Hong Boundary Value Problems 2013, 2013:121 0 BOU nda ry Va I ue PrOblemS

http://www.boundaryvalueproblems.com/content/2013/1/121 a SpringerOpen Journal

RESEARCH Open Access

Existence and stability of solitary waves for
the generalized Korteweg-de Vries equations

Mingli Hong"

“Correspondence:
hml001@sohu.com

Institute of Disaster Prevention,
Sanhe Hebei, 065201, China

@ Springer

Abstract

In this paper, we consider the fractional Korteweg-de Vries equations with general
nonlinearities. By studying constrained minimization problems and applying the
method of concentration-compactness, we obtain the existence of solitary waves for
the generalized Korteweg-de Vries equations under some assumptions of the
nonlinear term. Moreover, we prove that the set of minimizers is a stable set for the
initial value problem of the equations, in the sense that a solution which starts near
the set will remain near it for all time.
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1 Introduction
This paper is devoted to studying the existence and stability of solitary wave solutions of

the generalized Korteweg-de Vries equation

w+(f(w), - (Lw), =0 inR, (1.1)

where f(u) satisfies the following assumption:
(A) f(u) e C(R,R), limuﬂoﬂ—”) =0 and limy o f‘;(—"‘y) =0forsomel<y <1+4a,

|l

Lw)(€) = 1£17(8),

0 < & <1, the Fourier transform Fy (§) = (§) = — T Jp u(x)e™®* dx.

When f(u) = %uz and « = 1, equation (1.1) is the wellﬁ:r)lown Korteweg-de Vries equa-
tion, introduced by Korteweg and de Vries in 1895 (cf. [1]). The existence and stability
of solitary waves of the Korteweg-de Vries equation is considered by Benjamin in [2]. Re-
cently, in [3], Pelinovsky obtained a Korteweg-de Vries equation with a forcing term, which
is a simple analytical model of tsunami generation by submarine landslides.

Here, we consider the generalized Korteweg-de Vries equation (1.1). Let F(u) = fou f(s)ds.

Since the functionals

E(u) = /_+OO|:%ML(LL) —F(u):| dx

o0
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and

Qu) = %/::0 u? dx

are two conserved quantities with (1.1), for studying the existence of solitary wave solu-
tions to (1.1), by the variational methods, the solitary wave solutions to equation (1.1) will

be founded as minimizers of

1, = inf{E(u); u € H'(R),Q(u) = q}, )
where g > 0. Denote the set of minimizers of the problem (,) by

Gy = {u;ueHl(R),E(u) =1,,Q(u) =q}. (Gy)

Inspired by the methods used in [4, 5], by studying the problem (i), we obtain the ex-
istence of solitary waves for equation (1.1) with some special nonlinearities f(u) = [%up ,
where 1 < p <1 + 4«, and general nonlinearities satisfying the assumption (A). Moreover,
we prove that the set G, of minimizers is a stable set for the initial value problem of equa-
tion (1.1) in the sense that a solution which starts near the set will remain near it for all
time. In order to obtain those results, we have to overcome one main difficulty: the min-
imization problem (/) is given in the unbounded domain R which results in the loss of
compactness. As is done in [4, 6], we overcome the difficulty of loss of compactness by
the method of concentration-compactness introduced by Lions in [7, 8] for solving some
minimization problems in unbounded domains.

Now we give our main results.

Theorem 1.1 Suppose that o =1 and f(u) satisfies condition (A) and I,, < 0 for some
qo > 0. Then there exists 0 < q* < qo such that G is not empty. Moreover, if {u,} is a min-
imizing sequence for the problem (1), then there exist a sequence {y,} C R and g € G
such that {u,(- + y,)} contains a subsequence converging strongly in H(R) to g, and

lim inf |lu, —g| =0,

ne+oogeGq*
where || - || is the norm of H'(R).

Theorem 1.2 Under the assumptions of Theorem 1.1, the set G+ is H L(R)-stable with re-
spect to equation (1.1), i.e., for any & > 0, there exists § > 0 such that if

inf |lug —g|l <4,
geGq*
then the solution u(x, t) to equation (1.1) with initial data ug satisfies
inf |[u(t,-)—g| <e
it Jute) ]

foranyte[0,T).
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Theorem 1.3 Suppose that 0 < a < 1 and f(u) satisfies condition (A) and I, < 0 for some
qo > 0. Then there exists 0 < g* < qo such that G- is not empty. Moreover, if {u,} is a
minimizing sequence for the problem (1), then there exists a sequence {y,} C Rand g € G
such that {u,(- + y,)} contains a subsequence converging strongly in H*(R) to g, and

lim inf |lu, _g||ot,2 =0,
ne+oogeGq*

where || - ||a2 is the norm of H*(R) given in Section 5.

Theorem 1.4 Under the assumptions of Theorem 1.1, the set G is H*(R)-stable with re-
spect to equation (1.1), i.e., for any & > 0, there exists § > 0 such that if

inf Jlug —glla2 <9,
geGq*
then the solution u(x, t) to equation (1.1) with initial data ug satisfies
inf |u(t,-) - <e
geGq* H ( ) gHa,Z

foranyte[0,T).

The paper is organized as follows. In Section 2, we give some preliminaries. In Section 3,
we study the existence and stability of solitary waves of equation (1.1) with some special
nonlinearities f(u) = Ilyup . Section 4 is devoted to studying equation (1.1) with general non-
linearities f () satisfying the assumption (A). We shall consider the existence and stability
of solitary waves of equation (1.1) with 0 < « < 1 in Section 5.

2 Some preliminaries

At first, we give some notations. The set of all integers and the set of all real numbers are
written as Z and R, respectively. And all the integrals will be taken over R unless specified.
LP(R) denotes the usual Lebesgue space with the norm | - |, given by

1
|~|p:(/|ulpdx)p for1 <p<+o0.

The Sobolev space H!(R) is defined by
H(R) := {u cueLl*(R)and u, € LZ(R)},

whose norm is given by

BE ([(|ux|2 ; |u|2)dx)7.

Now, we give Lemma 2.1 and Lemma 2.2 which will be used to study the behavior of the
minimizing sequence for the problem (/;). Lemma 2.2 is due to Lions [7, 8].
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Lemma 2.1 Suppose that B> 0 and § > 0 are given. Then there exists n = (B, §) such that
if u € H'(R) with ||u|| < B and |u|y., > §, then

y+% )
sup/ lulP* dx > n.

yeR y—%
Proof We have
i1
e 2, .2 2 P+l it +1
S TP el =l < - 3 p+1/ P .
jez VI3 |ulp01

1€Z p+1

Therefore, there exists some jj € Z such that

jo+% B2 10+f
[(ux)2 + uz] dx < |1,t|1”rl dx.
jo-3% |u s
-3

|p+1

Applying the Sobolev embedding theorem [9], there exists a constant A such that
.1 1 L1 1
jo+3z pil jo+3z 2
(/ [(ux)2 + uz] dx) <A (/ [(ux)2 + uz] dx)
.1 : 1
Jo—3 Jo—3
AB jo+d 3
< lufPdx ) .
e\ ). 1
|u|p3—l 1072

Thus, we obtain

pil 2(p+1) (p+1 2

1 L 2 )
/lo 2 P dx lul,iq | P . 8 p1
jo-3 ~\ 4B (

2(p+1)
2 AB)?

s
RS

+

e

Taking n = %, it follows that

(4B) -1

y+3 jo+3
sup/ |u|p*1dx>/ PP dx > 7.
yeR Jy- )

1 .
2 Jo—3

Lemma 2.2 Let {u,} be a bounded sequence in H'(R) such that

y+1
sup/ lu,?dx— 0 asn— +00
yeR Jy-1

forsomer>0. Then u, — 0 in L*(R) for 2 <s < oo

Proof Let 2 < s < oo. Without loss of generality, we may assume r = 1. It follows from the
interpolation inequalities that

s=2

|| 5By,1)) <Alule UL PP

where A > 0 is a constant independent of .
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Covering R by a family of intervals (y; — 1, y; + 1) such that each point of R is contained
in at most two such intervals and summing this inequality over this family of intervals, we
get

542

y+l T .
|u|2s52A(sup/ |u|2dx> lul 2
y

yeR Jy-1

Since {u,} is bounded in H'(R) and sup, g yyfll |uy|*dx — 0 as n — +00, applying the
above inequality, we know that u,, — 0 in L*(R) for 2 < s < 00. O

Next, we establish a convergence result that will be used in the proof of Theorem 1.3.

Lemma 2.3 Let f € C(R,R) and suppose that
F@)| <C(ltl +|e1*)  forallteR, 2.1)

where 1 < p; < 00. If u, — ug in H{(R) and u, — ug a.e. on R, then

lim |:/+OOF(un)dx—/_JrooF(uo)dx—/_woF(u,,—uo)dx:| =0,

n—00 —00 0 o0

where F(u) = fouf(s) ds.

Proof Let R > 0. Applying the mean value theorem, we have

/_+°0 F(u,)dx

o0

:/ F(uy,)dx+/ F(u0+(uy,—uo))dx
|x|<R

[x|=R

=f F(u,,)dx+/ [F(u,,—uo)dx + f(uy — ug +9u0)u0] dx,
|x|<R

[x|=R

where 0 < 0 <1 is dependent on x and R. Now we write

[ i s | -

/ F(ug) dx / F(u,, — ug) dx
|x|>R |x|<R

. (2.2)

= + +

/ [F(tn) — F(uo) | dx
|x|<R

+ fu, —uo + Oug)ug dx

[x|=R

It follows from (2.1), the mean value theorem and the Holder inequality that

/ [Pt - Pl
x|<R

/ Rf(uo +0(u, - uO))(un — ug) dx
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EC/ |0 + 6t — 10) | |16 — o | dix
[x|<R
+C/ |u0+9(u,,—uo)‘pl|u,,—uo|dx
[x|<R
§C/ |uo||un—u0|dx+C/ |t — o |? dx
[x|<R |x|<R

+8/ Iuolpllun—uoldx+C£/ |t — wo [P dx
|x|<R

|x|<R

3 3
§C(/ Iuolzdx> </ |u,,—u0|2dx) +C/ |t — o |? dx
|x|<R |x|<R |x|<R
1 1
2 2
+8</ |u0|219‘dx> </ |un—uo|2dx>
|x|<R |x|<R

+ CS/ |t — o [P dx (2.3)
|x|<R

and

§C/ Iun—uolzdx+C/ |t — wo [P dix. (2.4)
[x|<R |x|<R

/ F(u, — up) dx
|x|<R

Since the embedding H*(R) — Lj, (R) (2 < s < 00) is compact, the inequalities (2.3) and
(2.4) imply that

—0 asn— o0, (2.5)

/ R[F(u,,) - F(uo)] dx

f F(u,, — ug) dx
|x|<R

Similarly, by the Holder inequality, the Sobolev embedding theorem and (2.1), we get

—0 asn— 0. (2.6)

fuy —uo + Oug)ug dx
[x|>R

§C/ |u,,—u0+o9u0||u0|dx+C/ |1, — o + Oug [Pt |ug| dx
|x|>R [x|>R

1 1
2 2
< c(/ |u,,|2dx) (f |u0|2dx> +C/ lug|? dx
|| >R [x|>R |x|>R
3 3
+ E(/ |14, |21 dx) (/ |u0|2dx> + CE/ 2o [P dx
|| >R |x|>R |%|>R
3 3
< cnunn(f |M0|2dx> +C/ lol? dx + )y |7 (f |Mo|2dx)
|| >R [¥|>R |%|>R

+Cg/ |uto [P dx.
[%|=R
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Since {u,} is bounded in H'(R), we see that

fu, —ug +Oug)ugdx| - 0 as R— oo. (2.7)

[x|=R

Hence, combining (2.2), (2.5), (2.6) and (2.7), we obtain

/ F(uy,)dx—/ F(uo)dx—/ F(u, —ug)dx— 0 asn— oo. 0
3 The case of special nonlinearity
In this section, we only consider the case of @ =1 and f(u) = Iljup, where 1 < p <5. Corre-

spondingly,

*or1 11
E(u) = / [E(ux)2 - ——u”*l] dx.
NS pp+1

At first, we commence by studying some properties of the functional I, : (0, +00) — R

and the behavior of the minimizing sequences for the problem (I,).

Lemma 3.1 Foranyq >0,
(i) —oo<I;<0;
(ii) If {un} is a minimizing sequence for the problem (1), there exists a constant B > 0
such that |\uy,|| < B for all n;
(iil) If {un} is a minimizing sequence for the problem (1), there exist a positive constant &

and a sequence {y,} of real numbers such that

J’n‘*‘%
/ |unlP dx > 8
Yy

1
n—3
for sufficiently large n.

Proof (i) Choose any function # € H*(R) such that Q(#) = ¢ and [ ##*'dx # 0. For any
6 > 0, define uy(x) = +/0u(0x). Then we have

Qug) =q

and

1 1 —
Euy) = 50° / (o ds = 1)9”% / 7 .

For 1 < p <5, by taking 6 > 0 sufficiently small, we get I, < E(uy) < 0.
Next we prove I, > —00. Let u € H'(R) such that Q(u) = q. By the Sobolev embedding

theorems and interpolation inequalities, we get

’/ w1 dx

p+3

1 p1l 5
<lulhyy <Alul®pl < Allull ™ |ul,”, (3.1)
2(P+1)

Page 7 of 17
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where A denotes various constants which are independent of «. Using the Young inequal-
ity, we derive from (3.1)

‘/u’”ldx

where ¢ > 0 is arbitrary and A, ;, depends on ¢ and g, but not on u. Therefore,

2p+6
2 5 2
<ellull® + Acluly™” <ellul*+A

&g

E(u) = E(u) + Q(u) — Q(u)

T2
1 e 1

> —luf® - ul? - ——— Aoy 4.

2 pp+1) P+ 11

Choosing ¢ < @, we obtain the lower bound of the functional E

E(u) > L 4

u - Y §)

= e

which implies I, > —@A&q —q>—00.

(ii) Let {,} be a minimizing sequence for the problem (I;). Then, by (3.1), we have

1 2 _ 1 +1
3l = Ew) + Q)+~ [

1 1
|2, |p+

plp+1) P

+3

-1 Y —1
<A+q+Alul™ |ul,” <A(1+u)7),

<SsupE(u,) +q+
n

where A denotes various constants which are independent of #. Since 1 < p < 5, the exis-
tence of the desired bound B follows.

(iii) Let {,} be a minimizing sequence for the problem (I,). Then we claim: there exists
a constant 1 > 0 such that |u,|,,, > 1 for all sufficiently large #. We argue by contradiction:
if no such 1 > 0 exists, then liminf,_,~ [ |4,|”*' dx < 0. Hence

I, = lim E(u,) > —laniglf/ |, [P dx > 0,

n—00

which contradicts (i). So, the claim is achieved.
Combining (ii) and Lemma 2.1, there exist a positive constant § and a sequence {y,} of
real numbers such that

J’n‘*‘%
/ |un|p+1 dx >3
Y

-1
n=3
for sufficiently large n. The proof of Lemma 3.1 is completed. O

The next lemma will establish a subadditivity inequality which will be a crucial step in
the proof of the existence minimizer for the problem (/,).

Lemma 3.2 Forall q1,q> >0, 15.q, <1y +1g,.

Page 8 of 17
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2 -1 +1
Proof For given u € H'(R), |ul3 = q1, 6 > 0, let uy(x) = Omu(G%x), where 4 = (;’—f)gfp.
Then it follows that

Q) = Q) = o,
q1

and

E(up) = <ﬂ)ﬁE(u).
q

Hence we get

p+3 p+3

. 4>\ >? q\ 7
I, = 1nf{ (—) E(u): Qu) = ql} = (—) I. (3.2)
q1 q1
Now, from (3.2) and Lemma 3.1, we obtain for all ¢;,4 > 0,
Ipyeqy = (@2 + q1) "7 I < (‘12 "t p)ll =1l + 1y O

Now we formulate the following two theorems, which are special cases corresponding
to Theorem 1.1 and Theorem 1.2, and give their proof with the aim of Lemma 3.1 and
Lemma 3.2.

Theorem 3.1 Let « =1 and f(u) = I%MP, where 1 < p < 5. For any q > 0, the set G, is not
empty. Moreover, if {u,} is a minimizing sequence for the problem (I;), then there exist a
sequence {y,} C R and g € G, such that {u,(- + y,)} contains a subsequence converging
strongly in H\(R) to g, and

lim inf [lu, —g| = 0.

n—+00 geGy

Theorem 3.2 Let o =1 and f(u) = ;up, where 1 < p < 5. For any q > 0, the set G is H'(R)-
stable with respect to equation (1.1), i.e., for any ¢ > 0, there exists § > 0 such that if

inf |lup —g| <4,
g€Gy
then the solution u(x, t) to equation (1.1) with initial data uy satisfies

nf ) ~g] <

foranyte|0,T).

Proof of Theorem 3.1 From (3.2), it is easy to check that I, is continuous on (0,00). Let
{1} be a minimizing sequence for the problem (I,). By Lemma 3.1, there exist a positive
constant § and a sequence {y,} of real numbers such that

yn‘*‘%
/ P dx = 5
i

1
)

for sufficiently large ».

Page9of 17
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Let us define v, = u,(x + y,). Hence Q(V,) = Q(u,,) = q, E(v,) = E(u,,) — 1, as n — o0,
and

3 Ity

[t [ wirtanz 50 (33)
1 1

-2 In=3

Since {v,} is bounded in H'(R), by Lemma 3.1, we may assume going, if necessary, to a
subsequence

v, —g in H(R),
vo—g inIZN(R), (3.4)

loc

v,—g aeonkR.
Hence, by (3.3), we get g # 0. And applying the Brezis-Lieb lemma [10], we have

[Val3 = v — gl5 + 1813, (3.5)

1 1
Valpar = Ve = &lhit + 1ghis- (3.6)

p+1 -

Now we show that Q(g) = % [ g*dx = q. In the contrary case, 0 < Q(g) = A < . By (3.5), we
obtain lim,,_, o, g, = lim,_, o Q(v, — g) = g — A. Then it follows from (3.5) and (3.6) that

1 1 1
Iy = E(vy) + 0(1) 2 ~lval> = 2 lval3 - o o™ D11 +o(1)
=E(v,—-g)+E@+0Q) =1, + 1, +o(l). (3.7)

Since 1, is continuous on (0, 00), letting n — oo, we get I, > I,_; + I,, which contradicts
Lemma 3.2. Therefore Q(g) = g. It then follows from (3.5) that

v, — g inL*(R). (3.8)
Applying the interpolation inequality, (3.4) and (3.8), we get

v, — g inIP7(R). (3.9)
Using the weak low semi-continuity of the norm in H*(R), we know that

1
5 Valbty +0(1)

(p+

1
Engu?——u gls - |g|%

1> 1||v|| |v|2—
1= 5 ll"n nl

1
— gl - g2+ o(1)

(p+1) o v S

1 1
=E@g) - §|Vn —gI% —mh’n giﬂ +o(1).

Letting n — oo, by (3.8) and (3.9), we obtain E(g) < I,. On the other hand, it follows from
Q(g) = q that E(g) > I,. Therefore E(g) = I, which implies that g is a minimizer of the

Page 10 of 17
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problem (I,) (i.e., G; # ¥). Then it follows from (3.7), (3.8) and (3.9) that
V= ty(-+y,) —> g in H'(R).

We prove limy,, ;0 infgeq, [lt4n — gl = 0 with an argument by contradiction. Assume that
there exist &9 > 0 and a subsequence {u,, } of {u,} such that

inf ||u,, —gll >& >0 (3.10)
geGy

for all n;. With the result of the above proof, we obtain that there exist a subsequence of
{#4n, }, denoted again by {u,, }, {y,,} C R and g € G, such that

Up (- +yn) = g in H'(R).
Since g(- — yu,) € G,
|t = &= yu)|| = |t - + ym) =g > 0 as me — +o00,
which contradicts (3.10). O

An immediate consequence of Theorem 3.1 is that G, forms a stable set for the initial-
value problem for equation (1.1).

Proof of Theorem 3.2 We prove Theorem 3.2 with an argument by contradiction. Assume
that the set G, is not H'(R)-stable. Then there exist &9 > 0, {1/,,} C H'(R) and a sequence
of times {t,} such that

. 1
inf ||, —gll < —, (3.11)
g€Gy n

and

Jnf lota( 8) - g]| = €0 (312)

for all n, where u,(x, t) solves equation (1.1) with u,(x,0) = ¥,,.
Equation (3.11) implies that

E(n) = Iy QW) = q.

Choose {u,} C R such that Q(u,v,) = ¢ for all n. Thus u, — 1 as n — +oo. Hence the
sequence v, = Ui, (-, t,) satisfies Q(v,,) = q and

lim E(v,) = lim E(u,(-,£,)) = MIHEOE(w") =1,

n—00 n—00

Therefore {v,} is a minimizing sequence for the problem (/,). By Theorem 1.1, there exists
{gn,} C G, such that

&0
Vi = G Il < > (3.13)
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for sufficiently large n. Since u, — 1 and ||u,(-, t,)| is bounded, we derive from (3.12) and
(3.13)

& =< H”nk("tnk) — &y ”
= H unk(" tnk) - Mnkunk(" t”k)” + ”M”kunk(.’ tnk) ~ & ”

< (1t = 11) |t o) | + %" < gy (3.14)

for sufficiently large 7. (3.14) is a contradiction. Therefore, the set G, is H 1(R)-stable with
respect to equation (1.1). O

4 The case for more general nonlinearities
In this section, we consider (1.1) with & = 1 and more general nonlinearities f satisfying
condition (A). At first, we study the properties of the functional I, : (0,00) — R and the

minimizing sequence of the problem (I,).
Lemma 4.1
(i) Forany q >0, 1, is finite and continuous on (0, 00). Moreover, each minimizing
sequence for (1) is bounded,;

(ii) 1, <0 for any q > 0.

Proof (i) According to assumption (A), we observe that for each ¢ > 0 there exists C, >0
such that

|F(u)| < elul® +elul”*! + Colul®, (4.1)

where 2 < « < y + 1. By the Sobolev embedding theorems and interpolation inequalities,

we obtain
+00 v a2
f ul® de < Alle] P 4.2)
-0
and
+00 a1 y43
f " dx < Al Jula? (4.3)
-0

where A > 0 is independent of u. Then using the Young inequality, we can derive from
(4.2) and (4.3) that for all 5 > 0, there exists C, > 0 such that

+0o0 9 2(a+2)
/ |u|® dx < nllull* + Cylul,* (4.4)
-0
and
+00 2y+6
/ ¥ dxe < nllull® + Cylul,™ . (4.5)
-00
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Let u € H'(R) such that Q(u) = g. It follows from (4.1), (4.4) and (4.5) that

1 1 +00 +00
Ew)= 3 lul? - 5/_00 uzdx—f_w Flu)dax

Lo 2 =2 2 K=
= 5 llull” - —|M|2 —eluly —enllull® - eCyluly™ - Cenllu))? = C.C, lul,

(3

where C; , , is a positive constant dependent only on ¢ and # for given g > 0. Choosing

- CE 77) ”M”2 - Cs,n,qr (4'6)

l\JI»—t

& >0 and n > 0 such that % —en—Cyn > 0, we see that I > —o00.

Since |0u|3 = 6%|ul3 for 6 > 0, it is easy to check that I, is continuous on (0, 00).

Let {u,} be a minimizing sequence for the problem (). From (4.6) and the fact that I,
is finite, we know that {u,} is bounded in H'(R).

(i) For given u € H*(R) such that Q(u) = g, let ug(x) = %u(g) for 6 > 0. We obtain that

lugl? = |ul3 = q (4.7)

and

E(ug) = ﬁ f +oo(ux)2dx .y f woF(%u) dx. (4.8)

Combining (4.1), (4.7) and (4.8), we obtain
I; <E(up) > 0 as® — +oo. O

Lemma 4.2 Suppose that 1, < 0 for some qo > 0. Then the following two properties hold:
(1) is non-increasing on (0 +00) and hmq_>0+ 4 =0;
(ii) there exists qy < qo such that

Iq
q

forq € (0,q).

Proof First we observe that if o > 0 and 8 > 0 with Q(u#) = 8 and u,(x) = u(%x), then
Q(u,) =0 and

E(u,) = %/m(ux)zdx—J/mF(u)dx

o0 oo

Consequently, for ¢; > 0 and g2 > 0, we have

1y =inf{£ /+Oo(ux)2 dx — @/wol'"(u)dx; Q(u) =611}~
2 NS 7 J-

q2 00

If 41 > g5 > 0, then for each € > 0, there exists u € H'(R) with Q(«) = g1 such that

6]1
2q

e @ [ q> q2
I, +¢ > (ux)2 dx - —= / F(u)dx > —=E(u) > —1,. (4.9)
A J-oo q q

This inequality yields 1;—22 > 1{%1 for0<qy <.
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Since I, < 0 for all g > 0, we see that

.1,
lim —=A<0.
q—>0* gq

We claim that A = 0. Letting & = ¢%, 0 < g < qo, from (4.9), there exists u? € H'(R) with
Q(u'?) = g4 such that

+00 +00
I +q2 . lq_of (u(q))zd _1 F(u(q)) dx

2 q J-o q0 J-co
+00 +00
> 4 I:l / (uﬁc’]))2 dx —/ F(u(q)) dx:|. (4.10)
q0 2 —00 —00

It follows from (4.6) and (4.10) that
q oo 2
Li+q’ > — (Cl(qo)/ ()" dx — Cz(tZo)>,
q0 -0

where Ci(g0) > 0 and Cy(qo) > O are constants independent of go. Hence we obtain g3 >
Ci(qo) /72 (u'?)2 dx — Cy(qo), which implies

[y ax = catao), (1)

o0

where C3(go) is dependent only on go. Combining (4.1), (4.4), (4.5) and (4.11), we also get

< Cu(qo), (4.12)

+00
‘/ F(u(q)) dx

where C4(qo) is dependent only on gj.
We claim that

+00
/ (ufcq))2 dx—>0 asqg— 0", (4.13)

oe]

Indeed, if there exist &g > 0 and g, — 0* such that f:r;o(uiqn))z dx > &g, then by (4.11) and
(4.12), we obtain

1, &
Lan anOO

1 5 Cylgo) > +00 asgq, — 0%,

1 1
% qo
which contradicts lim,_, o+ %q = A < 0. Therefore (4.13) is achieved and this implies that

limg_, o+ ff;o F(u'?)dx = 0 and, consequently,

I +00
Lyg>—— F(u?)dx—0 asq— 0"
q q0 J-o

This shows that lim,_, o+ %” =0.

(2) We observe that lim,_, o+ %‘7 =0> 1{;’—8, which implies (ii). (I
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Then we establish a subadditivity inequality similar to Lemma 3.2 with the aim of
Lemma 4.2.

Lemma 4.3 Suppose that I, < 0 for some qo > 0. Then there exists 0 < q* < qo such that
Ip <lpeg+ 1 for 0 <g<qg*.

Proof According to Lemma 4.2, the set
Iy Iy
q1lq1 < qo and — > — or each g € (0, 1)
9 4o
is nonempty. We define
* Iq I‘IO
q" =supiqilq1 < goand = > — foreach g € (0,q1) ¢. (4.14)
9 4o

It follows from the continuity of I, and lim,_, o+ %’1 =0 that 0 < g* < g,

*

I=Lr, <o, (4.15)
90
I > 11% forall g € (0,4%). (4.16)
q0
Therefore,

q" 9 -q q
Ipo = —ljg = ——1;0 + —Iyy <Ip_y + 1
qo 0 0

for all g € (0, 4%). O
Now we give the proof of Theorem 1.1 with the aim of Lemma 4.1, Lemma 4.2 and

Lemma 4.3. Since the proof of Theorem 1.1 is similar to that of Theorem 3.1, we only give
the sketch of the proof.

Proof of Theorem 1.1 Let {u,} be a minimizing sequence of I+, where g* is defined in
(4.14). Since {u,} is bounded, we may assume

u, —u in H(R),

u, —u aeonR.
First, we consider the case u = 0. In this case, by Lemma 2.2, either

(a) u, — 0in L*(R) for 2 < s < 00, or
(b) there exists a sequence {y,} C R such that

V(%) = tp(x +y,) ~ g #0  in H(R).

In the case (a), combining Lemma 2.2 and condition (A), we obtain

+00

lim F(u,)dx=0

n—oo J_ o
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and, consequently,

1 +00 +0Q0
Iy = lim E(u,) = lim [— / (Ue)? dx — f F(un)dx} >0,
n— 00 n—oo| 2 _

—00 (o]

which contradicts Lemma 4.1. Hence (b) holds. Then it follows from Lemma 2.3 and
Lemma 4.3 that g is the minimizer for the problem (I,+) (i.e., G+ # ¥) and the result of
Theorem 1.1 holds. The proof is similar to that of Theorem 3.1, we omit the details.

If u # 0, we repeat the previous argument in the case (b) to obtain the result of Theo-
rem 1.1. g

Proof of Theorem 1.2 Theorem 1.2 is an immediate result of Theorem 1.1. We can prove it

with an argument similar to that of Theorem 3.2. Here, we omit the details of the proof. [J

5 ThecaseforO<a <1
In this section, we only consider the case of 0 < @ < 1, i.e., we consider the existence and
stability of solitary waves for the fractional Korteweg-de Vries equations with general non-
linearities. At first, we give the definition of H*(R). The fractional order Sobolev space
H*(R) is defined by

HY(R) = {u: R — C, u e 2(R) and F'[(1 + &) ? Fu] e LX(R)},
whose norm is given by

I llaa = |F[(1+1E2) 2 7L,

Since the functionals
+00 1 o 5
E(u):/ [5|(—A)2u| —F(u):| dx
and

Qu) = %/:wo u? dx

o0
are two conserved quantities with (1.1), for studying the existence of solitary wave solu-
tions to (1.1), by the variational methods, the solitary wave solutions to the equation (1.1)
will be founded as minimizers of
I, :=inf{E(u);u € H'(R), Q) = q}, 1y
where g > 0. Denote the set of minimizers of the problem (I;) by

Gy = {u;u e H'(R),E(u) = I, Qlu) = q}. (Gy)

Similar to Lemma 4.1 and Lemma 4.3, we obtain the following two lemmas.
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Lemma 5.1
(1) e and I are finite and continuous on (0, +00); moreover, for any q > 0, each
minimizing sequence for the problem (I;O) or (I;) is bounded in H*(R);
(ii) I;° <0 forany q > 0.

Lemma 5.2 If I} < 0 for some qo > O, then there exists q1, 0 < q1 < qo, such that
o0 o0 o0
LD <ID  +17° forO<q<q.

Applying the above two lemmas and commutator estimates [5, Lemma 2.5], we prove
Theorem 1.3 and Theorem 1.4 by similar steps to those given in Section 4. Here we omit
the details of Theorem 1.3 and Theorem 1.4.
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