (¢, ) that

h2(s)
) V(s,x(s))As, t>to.

V(t,x(t)) < V(to,x()) + /t

0

From Gronwall’s inequality on time scale [5] and Lemma 2.15 [14], we obtain

V(t,x(t)) < V(to, %0)epn (t to)

< V(to,x0)(t)h(to) ™, £ = to, (2.25)
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where p(t) = %. From (2.25) and property (i) of V(¢,x), we have
(£, £, %0)| < clao|H(£)h(to) ™",

for each ¢ > £y and xy € R”. Hence the zero solution x = 0 of (2.1) is GAS. This completes
the proof of the theorem. g

Remark 2.10 Assume that condition (H) is satisfied for T = R. Furthermore, suppose that
W (t) exists and is continuous on R, . Then we can obtain Theorems 2.4 and 2.6 in [7] as a

continuous version of Theorem 2.12.
Also, we can obtain the following result as a discrete version of Theorem 2.12.

Corollary 2.13 [11, Theorem 3.7] Assume that f,(n,0) is neo-summably similar to
fe(n,x(n,ng,x0)) for n > ng > 0 and every xy € R™ with hﬁ’x)l) |F(n)| € [;(N(no)). Then sys-
tem (2.1) is GhS if and only if there exists a function V(n,z) defined on N(ng) x R™ such

that the following properties hold:

(i) V(n,z) is continuous on N(ng) x R";
(i) |x—y| < V(n,x-y)| <clx—y| for (n,x,y) € N(ng) x R™ x R";
(iii) |V(n,z1) - V(n,22)| < clzy — 22| for n € N(np), 21,20 € R™;

L AV(nx—y) _ Ak -
(iv) V(n’:lxiy;;/ < (L')’) for (n,x,y) € N(ng) x R” x R" withx #y.

Remark 2.11 Choi et al. [8, 9] introduced the notion of n4-similarity which is slightly
different from n,,-summable similarity and studied a general variational stability for a
nonlinear difference system via n-similarity and Lyapunov functions. We can obtain the
discrete analogues [8, Theorem 5, Corollary 8] and [9, Theorem 2.1] as a discrete version
of Theorem 2.12.

Remark 2.12 Choi et al. [14, Theorem 2.16] studied /-stability for linear dynamic equa-
tions on time scales by using the unified time scale quadratic Lyapunov functions. Also,
Mukdasai and Niamsup [31, Theorem 3.13] derived a sufficient condition for /-stability for
a linear time-varying system with nonlinear perturbation on time scales by constructing

appropriate Lyapunov functions.

We can obtain the following Massera type converse theorem for the uniform exponen-
tial asymptotic stability of linear dynamic equations on time scales as a special case of
Theorem 2.12.

Corollary 2.14 [25, Theorem 3.1] Assume that f(t,x) = A(t)x is linear, where A €
CaR(T,R" x R"). If system (2.1) is hS with h(t) = e on time scales T for a nonnegative
constant ), then there exists a function V : T x R" — R”" such that
() |x| < V(t,x) <K|x| forallt € T,x € R".
(i) |V(t,x1) — V(t,x2)| < K|x1 — x5 for any fixed t € T and all x1,x, € R".
(iii) The upper right Dini derivative of V- exists and the estimates
VA®) <&, () Va(t) < 0 hold for all t > t, for a positive constants K and ). Here the


http://www.advancesindifferenceequations.com/content/2012/1/129

Choi et al. Advances in Difference Equations 2012, 2012:129
http://www.advancesindifferenceequations.com/content/2012/1/129

function &, : T — R is given by

exp(u(Hir)-1
_ SR t<o(2),
E@=1 "0

A, t=o(t).

iv) V is continuous from the right in (t,x) € T x R”, that is,
g

lim  |V(£%) - V(tx)|=0.

(£.2)— (tx),t>t

3 Examples
In this section we give some examples which illustrate some results from the previous
section.

To illustrate the notion of u.-similarity, we will give an example for scalar functions

defined on time scales.

Example 3.1 Leta,b: T — R be scalar functions given by

at)=eultto) -1, b= Seutto) -1

where « is a negative regressive constant and lim;_, o, €4 (¢, p) = O for fixed £ € T. If we put
s(t) = 1 for each t € T, then s(t) and s~1(¢) are bounded and nonzero functions. Moreover,

we have
2 + s(a(t))b(t) —a(t)s(t) = —%ea(t, L) =f(), teT",

where f(¢) = —%ea(t, to).
Thus we have

/ [f(t)|At:/ —ey(t, o) At < —— < 00.
t0 o 2 20

0

This implies that & and b are u,-similar on T.

For the examples of nonscalar functions about £, -similarity on T = R and #,-summable
similarity on T = Z, see [7, Example] and [11, Example 2.6] respectively.

Example 3.2 To illustrate Lemma 2.5, we consider the linear dynamic system

_et

7= 0
x® = A(t)x = <2+5 ' 0) %, x(to) =x0,t =t €T, 3.1)

ot
where A(¢) = ( Tret 0). If u(t) < 2’ +1for t € T, then (3.1) is k-stable.
0 o

Proof A matrix exponential function ®4(t, %) of (3.1) is given by

Dt to) = (ep(g to) (1)),

Page 14 of 17
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where p(t) = %;: and e,(t, %) = exp ft; &.)(p(r))At. Here the cylinder transformation
&,(2) is given by

ﬁLog(l +uz) ifu#0,

Su(z) = )
z ifu=0.
It follows that
t 1 )
ex —Log(1 + u(t)p(r))At) if 0,
0 < ey(t,t) = (S, 7y Log@ + n(@)p(2))AT) if 7

exp(ftf) p(t)dr) ifu=0

exp(f;; = Log(l + u(r)|p(r))AT) if 12 70,

exp(f, Ip(r)|AT) ifu=0
t t ot
= exp/ lp(r)|AT :exp/ 5 — AT
to to + e
<M

for each t,ty € T with ¢ > £;, where M is a positive constant. Thus we obtain

ep(t, th) O
0 1

where /(£) = e,(t, 1) is a positive bounded rd-continuous function for a fixed point t; € T,

|CDA(t7 t0)| = =< Ch(t)h(t0)71; t = iy,

and c:= M + 1 is a positive constant. Hence system (3.1) is /s-stable by Lemma 2.5. O

To illustrate that the converse of Theorem 2.8 does not hold in general, we give the
following example.

Example 3.3 [11, Example 5.2] Let T be the unbounded above time scales with pu(¢) <2
for each ¢ € T. We consider the nonlinear dynamic equation

x® = f(t,x) = —%x +x%, x(ty) =x0=1 (3.2)

and its variational dynamic equation

1

vA(t) = (£, 0)(t) = —5v(®), vlto) =vo 70, (3.3)

where f,(¢,x) = —% +2x. Then v = 0 of (3.3) is &-stable, but x = 0 of (3.2) is not /-stable.

Proof Since the fundamental solution is ¢(z) = e (¢,to)vo for each t > ty, Eq. (3.3) is h-
stable with a positive bounded function /4(t) = e_ 1 (t,1o) for a fixed point %, € T. But (3.2)
is not /-stable because there exists an unbounded solution x(¢, £, 1) of (3.2) such that

x(t,20,1) =x(t) > t, teT,. O
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