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Abstract

In this article, a delay-differential equation modeling a bidirectional associative
memory (BAM) neural networks (NNs) with reaction-diffusion terms is investigated. A
feedback control law is derived to achieve the state global exponential
synchronization of two identical BAM NNs with reaction-diffusion terms by
constructing a suitable Lyapunov functional, using the drive-response approach and
some inequality technique. A novel global exponential synchronization criterion is
given in terms of inequalities, which can be checked easily. A numerical example is
provided to demonstrate the effectiveness of the proposed results.

Keywords: neural networks, reaction-diffusion, delays, global exponential synchroni-
zation, Lyapunov functional

1. Introduction

Aijhara et al. [1] firstly proposed chaotic neural network (NN) models to simulate the
chaotic behavior of biological neurons. Consequently, chaotic NNs have drawn consid-
erable attention and have successfully been applied in combinational optimization,
secure communication, information science, and so on [2-4]. Since NNs related to
bidirectional associative memory (BAM) have been proposed by Kosko [5], the BAM
NNs have been one of the most interesting research topics and extensively studied
because of its potential applications in pattern recognition, etc. Hence, the study of the
stability and periodic oscillatory solution of BAM with delays has raised considerable
interest in recent years, see for example [6-12] and the references cited therein.

Strictly speaking, diffusion effects cannot be avoided in the NNs when electrons are
moving in asymmetric electromagnetic fields. Therefore, we must consider that the
activations vary in space as well as in time. In [13-27], the authors have considered
various dynamical behaviors such as the stability, periodic oscillation, and synchroniza-
tion of NNs with diffusion terms, which are expressed by partial differential equations.
For instance, the authors of [16] discuss the impulsive control and synchronization for
a class of delayed reaction-diffusion NNs with the Dirichlet boundary conditions in
terms of p-norm. In [25], the synchronization scheme is discussed for a class of
delayed NNs with reaction-diffusion terms. In [26], an adaptive synchronization con-
troller is derived to achieve the exponential synchronization of the drive-response
structure of NNs with reaction-diffusion terms. Meanwhile, although the models of
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delayed feedback with discrete delays are good approximation in simple circuits
consisting of a small number of cells, NNs usually have a spatial extent due to the pre-
sence of a multitude of parallel pathways with a variety of axon sizes and lengths.
Thus, there is a distribution of conduction velocities along these pathways and a distri-
bution of propagation delays. Therefore, the models with discrete and continuously
distributed delays are more appropriate.

To the best of the authors’ knowledge, global exponential synchronization is seldom
reported for the class of delayed BAM NNs with reaction-diffusion terms. In the the-
ory of partial differential equations, Poincaré integral inequality is often utilized in the
deduction of diffusion operator [28]. In this article, the problem of global exponential
synchronization is investigated for the class of BAM NNs with time-varying and dis-
tributed delays and reaction-diffusion terms by using Poincaré integral inequality,
Young inequality technique, and Lyapunov method, which are very important in the-
ories and applications and also are a very challenging problem. Several sufficient condi-
tions are in the form of a few algebraic inequalities, which are very convenient to

verify.

2. Model description and preliminaries
In this article, a class of delayed BAM NNs with reaction-diffusion terms is described

as follows
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where x = (x1, % ,.) € Q€ R, Qisa compact set with smooth boundary 0Q2 and
mesQ > 0 in space R u = (uq,unpnttyy)” € R™, (vi,Vapv) € R” uy(tx) and vi(tx) and
represent the states of the ith neurons and the jth neurons at time ¢ and in space «x,
respectively. bj;, Eji, l_)ji,d,»]-, c_i,-j, and Ziij are known constants denoting the synaptic connec-
tion strengths between the neurons, respectively; f; and g; denote the activation func-
tions of the neurons and the signal propagation functions, respectively; I; and J; denote
the external inputs on the ith and jth neurons, respectively; p; and g; are differentiable
real functions with positive derivatives defining the neuron charging time, respectively;
7(t) and 0;(t) represent continuous time-varying discrete delays, respectively; Dy > 0
and Dj, > 0 stand for the transmission diffusion coefficient along the ith and jth neu-
rons, respectively. i = 1,2, .., m, k=1,2,/and j = 1, 2,.., n.
System (1) is supplemented with the following boundary conditions and initial values
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for any i = 1,2,..., m and j = 1,2,..., n where 5 is the outer normal vector of

0Q,p = (Z") = (Quls s Qums o1, ...,(p,,,,)T € C are bounded and continuous, where
v
(—o0,0] x R*

(—OO, 0]
(—OO, 0]

- ’ IRm . .
= {§0|g0 = (ZZ“) Q0 <( 00, 0] x > — [R””"} . It is the Banach space of continuous
v

functions which map ( > into R™"™ with the topology of uniform converge for the

norm

—00<s<0 —00<s<0
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Throughout this article, we assume that the following conditions are made.
(A1) The functions 7,(t), 0;(t) are piecewise-continuous of class C* on the closure of
each continuity subinterval and satisfy
0<7 () <70 <6 (1) <O, T (1) < pr < 1,6 () <po <1,
T= {rg} 0= _max {6},

1<1<m 1<]<n 1<i<m,1<j<n

with some constants 7;; 2 0, 6;; 2 0, 7 > 0, 6 >0, for all £ > 0.
(A2) The functions p; (-)and g;(-) are piecewise-continuous of class C! on the closure

of each continuity subinterval and satisfy
a; = infp (£) > 0,p;i (0) =0
zeR
= infa’ .q; (0) =
G glelqu] (£)>0,q;(0)=0

(A3) The activation functions are bounded and Lipschitz continuous, i.e., there exist

positive constants L{ and L‘f such that for all ny, 1, € R

(1) — & ()| < L I — mal.

i ) — £ )| < L) 1y = mal,

(A4) The delay kernels Kj; (s) ,I_(,-j (s) : [0,00) = [0,00),(i = 1, 2,...m, j = 1, 2,..,n) are
real-valued non-negative continuous functions that satisfy the following conditions

(i) [y Kii () ds =1, [{7 Kji (s)ds = 1,

(ii) fy " sKji (5)ds < 0o, [ sKij (s) ds < oo,

(iii) There exist a positive # such that
+00 +00 _
/ se’*Kj; (s) ds < oo, / se"*Kj; (s) ds < oo.
0 0

We consider system (1) as the drive system. The response system is described by the
following equations
1
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where o; (tx) and 9,(tx) denote the external control inputs that will be appropriately

designed for a certain control objective. We denote # (¢, x) = (ﬂl %), ..., 0y (, x))T,

5(t,%) = (11 (4,%) s n (6,2)) 0 (6,%) = (01 (4,%) ..y o (£,))" and (t,x) = (91(5%),...,
9,(tx)".
The boundary and initial conditions of system (4) are

~ ~ ~ ~\T =~ =~ ~ ~\T
ot _=<8ui ol aui) -0 31/]‘ '=<3Uj BU]‘ an> —0t>0,x€ i, (5)

ain "~ \oxy oxy T aw ) T an T \axy axy T dx
and

Ui (8,%) = Yu; (5,X), Uj (5,%) = Y (5,X), (5,%) € (—00,0] x &, (6)
where ¢ = <://j:) = (a1, oo Vit Y1, 0 1//17n)T eC

Definition 1. Drive-response systems (1) and (4) are said to be globally exponentially
synchronized, if there are control inputs o(t,x), 9(t,x), and r > 2, further there exist
constants & > 0 and 8 > 1 such that

fu @t x) — @ x)| +||vEx) — @]

< Be " (llgu (s, %) — Y (5, 0| + lly (5, %) — ¥ (s, x) ), for all £ >0,

in which Hu (tl x) — 1 (t, x) ” = / Z |ui (tr x) - ai (tr x)|rdx¢
i

|vtx) =@t x| = /QZ |vj (¢, x) — j t,0]'dxr>2 and (u(tx), v(tx)) and
-1

(ﬁ (t,x),v(t, x)) are the solutions of drive-response systems (1) and (4) satisfying
boundary conditions and initial conditions (2), (3) and (5), (6), respectively.
Lemma 1. [21] (Poincaré integral inequality). Let Q be a bounded domain of R

with a smooth boundary 9Q of class C* by Q. u(x) is a real-valued function belonging
au (x)

to H} (Q) and lsg = 0. Then

n
2 1 2
/|u(x)| de< /IVu(x)| ix,
Q IQ

which 4, is the lowest positive eigenvalue of the Neumann boundary problem

—Ap ¥) =M (x),x €L,

d 7
ugx)|ag=0,x€352. 7)
on

3. Main results

From the definition of synchronization, we can define the synchronization error signal
e (t,x) = u; (t, x) — U (t, %), wj (¢, x) = v; (£, x) — U (,X), e(t,x) = (e1(£,%),...e,,(t,x)) T, and
o(tx) = (01(6%),.., 0, (x))T . Thus, error dynamics between systems (1) and (4) can be
expressed by
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, n
de; (t,x) il COei () - F o
N ?:1: e (D,k o, ) pi (e (1, %)) + ?_1 biifj (@) (6, %))

+ Y bifi (w; (¢ — 65 (1), x)) Zb],/ ki (t — ) f; (; (5,)) ds — 0 (8, %) ,
j=1
®)

j=1

J
di (LX) < D . 0wj (£, %) -
]at - Z o, <D ] ) q] wj (t, x) + ; 1181 (ei (1, x))

B,
k1 f

m 5 m t
+Z(d,jgi (e (t — 7 (1), %) )+Z ,,/ i (t — $) & (i (s, %)) ds — 95 (&, %),

i= o0

where  f (0 (4, %) = £ (v (4, 0) — £ (7 (6, %)), & (e (6,%)) = & (ui (£, %)) — g (7 (1, %)),
pi (ei (t, %)) = pi (ui (¢, %)) — pi (i (1, %)), G (wj (&%) = g; (v; (&, %)) — G (¥ (&, x)).

The control inputs strategy with state feedback are designed as follows:

m n
oi (t,x) = Zuikek (t, x), 9 (t,x) = ijkwk tx),i=12,..,mj
k=1 k=1

=1,2,..,n

that is,

o (t,x)=pue(t,x),dtx)=potx), 9)

where 1 = (Lik)mxm and p = ('Ojk)nxn are the controller gain matrices.

The global exponential synchronization of systems (1) and (4) can be solved if the
controller matrices ¢ and p are suitably designed. We have the following result.

Theorem 1. Under the assumptions (A1l)-(A4), drive-response systems (1) and (4)
are in global exponential synchronization, if there exist w; > 0(i = 1,2,..., n+m), r = 2
Y > 0, Bj; > 0 such that the controller gain matrices # and p in (9) satisfy

r

n n — m
w; —rna:’lD,')Ll — rhaj — rnm,-af’l +2(r—1) Za; +(r—1) Za;ﬁji r-1, r—1) Z a
j j=1 k=1,ik

m
i
vpI) )+ Yl < 0

k=1,i#k

n ~ T _
S (T N G i

j=1

and

k=1,j#k

(1)) Z || Wi < 0,

k=1,j#k

.
Whnsj (Tmc;lD;‘)»l — rmc — r“mpﬁc; Yyo@— I)Zc +(r—1) Z G +(r— I)Zc yl] )
(10)

89 T -

Zwln <|bﬂ ( ) ‘bﬂ| 1— (Llf) +’bji

in which i =1, 2, ..., m, j =1, 2,..., n Lf and L‘.g are Lipschitz constants,
Di = min Dy, Df = rnln D; il’A1 is the lowest positive eigenvalue of problem (7).

1<k<l
Proof. If (10) holds, we can always choose a positive number ¢ > 0 (may be very

small) such that

n n -
wi | —rnal"'Diny — mnal — mupgal ' + 2 (r— 1) Za{ +(r—1) Zafﬂji —lir-1 Z a
j=1 j=1 le=1,ie

- _ m
1 cowy +‘dij‘r%§(L§)r) w7 Y il wi+ 8 < 0
Hr k=1,i7k

n
# Y wgm” ([ay][ (1) +|a
j=1
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and

Wi —rmc’ 1D )q—rmc —rm,o,] +2(r—1)Zc +(r—1) Z c +(r—1)Zc Yij =1
k=1,j7#k

(11)
" . (AT T N 1z Tl F\ . n .
+;win (bj,‘ (Lf) + ‘bﬁ‘ 1— (Lf) +’bj,‘ ﬂj,(LD )+m kﬂzi:#'pkj' Wieem +6 < 0,
wherei=1,2,.,m,j=1,2,.,n
Let us consider functions
F; () = w; [—ma] "' DiAy — rna} —rnpgal ' +2 (r — 1) Za +(r—1) Z a
k=1,i#k
’
. Tr—1 77 . T T
+(r—1) Zalfﬂﬁ /(; ki () ds + 2x(na ™" |+ wym" <|d,-]-| (L%)
j=1 j=1
S e a3 sy +oon”‘s' rm r
+’dij 1_ (Li) +|djj yij(Li) / ey (5)dS> +n Z | il wy,
Mz 0 ke Lidk
and
Cj(yf) =wm+j|: rmc, 1D")q —rmc — mpjic; 20— I)Zc +(r—1) Z c
i=1 k=1,j#k
m - ’ +00 m r
+(r—1) Zc;yij r—1 /0 k,] (s)ds +2y; mcr L+ Zw,-nr (|bji|r(L{) (12)
i=1 i=1
z ¢’ AR TAY +Oo2*s rn T
+|bji " (Lj) + ‘bji‘ ﬂji(Lj) /0 e k;i (s) dS) +m Z | 01| Whesm,

k=1,j#k

where x;",y;" €[0,+00),i=1,2,..,mj=1,2,.,n
From (12) and (A4), we derive

F{(0) < -6 < 0, G}(0) < -6 <0; F; (x) and G; ( ) are continuous for xj,y; € [0, +00).

Moreover, F; (x;“) — +00 as X} — +00 and G (y]*) — +00 as )/;‘ — +09, thus there exist

constants ¢;v; € [0, +0) such that

F; (gi) = wi[—mna] ' Diry — mna] —mpgal " +2(r —1) Za +(—=1) Z a

k=1,i7k
n - r 1 +00 n
=1 ap;" f ki (s) ds + 2eimal " | + ) wygm’ (|dif| (L)
j=1 0 =1
~ |T e’ g\T" = " r(18\T e 2651, T - T
+|dij (Lf)" +|ds| vj(LF) e ki (s)ds ) +n Z il wpe = 0
— e 0

k=1,ik
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and
Gj (vj) = Winyj < rmc’ lD*Al — rmc rm,o]] T2 r—1) Zc +(—1) Z c
k=1jk
’
mr_T—l o r—1 = T Ay (13)
+(r—1) chyij kij (s) ds +2vjmc; ) + Zwin (|bﬁ| (L]-)
i=1 0 i=1
. l; roef (Lf>T . B fﬁr(Lf)r +00 ezvf'sk" () ds) +m" i | '|rw -0
oy~ Lo j ji| Pji\ o ji Prkj| Wetm = U.
k=1,j#k
By using & = 1<i<I¥nli1n<j<n {81'/ VJ'} + obviously, we get
Fi (o) = w; (—rnalf_lDikl —rna; — rd; Li20=1) Za +(r—1) Z a;
k=1,i#k
r
. r _T -1 e r—1 - r Tr8\"
+(r—1) Zai i kji (s) ds + 2anal~") + Zwm+]-m <|di]-| (Lf)
j=1 0 j=1
~ e 8\’ =" r 8\" +oo2as_ rm T
+|djj (LF)" +|dj yi]-(Li) ki (s)ds | +n Z |pekil"wy, < 0
1— e 0 keLidk
and

Gj(a)=wm+,( rmcr 1D"‘Al—rmc — rmpjic; - 1+2(r—1)2:c +(r—1) Z c
i=1

k=1,j7k
r

m - 1 +00 _ 1 " r(f\"
fr—1) chryij T /0 kij (s) ds +2amc}7 ) + Zwm' (}bﬁ| <L]-) (14)

) i=1

~ e T " Y 3
+|bji (L1f> +bji| B (L1f> / ki () ds ) +m" Y | ol whem < 0.
1— e 0 k=1,j#k

Multiplying both sides of the first equation of (8) by e; (£,x) and integrating over Q yields
1
1d 2. 4 0 de; (t, x) 3
2dt/ﬂel (t, x) dx_/;;el (t, x) %, (le 1 )dx P (%'1)/‘ ei(t, x)~dx
+ L Z bjie: (t, %) f; () (¢, x))dx + Z /Q bjie: (t, %) f; (o (t = 65i (1), x)) dx (15)
j=1 j=1
n _ t - m
+ Z[ bjie; (t, x) / kji (t — $) fi (wj (s, %)) dsdx — / Z e; (t, %) wirer (t, x) dx.
=1 Q —00 Q h=1

It is easy to calculate by the Neumann boundary conditions (2) that

1
) il de; (t,x) ae, (t N
/Q;e: (t,x) axk <D1k d ) / 231 (t X)V( )dx
1 l 2
"o f <aei . x)) / (Bei @ x))
) (o Di dx — Di D1 dx
/zm ,; A N A ; o -3 [ pa ax}z

k=1 &

(16)

Moreover, from Lemma 1, we can derive

—Z/ ,k(ae’“ ")) Z/ (36‘“ "))d < —Di llei (6,012 . (17)
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From (13)-(17), (A2), and (A3), we obtain that

d
/ le; (4, ) 2dx < —2Diky / e (1, ) 2dx — 2a; / le; (4, 9)Pdx
dt Q Q Q

+2/QZ|b,-,-\ lei (6,01 L | (t,x)|dx+22/;z‘Eji‘lei(t,x)\‘fj (05 (¢ = 65 ), %)) dx (18)
j=1 j=1

n _ t . m
23 [ o] [ ma=9tewnl [ o o) dste =2 [ 3 les 0l male .01 ds
j=1 - k=1
Multiplying both sides of the second equation of (8) by w; (x), similarly, we also have

d
dt/ |y (r,x)}zdxg—zD;*xlﬂw,- (t,x)|2dx—2c,-/ |oj (8, )| dx
Q o Q

181 (ex (¢ = 73 (1), %)) | o (1, )| dx (19)

m m
+2f > ldg| L lei (t,x)||wj(t,x)|dx+22/
20 i-1 Y9
m
2

Consider the following Lyapunov functional

m n 0 t
- ~ T e ~ T
\40) =/ Zw,- [nae: (t, x)|"e®" + Z bji| n" / e ‘f] () (S,x))‘ de
Qi = 1—po Ji—g0
n r +00 t
+2 |bi| ' / kji (5) / g2t
. 0 t—s
j=1
n m
+/ Zw”‘*j [mcjr_1 |owj @, x)|re2°“ + Z
Q“ —
j=1 i=1
m
+)
i=1

Its upper Dini-derivative along the solution to system (8) can be calculated as

- t - n
d,vj’ / kij (t —s) |§i (ei (s, x))} |wj (t, x)‘ dsdx — 2/9 Z Pjte . (t, %) |wj (t, x)|dx.
- k=1

e (é,x))‘rdéds} dx
(20)

r T e’ ! 20 |~ T
m e |Zi (e; (£,x))|"d&
— Mz Je—7)

r +00 _ t
m'y;; / kij (s) / U D1g; (e (s,x»l’dsds} dx.
0 t—s

ot
- P ! A
it o[, © o) vem Sl ws; |

j=1 j=1 0
n
j=1

m
adle(t,x _
DV (t) 5/ E w; |:rna:’1|ei @, %)) lei )lez‘” +2ae*™ naj Ye: (t,x)|"
Q-
i=1

+00

&> ki (s) V] (wj (1, %)) ’rds

& r

b fi () (t =6 (©), x))

’
r 1— 9 ¢ 20 (1= (1))
o 1o ( ji ()e

T Xn: }Eji}rnfﬂjri /0+°<> ;i (s) ‘f] (wj (¢ —5,%)) ’rds} dx
j=1

n 19w,
+/ Zw,w [rmc;_l |a),- (, x)|r ! |w]a(tt x)| 2t 2oee2"“mc]7_1 ‘a),— (, x)|r (21)
e

!

m
+e20t[ E
i=1
m

i=1

m
+eZotl E

i=1

m
*62‘“ 2

i=1

T ; et _ r
m |Zi (ei (£, x))|
— Mt

&P (= gy ) g e = 0,9

m'y; /0 ki (5) |Zi (e (1, x))|'ds

(31-,» mryi]’-/o l_zi]- ) |§i (ei (t—s, x)){rds} dx
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From (21) and Young inequality, we can conclude

m n m
D'V () < f et Z [wi (—mal"'Dixy — mnal +2(r—1) ZalT +2anal '+ (r—1) Z a
Q i=1 j=1 k=1,ik
r

n - t
—rnu,-,-a{_l + (1’ — 1) Z afﬁji r—1 / k]l (f - 3) dS + Z wm+]m (|d1]| (Lg)
j=1

— 1

faf @yl [ et (Lf)"ds) e Y ukirwk} i (4, "dx

k=1,

n
/ 2’“2 wm,,]( rme;” lD*Al—rmc — rmpjic;” 1+2(T—1)ZC +@0—-1) Z d
i=1

k=1,j#k

(22)

r

+(r— l)icjryij f kl] (t—s)ds +2amcr 1) ZW" (}bﬂ (Lf)
i=1 i=1

~ |7 0 r —r r [t n i
15,‘40 (L]f) +|b, ,Bjri(L]f) /0 ezaskﬁ (s) ds> +m’ Z |,0kj|rLUk+m:| ‘(Oj (t, x)\'dx

k=1,j7k
From (10), we can conclude
D*V(t) <0, andsoV(t) <V (0),t>0 (23)

Since

V(0)=f > wi[naj i (0, x)I"

2

+ |b
j=1

ji

T ee 0 ~ T
R N ACTOR IR

L — o J-gu0

ji

T +00 0 5 ,
nrﬁjri/(; ki (S)/ P20 (5+E) ’]3 (u)j (.’;—',X))’ déds | dx

+y b
j=1

n
+/QZwm+j [mc;_1|a)j (0, x)|r + Z
=1

i=1

r et 0 _ .
w / 13 (ei (&,))|'de
— Mz 7Iij(t)

T +00 _ 0 .
eri]T'/(; kij (s) Q20(5+E) |§1 (e (&, X))’ d5d5:| dx (24)

m +00 _
< {@?fn {wi) + max {wy;} max [; j| m' (L) vi /0 ki (s) Sez‘“dS]
+ max {wy,;} max |:Z Zii,' T(Lf)rm’ . e_rﬂ ]} llou (s, %) — Y (5, ) ||
( ) i / sez"skﬁ (s)ds
0

0
(18 r e’0 _ T
(L],> - lloy (s, %) — ¥y (5, 20|

{max {wm+,} + max { 1<1<m Z ’bﬂ

1<j<n 1<i<m

n

+ max {w;} max E
1<i<m 1<i<m -
j=

~ T
bjin

Noting that

ez‘“( min wl) (let, o)l + ot x)]) <V (), t=>0. (25)

1<i<m

Page 9 of 14
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Let

1<j<n

B = max{lmax {w;} + 1m]ax wmﬂ max |:Z ’d,,

y,] / ki (s) sez‘”ds}

m
r 1’ eT
+ max wm+] '
1<j<n 1<]<n 1 1— Mt

max {wy,;} + max {w;} max Z‘bﬂ‘ ( ) T/ se’*kji (s)ds

1<j<n 1<i<m 1<i<m

bi rn’(Lg)r 6
! i) 1 — e min {w;}:
1<i<m+n

n

+ max {w;} max |:Z
1<i<m 1<i<m [ ;7

Clearly, g > 1.

It follows that

le @t )+ llo & x)I| < Be > (lgu (5, %) — Yz (5, %) + lgw (5,%) — Y5 (5, %)) .~ (26)

for any ¢ > 0 where 3 > 1 is a constant. This implies that drive-response systems (1)
and (4) are globally exponentially synchronized. This completes the proof of Theorem 1.

Remark 1. In Theorem 1, the Poincaré integral inequality is used firstly. This is a
very important step. Thus, the derived sufficient condition includes diffusion terms.
We note that, in the proof in the previous articles [24-26], a negative integral term
with gradient is left out in their deduction. This leads to those criteria that are irrele-
vant to the diffusion term. Therefore, Theorem 1 is essentially new and more effective-
ness than those obtained.

Remark 2. It is noted that we construct a novel Lyapunov functional here as defined
in (20) since the considered model contains time-varying and distributed delays and
reaction-diffusion terms. We can see that the results and research method obtained in
this article can also be extended to many other types of NNs with reaction-diffusion
terms, e.g., the cellular NNs, cohen-grossberg NN, etc.

Remark 3. In our result, the effects of the reaction-diffusion terms on the synchroni-
zation are considered. Furthermore, we note a very interesting fact, that is, as long as
diffusion coefficients in the system are large enough, then condition (10) can always
satisfy. This shows that a large enough diffusion coefficient may always make the sys-
tem globally exponentially synchronous.

Some famous NN models are a special case of model (1). In system (1), ignoring the role
of reaction-diffusion, then system (1) will degenerate into the following delayed BAM NNs

it = —pi (ui (©) + Y bify (4 (©) + D by (v (£ = 6 ()
i=1

j=1
Z bji f ki (t —5) f; (v (9)) ds + 1; (¢),
(27)
= —(j U] (t) Z dl]gl (ui (D) + Z dl]gz ul — Tjj (t)))

i=1 i=1

m _ t _
+)dj / kij (t = $) i (ui () ds +Jj (t)
i=1 -
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and the corresponding response system (4) will become the following form

i (1) = —p; (i (1) Zbﬂf] B (0) + Y bify (1 (t — 0 (1))
j=1 j=1
no_ t
+Zbﬁ/ ki (t — ) f; (5 (5)) ds + I; (1) + 03 (1),
gt (28)

m

V] () = —dqj V] (t) Z dl]gl i (t) Z 1]81 ul t_ Tij (t)))
i=1
+Z&ﬁ/ ki (t — 5) gi (1i (5)) ds +Jj (1) + 5 (¢) .
i=1 -

Define the synchronization error signal e; (t) = u; (t) — @l; (t) , wj (t) = vj (t) — V; (1),
then the error dynamics between systems (27) and (28) can be expressed by

& (1) = —pi (e (0) + Y bjfy (w5 (0) + Y byfy (w5 (£ — 6 (1))

1 1

n _ t »
+ E b]‘i / k]‘i (t— S)f] (a)j (S)) ds — oj 1),
g1 0T

(29)

i (1) = =G (w5 (1)) Z dggi (ei (1)) + Z dggi (e (t — 7 (1))

m _ t _
+ Zdij/ kij (t — 5) &i (e; (5)) ds — 0; (t),

i=1 -

We consider the following control inputs strategy
m n

oi (t) = Zuikek ®,9 @) = ijkwk ®,i=12,..,mj=1,2,..,n (30)

k=1 k=1

As a consequence of Theorem 1, we have the following result:

Corollary 1. Under the assumptions (A1)-(A4), drive-response systems (27) and (28)
are in global exponential synchronization, if there exist w; > 0 (i = 1, 2,...,n+m), r = 2,
%7 > 0, Bj; > 0 such that the controller gain matrices 4 and p in (9) satisfy

.
n n — m
w; | —rnaj — m,ui,‘afl +2(r— I)Za{ +(r—1) Za;ﬁji =1, r—1) Z a
i j=1 k=1,isk
. T e r r T -
T 3 -
+Zwm+jmr <|di]-| (L% +|d N (L5)" +|dj yi]’»(L‘f) ) +n’ Z |l wp < 0
-1 Kz k=1, ik
and
;
Wmsj | —rme; — rmpjic;” . I)Zc +(r—1) Z ¢+ (r— I)Zc yu
k=1,j#k (31)

8 (Lf) )+ ml Z | o1 Wiem < 0,

k=1,j7k

by

+i§ml:wm' <|bji‘r(L]f)r + ‘B]’i}rl feMe (Lf) +
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in whichi=1,2,.,m,j=1,2,..n, L;f and L‘ig are Lipschitz constants.

4, lllustration example
To illustrate the effectiveness of our criterion, we give the following example.

Example 1. Consider the following system on
8u,— 3211,' o "
ot = 952 — aju; (t,x) + Z bj,’f}' (1}]‘ (t, x)) + Z bj,’f}' (Uj (t — 9]',' (t) ,x))
j=1 j=1

n t
+ Z b / kii (t — ) f; (vj (s, %)) ds + I,
j=1 -

2

;8% u L.
8t] = 8x2] — ¢ (6, x) + ; dijgi (u; (t,x)) + ; dijgi (ui (t — 7 (1), x))

Zdu/ T (= ) gi (s 5,0 ds +

du; 92, n no
8ut - axl; — a (6,%) + ) bify (1 (6.20)) + ) bify (v (¢ = 6 (1), x))
j=1 j=1
no_ t
+) b / ki (t — 9) f; (vj (s, %)) ds + I,
" (32)
81)]' 32‘Uj m m »
ap = o — G )+ D digi (i (6x)) + 3 digi (i (¢ — 7 (1), x))
i=1 i=1
m _ t _
+ Zdij/ kij (t — ) & (ui (5, %)) ds +J;,
i=1 e
and
ot (t,x) 321 (t,X) _ 2 i 2
a a2 aitli (8, x) + Z bjif (UJ t x) Z 11f1 ”J —0;i (1) ,X))
j=1 j=1
2 et
+ Z bji / k]l (B 5)](] (U; (s, x)) ds +I; (t) + Z wirer (L, x),
=1 N k=1 33)

v (t,x) 820 (t,x) -

2
ar  ax2 — ¢l (t,x)+zdijgi (@i (¢, %)) Z i (i (t — 75 (D), %))
i1

+ Z dl] / i (L—5) &i (ul (s, x)) ds + Ji () + Z Pikwy (£, X) ,

k=1
- ¢ 1
where n=m=r=2,k;i(t) =kj () =te™", fj(n) =g (1) = 2(|n+1|+|n—1|),
L]f=L]f=L§=L§= 1,ij=1,22=571=0=In2.a1=1,a=2,c1 =26, = 1,
Ur =i =02, dy=05,ds=1dy =0.5,dyy =02, dy = 0.2,d12 = 0.6,d = 0.5,

dyy = 0.8, by = 0.5,b12 = 0.6,by = 1,byy = —0.8, by = —1,b12 = 0.2, by = 0.5, by, = 0.4.
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mn =0.5 12 =03, w21 =0.7, w20 =0.1, p11 =0.6,p12 =2, 021 =1, 020 =0.4.

By simple calculation with wy = wy = w3 = wy =1, B11 = B1a = Bo1 = Ban = 1,
and %11 = %12 = Y1 = o2 = 1, we get

r
2 2 -
—may "y —mdy —mpndT e 20— DY ai e =Dy ai, " T Lyo-na
j=1 j=1
2 r r 5 " z\"
Y m <|d1j| (L%)" + ‘dlj‘ y{j(bf) +1 1ol = —12.04 <0,
j=1
2 2 7
—rnaly ' ay — rnaly — mpgalt + 2 (r — 1) Zag +(r—1) Zagﬁﬂf “lie-1 a,
j=1 j=1
2 T T 5 " z\"
+Zm’ (|d2j| (L‘g) +‘d2j’ yzrj(L‘g) ) +n |un| = —-22.12 <0,
j=1
r
2 2 -
—rmc A — rmc} — rmppcTt +2(r = 1) Zc’l +T =D+ —1) Zcﬁyﬂ r—1
i=1 i=1
2 f T - T f r
+an <|bli|r(L1> + ‘bli ﬂil(l’l) + mrlplzlr =-98<0
i=1
and
2 2 .
—rmcy ' Ay — rmcy — rmppacy !t +2(r — 1) ch +(T—=1)c), +(—1) chyiz r—1
i=1 i=1

S (1l (1) + [
-1

1

T f— T
,B;l-(LZ) s onl = 9.4 <0,

Hence, it follows from Theorem 1 that (32) and (33) are globally exponentially
synchronized.

5. Conclusions

In this article, global exponential synchronization has been considered for a class of
BAM NNs with time-varying and distributed delays and reaction-diffusion terms. We
have established a new sufficient condition which includes the diffusion coefficients by
constructing the suitable Lyapunov functional, introducing many real parameters and
applying inequality techniques. From condition (10) in Theorem 1, we see that diffu-
sion coefficients directly affect the synchronization behavior of the delayed BAM NNs
with reaction-diffusion terms. In comparison with previous literature, diffusion effects
are taken into account in our models. A numerical example has been given to show

the effectiveness of the obtained results.
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