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Abstract

This paper investigates the existence of solutions for weighted p(r)-Laplacian
impulsive system mixed type boundary value problems. The proof of our main result
is based upon Gaines and Mawhin’s coincidence degree theory. Moreover, we obtain
the existence of nonnegative solutions.
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1 Introduction
In this paper, we mainly consider the existence of solutions for the weighted p(r)-
Laplacian system

—(w(r) PO (1)) + f(r,u(r), (w(T))p(T;‘lu’(T)) =0, re(01), r#n M

where u: [0, T] — R, with the following impulsive boundary conditions

1
lim u(r) — lim u(r) = Ai(lim u(r), lim (w(r))*O-1u'(r)), i=1,...,k (2)
r—=>T; 1 1 T

lim w(r)[w/ P72/ () — lim w(r)w/ PO-20/ (1)
r—rf =17

1
= Bi(lim u(r), lim (w(r))?O-1u/(r)), i=1,...,k
=T =1

1
au(0) = b lim (w(r))?O)~"4/(r) = 0, and cu(T) +d lim w(r) | PO~ (1) = 0, (4)

where p € C ([0, T1, R) and p(r) > 1, -A,y u:= -(w(r) |u’|p(r)’2 u'(r))” is called
weighted p(r)-Laplacian; 0 <ry <ry < ... <ry <T; A;, B; € CRN x RN RMY; 4, b, ¢, d e
[0, +00), ad + bc > 0.

Throughout the paper, o(1) means functions which uniformly convergent to 0
(as n — +oo); for any v € RY, v/ will denote the j-th component of v; the inner product
in RN will be denoted by (.-); |-| will denote the absolute value and the Euclidean norm
on R, Denote J = [0, 1, J = [0, T\{Fo» F1yeer Thsrhs Jo = [Py 71, Ji = (riy Fiia)y i = 1, oy K,
where ry = 0, rz,1 = T. Denote J{ the interior of J;, i = 0, 1,..., k. Let PC(J, RNy = {x: ]
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- RN xe C(, RN, i =0, 1., k and lim,_,,+ x(r) exists for i = 1,.., k}; w e PC(J, R)
satisfies 0 <w(r), Yr IS T, and (w(.))p(._); c Ll(O, TY
lim, - w(r) | PO2x(r),  lim, e w(r) W PO-22(r) and  lim,_,,— w(r)]x' [P0 2x(r)
exists for i = 0, 1,.., k}. For any x = (x',.., #) € PC(J, RY), denote |x|o = sup,c, |x'(r)].
Obviously, PC(J, RN) is a Banach space with the norm l1xl]o = (Zil Iin%) é, PCl(], RN)

. . 1 .

is a Banach space with the norm il = [xllo + 11 (w(r)) PD=1 x| In the following, PC

(J, RY) and PC(J, RN) will be simply denoted by PC and PC, respectively. Let t=1t
. ! . .

(J, RY) with the norm [1x]|12 = (221 i[2,) 2 Vx e L', where |xi[;: = fOT |t (1)|dr. We

will denote

u(ry) = limu(r), u(r;) = lim u(r),

=T

w(0) [/ 1PO~21/(0) = lirgl w(r)|u P24 (1),
r—0+

w(T) ' PD=24/(T) = lil}l w(r) W' PO=2y/ ().
r—1-

The study of differential equations and variational problems with nonstandard p(r)-
growth conditions is a new and interesting topic. It arises from nonlinear elasticity the-
ory, electro-rheological fluids, image processing, etc. (see [1-4]). Many results have
been obtained on this problems, for example [1-25]. If p(r) = p (a constant), (1) is the
well-known p-Laplacian system. If p() is a general function, -A,, represents a nonho-
mogeneity and possesses more nonlinearity, thus -A,(,) is more complicated than -A,;
for example, if O © RN is a bounded domain, the Rayleigh quotient

. fQ p(lx) |Vu|”(x)dx
bpy=  inf |
MEWS'p[x)(Q)\{O} fQ o(x) |u|P(x)dx

is zero in general, and only under some special conditions 4,y > 0 (see
[8,17-19]), but the property of 1, > 0 is very important in the study of p-Laplacian
problems.

Impulsive differential equations have been studied extensively in recent years. Such
equations arise in many applications such as spacecraft control, impact mechanics,
chemical engineering and inspection process in operations research (see [26-28] and
the references therein). It is interesting to note that p(r)-Laplacian impulsive bound-
ary problems are about comparatively new applications like ecological competition,
respiratory dynamics and vaccination strategies. On the Laplacian impulsive differen-
tial equation boundary value problems, there are many results (see [29-37]). There
are many methods to deal with this problem, e.g., subsupersolution method, fixed
point theorem, monotone iterative method and coincidence degree. Because of the
nonlinearity of -A,, results on the existence of solutions for p-Laplacian impulsive
differential equation boundary value problems are rare (see [38,39]). On the Lapla-
cian (p(x) = 2) impulsive differential equations mixed type boundary value problems,
we refer to [30,32,34].
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In [39], Tian and Ge have studied nonlinear IBVP

~(p(O)®p (X (1)) +s()®p(x(1)) = f(t,x(1)), 71, a.e. € [a,b]
lim p()0,(¢(1)) = lim p(O)®(¥(0)) = L(x(x)), 1= 1,....] )

ax'(a) — Bx(a) = o1, yx'(b) +ox(b) = oy,

where ®,,(x) = |x|1"’2 xp>1p,se L7 [a, b] with essin fi, ») p > 0, and essin fi,p) s
> 0,0 <p(a), p(b) <2, 0, <0,0,20,0,B,%06>0,a =ty<t; <..<ty<t,, =b ;e C
([0, +0), [0, ©)), i = 1,..., [, fe C ([a, b] x [0, +), [0, e)), fi, 0) is nontrivial. By using
variational methods, the existence of at least two positive solutions was obtained.

In [24,25], the present author investigates the existence of solutions of p(r)-Laplacian
impulsive differential equation (1-3) with periodic-like or multi-point boundary value
conditions.

In this paper, we consider the existence of solutions for the weighted p(r)-Laplacian
impulsive differential system mixed type boundary value condition problems, when p(r)
is a general function. The proof of our main result is based upon Gaines and Mawhin’s
coincidence degree theory. Since the nonlinear term fin (5) is independent on the
first-order derivative, and the impulsive conditions are simpler than (2), our main
results partly generalized the results of [30,32,34,39]. Since the mixed type boundary
value problems are different from periodic-like or multi-point boundary value condi-
tions, and this paper gives two kinds of mixed type boundary value conditions (linear
and nonlinear), our discussions are different from [24,25] and have more difficulties.
Moreover, we obtain the existence of nonnegative solutions. This paper was motivated
by [24-26,38,40].

Let N > 1, the function £ J x RN x RN — R is assumed to be Caratheodory; by this,

we mean:

(i) for almost every ¢ € J, the function f{¢, -, ) is continuous;

(ii) for each (x, y) € RN x RN the function f, x, y) is measurable on J;

(iii) for each R > 0, there is a g € L' (J, R), such that, for almost every t € J and
every (x, y) € RN x RN with |x| < R, |y| < R, one has

[f(tx )| < er(t).

We say a function u: ] > RY is a solution of (1) if u € PC* with w(,) |z,¢’|1’ﬂ(')'2 u'(+)
absolutely continuous on every J?{, i = 0, 1,..., k, which satisfies (1) a.e. on J.

This paper is divided into three sections; in the second section, we present some pre-
liminary. Finally, in the third section, we give the existence of solutions and nonnega-
tive solutions of system (1)-(4).

2 Preliminary

Let X and Y be two Banach spaces and L: D(L) € X — Y be a linear operator, where D
(L) denotes the domain of L. L will be a Fredholm operator of index 0, i.e., ImL is
closed in Y and the linear spaces KerL and colmL have the same dimension which is
finite. We define X; = KerL and Y; = colmL, so we have the decompositions X = X; &
coKerL and Y = Y7 @ ImL. Now, we have the linear isomorphism A: X; — Y; and the
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continuous linear projectors P: X — X; and Q: Y — Y; with KerQ = ImL and ImP =
X;.

Let Q be an open bounded subset of X with Q N D(L) # &. Operator §: @ — Y be a
continuous operator. In order to define the coincidence degree of (L, S) in Q, as in
[40,41], denoted by d(L - S, Q2), we assume that

Lx # Sx for all x € 9€2.

It is easy to see that the operator pf: Q — X, M = (L + AP)™' (S + AP) is well
defined, and

Lx* = Sx* if and only if x* = Mx™.

If M is continuous and compact, then S is called L-compact, and the Leray-Schauder
degree of Iy - M (where Iy is the identity mapping of X) is well defined in Q, and we
will denote it by d;s (Ix - M, Q, 0). This number is independent of the choice of P, Q
and A (up to a sign) and we can define

d(L — S, Q) := dis(Ix — M, 2, 0).

Definition 2.1. (see [40,41]) The coincidence degree of (L, S) in Q, denoted by d(L -
S, Q), is defined as d(L - S, Q) = d;s (Ix - M, Q, 0).

There are many papers about coincidence degree and its applications (see [40-43]).

Proposition 2.2. (see [40]) (i) (Existence property). If d(L - S, Q) = 0, then there
exists x € Q such that Lx = Sx.

(ii) (Homotopy invariant property). If H: Q x [0, 1] — Y is continuous, L-compact
and Lx = H(x, A) for all x € 0Q and A € [0, 1], then d(L - H (-, A), Q) is independent
of A.

The effect of small perturbations is negligible, as is proved in the next Proposition
(see [41] Theorem IIL.3, page 24).

Proposition 2.3. Assume that Lx = Sx for each x € 9Q. If S, is such that sup,c 30|
S|y is sufficiently small, then Lx = Sx + S for allx € 0Q and d(L - S - S, Q) = d(L
-5, Q).

For any (r, x) € (J x R"), denote Gpin(®) = | [P 2, Obviously, ¢ has the following
properties

Proposition 2.4 (see [41]) ¢ is a continuous function and satisfies

(i) For any r € [0, T], ¢p(»(-) is strictly monotone, i.e.,

(@0pr)(%1) — @pry (x2), %1 —x2) > 0, Vay,x € RN, x1 #xp;

(ii) There exists a function 7: [0, +0) — [0, +0), 1](s) —> +0 as s —> +co, such that
(@pry (%), x) = n(Ixl)|x], forallxe RN,

It is well known that ¢,,(-) is a homeomorphism from RN to RN for any fixed r e J.
Denote
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2—p(1)
(pp_(:)(x) = |x|PM-1x, for x € RN\{0}, (pp_(i)(o) =0.

It is clear that 9";&)(') is continuous and sends bounded sets to bounded sets, and

%_(i)() = @q(r)(-) where p(lr) + q(lr) =1 Let X = {(x1, x3) | x; € PC, x, € PC} with the

norm ||(x1, %2)||x = || #1llo + ||#2llo, ¥ = L' x L* x B** * N and we define the norm
on Y as
2(k+1)
N1 y2:21, - 220y = iyl + p2lle + Y 1zl Y 72,21, 22001)) €Y,
m=1

where yy, y, € L, z,, € RN, m = 1,.., 2(k + 1), then X and Y are Banach spaces.
Define L: D(L) € X — Y and S: X — Y as the following

Lx = (%}, x5, Ax1(1i), Ax2(73), 0, 0),

Sx = (g0 (x2/w (1)), f(1, X1, q(r) (%2)), A, By,
ax1(0) — beg(o) (x2(0)), cx1 (T) + dxo(T))

where
Axi(r)) =x(rf) —x(r7), j=12, i=1,....k
A= A (7)), g (2(7)), B = Bia (1) gy (12(r7))), = 1,k
Obviously, the problem (1)-(4) can be written as Lx = Sx, where L: X — Y is a linear

operator, S: X — Y is a nonlinear operator, and X and Y are Banach spaces.
Since

ImL = {(er y2! ai, bir 0/ 0)|V)/1r}’2 S Llr vai/ bi S RN, i= 1, - ,k},
we have dimKerL = dim(Y/ImL) = 2N < + is even and ImL is closed in Y, then L is
a Fredholm operator of index zero. Define
P:X — X, (x1,x2) = (x1(0),x2(0)),
Q:Y—>Y, (Yl,}/z,lli, bi,hl,hz) — (0, 0,0, O,hl,hz),vyl,}/z € Ll,Vdi, bi,hl,hz € [RN,i =1,..., k,
at the same time the projectors P: X — X and Q: ¥ — Y satisfy

dim(ImP) = dim(KerL) = dim(Y/ImL) = dim(ImQ).

Since ImQ is isomorphic to KerL, there exists an isomorphism A: KerL — ImQ. It is
easy to see that L |pynxerr : D(L) N KerP — ImL is invertible. We denote the inverse
of that mapping by K, then K}, : ImL — D(L) n KerP as

t

t
Kpz = /)’1 (r)dr + Z a;, / ya(r)dr + Z bi |, Vz=(y1,y2a:b;,0,0) € ImL,
0

0 ri<t ri<t

Page 5 of 22
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then

t

Kyt = Q5 = | [ () waddr+ 3 A7) e (12007 ),

0 i<t

i<t

/ £ 20, 000 ()Y + 3 Bi(a (1), 0ty (2 7)
0

Proposition 2.5 (i) K,(-) is continuous;
(i) K, (I - Q)S is continuous and compact.
Proof. (i) It is easy to see that K,(-) is continuous. Moreover, the operator

W(y) = fyy(r)dr sends equi-integrable set of L' to relatively compact set of PC.
(i) It is easy to see that K,(I - Q)Sx € X, Vx € X. Since (w(r))p(r_)l—l c L} and f'is

Caratheodory, it is easy to check that S is a continuous operator from X to Y, and the
operators (X1, %2) = dg() (W(r))" %) and (x1, %2) > f (1, %1, G0 (W(r)) %2)) both
send bounded sets of X to equi-integrable set of L'. Obviously, A;, B; and QS are com-
pact continuous. Since fis Caratheodory, by using the Ascoli-Arzela theorem, we can
show that the operator K,(I — Q)S: Q — X is continuous and compact. This com-
pletes the proof.

Denote

S(x,A) = (Wq(r) (xa2/w(r)) , WOF (1,31, 9qr) (x2)), A2 Ai, 2P0IB;,
ax1(0) — beg(o)(x2(0)), cx1 (T) + dxo(T))

where A;, B; are defined in (6), i = 1,..,, k.
Consider

Lx = S(x, A).
Define M(-,+) : 2 x [0,1] —> X as M(,, -) = (L + AP) (S(, -) + AP), then
M(-, 1) = (L+ AP)"'(S(- 1) + AP)
= (Ky + A™)((1 = Q)S(- 1) + QS(, A) + AP)
= Kp(I = Q)S(-, 1) + A1 (QS(~, 1) + AP)
=K,(I— Q)S(- ») + A™'QS(-, A) + P.
Since (I - Q)S(-, 0) = 0 and K,, (0) = 0, we have
d(L — S(-,0), Q) = dis(Ix — M(-,0),2,0) = dis(Ix — A~'QS(, 0) — P, 2, 0).
It is easy to see that all the solutions of Lx = S(x, 0) belong to KerL, then
dis(Ix — A71QS(-,0) — P, ,0) = dg(Ixer, — A1 QS(+, 0) — Plker, 2 N KerL, 0).
Notice that P |ger = Igerr, then
d(L — S(-,0), Q) = dis(Ix — M(-,0),2,0) = dg(A~'QS(-,0), 2 N KerL, 0).

Proposition 2.6 (continuation theorem) (see [40]). Suppose that L is a Fredholm
operator of index zero and S is L-compact on ), where Q is an open bounded subset
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of X. If the following conditions are satisfied,

(i) for each A € (0, 1), every solution x of
Lx = S(x, A)

is such that x ¢ 0Q);

(i) QS(x, 0) = 0 for x € 3Q N KerL and dz(A™ QS(-,0), Q n KerL, 0) = 0, then the
operator equation Lx = S(x, 1) has one solution lying in .

The importance of the above result is that it gives sufficient conditions for being able
to calculate the coincidence degree as the Brouwer degree (denoted with dg) of a
related finite dimensional mapping. It is known that the degree of finite dimensional
mappings is easier to calculate. The idea of the proof is the use of the homotopy of
the problem Lx = S(x, 1) with the finite dimensional one Lx = S(x, 0).

Let us now consider the following simple impulsive problem

(W)@ (W' (1)) =g(r), reT,
limu(r) — limu(r) =a;, i=1,...,k

=1} T—>T;

lim w(r)gp (' (1)) — lim w()gym (W' (1) =bi, i=1,...,k, (7)

1
au(0) —b lir(r)l+ (w(r))?M-14/(r) = 0, and cu(T) +d lir;{ w(r) W' 1PD=24/ (r) = 0,

where J = [0, TI\{ro, 71y wor Tis1}s ai» bi € RY; ge L.
If u is a solution of (7), then we have

r

W)y (1 (1)) = w(0) oy (1 (0)) + 3 by + / sdt, Vrel. ®)

i<r 0

Denote py = w(0)4,(0) (#4'(0)). Obviously, py is dependent on g, a;, b;. Define F: L' >
PC as

F(g)(r) = /g(t)dt, VreJ, Vgell
)

By (8), we have

u(r) =u(0) + ) _a;i+F {(ﬂq(r) [(W(T))_1 (Po +) bi+ F(g)(f))} } (), vrel. )

i<r Ti<r

1
If a # 0, then the boundary condition gy(0) — blim (w(r))?(")-14/(r) = 0 implies that
r—0*

b
u(r) = aw(O)(PO)+Z ai+F {wq(r) [(W(T))_1 (Po ) bi+ F(g)(T))“ (1), vrel.

Ti<r ri<r
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The boundary condition cu(T) + drl_i)f}{ w(r) [ P24/ (r) = 0 implies that

!
¢h9q0)(p0) +¢ ) ai +cF {wq(r) {(W(T))_1 (Po + ) bi+ F(g)(T))} } (T)

i=1 ri<r
k
+d (,00 + Z b; + F(g)(T)) = 0.
i=1
Denote H = L' x R** with the norm

k k
Whlle = 118l + > lail + > [bil, Yh = (g, ai, by) € H,

i=1 i=1
then H is a Banach space. For fixed # € H, we denote

k
On(p) = Loy (p) + CZ‘” +cF {(ﬂq(r) |:(w(r))‘1 (,0 + Z bi + F(g)(r))} ] (T)

i=1 ri<r

k
+d (p +) b+ F(g)(T)) .

i=1

Lemma 2.7 The mapping ©(-) has the following properties

(i) For any fixed & € H, the equation
On(p) =0 (10)

has a unique solution p(k) € RV,

(ii) The mapping p: H — R”, defined in (i), is continuous and sends bounded sets
p(h)| < 3NIQN"F XL, a1+ X8, 1bil + gl

where h = (g, a; b;) € H, EszT(w(r))p(r_)l—ldr, the notation p” means

to bounded sets. Moreover,

o1 _ -, Cc>1
c-Lc<1
Proof. (i) From Proposition 2.4, it is immediate that
(On(p1) — On(p2), p1 — p2) >0, for p1#p2,

and hence, if (10) has a solution, then it is unique.

. -1
Let Ry = 3N[(2N" 0L lal )P~ + 320, [bil+ I gllui ) Since ((1))000-1 ¢ 11(0, T)
and F(g) € PC, if |p| >Ry, it is easy to see that there exists a j, such that, the jy-th

component ph of p satisfies

1
jo | > . 11
loel = 1Pl (11)
Obviously,
k
D b+ F@))| < Y bl + [F()(r)] < Y Ibil +llgll,  Vreo,T],
Ti<r ri<r i=1

Page 8 of 22
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then
. Ry Ipl

Z;bi+F(g)(r) < §|bi| gl < o < 50 Yr 10,71 (12)

and

4|p
p+ Y bi+F@)m)| < lol+| > bi+Fg)(1)| < 3’0, vr e [0, T]. (13)
ri<r ri<r
By (11) and (12), the jo-th component of # * rgr bi + F(8)(r) keeps the same sign of
oo on J and
i - ' i - ' 21pl

o b + F(g)° o] — b + F(g)° , Vrel. 14
pJZ ®)" (1| = |o"] Z @M=y Yrel 09

Combining (13) and (14), the jo-th component (pg’(r) [(w(r))—l (p + b+ F(g)(r))]

Ti<r

of @y [(w(r))l (p LY b+ F(g)(r))} satisfics

i<r
_ q(r)=2 _ '
Gl (p+ Y _bi+F(Q)(1)| = [p+ Y bi+F(g)(r) PP+ B+ F(g)°(r)
Ti<r ri<r ri<r
3 q(r)-2
> N p+;bi+F(g)(r) o]
1 q(r)—-1
> NP ;bi +F(g)(r)
From the definition ¢4 () = gt);(:)(-), we have p(lr) + q(l,.) =1 thenq(r)—1-= p(r;—l’
and
1
i 1 p(r)—1
Gy | P+ 2B+ FQ) || = o+ Db+ FR)()
Ti<r ri<r
1
1 p(r)-1
- . +F
=l Zb +F()(1)

1
p#—1 -1
L[ Bl k a o)
Z“'
~ 2N E !

i=1
k k
1 E+1 E+1
> 2N ai| = ail.
> NG ;m c ;u

Without loss of generality, we may assume that plo > 0, then we have

k ko
P {wqm [(w(r))l (p +2_b +F(g)(r))“ (M) > E+ DY lal = Y d.

i<r

Page 9 of 22
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Therefore, the jo-th component of Y a; + F{gym[(w(r) " (p + Y orer bi + F(Q)(M)IN(T)
keeps the same sign of p. Since the jo-th component of p + Z?’:l b; + F(g)(T) keeps the
same sign of pit, a, b, ¢, d € [0, +) and ad + bc > 0, we can easily see that the j,-th com-

ponent of ®(p) keeps the same sign of plo, and thus

On(p) #0.
Let us consider the equation
AO(p)+ (1 —A)p=0,1€]0,1]. (15)

According to the above discussion, all the solutions of (15) belong to b(Rg + 1) = {x

e RN| |x| <R, + 1}. So, we have
ds[®n(p), b(Ro +1),0] =dg[I, b(Ro + 1),0] # 0.

It means the existence of solutions of ®,(p) = 0.
In this way, we define a mapping p(h): H — R", which satisfies

©n(p(h)) = 0.

(ii) By the proof of (i), we also obtain p sends bounded set to bounded set, and

k p=1
E+1
lo(h)| <3N (21\] E Zlail) +Z|bi|+||g||L1
i=1 i=1

It only remains to prove the continuity of p. Let {i,} is a convergent sequence in H
and u,, — u, as n — +oo. Since {p(u,,)} is a bounded sequence, it contains a convergent
subsequence {0(un,)} satisfies p(tn;) = s as j — +oo. Since @(p) consists of continu-

ous functions, and
Ou, (p(un)) =0,
Letting j — +co, we have
Ou(p«) =0,

from (i) we get p- = p(u), it means that p is continuous.

This completes the proof.
If a = 0, the boundary condition au(0) — blim,_o- (w(r))f’(f;*1 W(r)=0 implies that

1
lirg (w(r))PO-14/'(r) = 0.

Since ad + bc > 0, we have ¢ > 0. Thus,

u(r) =u(0)+ ) ai+F {%(r) [(W(T))_1 (Z bi + F(g)(f)>} } (r), Vvre],
the boundary condition cu(T) + dlim,_, 7~ w(r)|u/' [P =24/ (r) = 0 implies that

k k
u(0)+2ai+F {goq(,) |:(w(r))_l (Z b; + F(g)(r)>i| } (T)+‘z (Z b; + F(g)(T)) =0.

i=1 Ti<r i=1
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Denote G: H — R as
k k
G(h)==) a—F {‘Pq(r) [(W(T))1 (Z bi + F(g)(r))} } (T)—i (Z bi + F(g)(T)) :
i=1 ri<r i=1

It is easy to see that
Lemma 2.8 The function G(-) is continuous and sends bounded sets to bounded

sets. o bounded
+ k k *1
G| = NEDIDT il + B bil +11gll)?t + Y kelbil+ llgll . where
1
1 1 L
E= foT (w(T))p(r)fldT; the notation p* means CP*—1 = C : ,C< 1.

Cr-1,C>1

3 Main results and proofs
In this section, we will apply coincidence degree to deal with the existence of solutions
for (1)-(4). In the following, we always use C and C; to denote positive constants, if it
cannot lead to confusion.

Theorem 3.1 Assume that ) is an open bounded set in X such that the following
conditions hold.

(1°) For each A € (0, 1) the problem

Lx = S(x, 1) (16)

has no solution on 9Q.

2% (0,0) € Q.

Then, problem (1)-(4) has a solution u satisfies (u, v) € Q, where v = w(r)¢,)(/()),
Vre J.

Proof. Let us consider the following operator equation

Lx = S(x, A). (17)

It is easy to see that x = (x1, x,) is a solution of Lx = S(x, 1) if and only if x;(r) is a
solution of (1)-(4) and x2(r) = w(r)eymn (¥1(r)), Vre J.

According to Proposition 2.5, we can conclude that S(;, -) is L-compact from X x [0,
1] to Y. We assume that for A = 1, (16) does not have a solution on 9Q), otherwise we
complete the proof. Now from hypothesis (19), it follows that (16) has no solutions for
(x, A) € 0Q x (0, 1]. For A = 0, (17) is equivalent to Lx = S(x, 0), namely the following
usual problem

¥, =0, r e (0,7),
¥ =0, re (0,7),
ax1(0) — bpg(0)(x2(0)) = 0, cx1(T) + dx»(T) = 0.

The problem (??) is a usual differential equation. Hence,
X1 =01, X2 =0,
where ¢;, ¢c; € R are constants. The boundary value condition of (??) holds,

acy — bey0)(c2) =0, ccy +dcy = 0.
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Since (ad + bc) > 0, we have
C1 = O, Cy = 0,

which together with hypothesis (2°), implies that (0, 0)e Q. Thus, we have proved
that (16) has no solution on 9 x [0, 1]. It means that the coincidence degree d[L - S
(-, A), Q] is well defined for each A € [0, 1]. From the homotopy invariant property of
that degree, we have

d[L —S(-, 1), 2] =d[L — S(-,0), Q]. (18)
Now, it is clear that the following problem
Lx = S(x, 1) (19)

is equivalent to problem (1)-(4), and (18) tells us that problem (19) will have a solu-
tion if we can show that

d[L - (-,0), 2] #0.
Since by hypothesis (2°), this last degree
d[L — S(-,0), ] = dp[w., 2 NR*N,0] #0,

where w-(cy, ¢3) = (acy - boy)(ca), cci + dcy). This completes the proof.

Our next theorem is a consequence of Theorem 3.1. Denote

z = rnmz(r) zh = maxz(r) forz € C(J, R).
rel

Theorem 3.2 Assume that the following conditions hold

1% a > 0;

29 limyy 4 o) = e (Ar, 1w, V)/(|u] + |v|)ﬁ(’) 1) = 0, for r € J uniformly, where B(r)
C(J,R),and 1<B "< B " <p

(39 Zf Ai(w,v)] < Ci(lul + v))’when  |u| + |v| is large enough, where
0<0 < p:_ll,

(4% Zi:l IBi(u, v)| < Ca(lu| + |v])*when |u| + |v| is large enough, where 0 < & < " -

Then, problem (1)-(4) has at least one solution.

Proof. Now, we consider the following operator equation
Lx = S(x, A). (20)

For any A € (0, 1], x = (%1, %5) = (u, v) is a solution of (20) if and only if
v(r) = M(}),l w(r)@pry (W' (r))(Yr € J') and u(r) is a solution of the following

s 0(ep (0 (1)) = 2POf (ru, 1(W(T))”(r;_lu/) re(0.T), r#m
11m u(r) — lim u(r) = A%A; (hm u(r), | llrn (w(r))p(’) W), i=1,....k

T—)T —T;

M}LWWWM)MWWWWWW) 1)

—)J’(“)B(hm u(r), 1hm (w(r))ﬂ(r) W(r), i=1,...k

au(0) —b! (w(o))pw)fl ' (0) =0, and cu(T) +d, ¢, w(T) [/ "D~/ (T) = 0.
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We claim that all the solutions of (21) are uniformly bounded for A € (0, 1]. In fact,
if it is false, we can find a sequence (u,, A, of solutions for (21), such that ||u,||; > 1
and ||u,||1 = +o when n —> +e, 4,, € (0, 1]. Since (u,, 4,,) are solutions of (21), we
have

.
_ 1 1 1
w(r)|u;|p(’)’2”/n(7') = Af,(r) 1 |:)Lp(0)1p" + Zlfv(n)Bi . / )"El(t)f <t, Uy, N (w(l))p(t)—lu/n> dt:| )
n

n ri<r 0

for any r e J, where p, = w(0)@y0)(1;,(0)) and

1 1
Ai = A (lim uy(7), }\1 lim (w(r)) (-1 u’,l(r)> ,B;i =B (lirq uy(r), ; lim (w(r))r(M-1 u’,,(r)) .
n r—rn; =T n r—rn

=17

By computation, we have

> a2

Ti<r

Z )"’:l(r‘)Bl

Ti<r

1 1 0

< clxi(nunno + ||(w(r))ﬂ(f)*1u/n||o> < MnCsllunll},
n

< Cz)\,ﬂ(n)(

1 1 Br-1 1
lnllo + ||(w(r))p(’)-1u/n||o) < Callullf ™,
n

(22)

1 1 _ 1 1 Br—1
/ W0f (r,un, . (w(r))ﬂ(ﬂ-lu/n) dr| < Csah <||un||o+ N H(w(r))ﬂ(f)-lu’nHo)

n n
0

1
< Csllunllf .

Denote

r

1 . 1 1
ORI B S [ (tu h (w(r))w)*lu’n) d, Vrel
n n

i<t 0
We claim that

. . -1
53Nc6[||un||‘{*“’ R 1}, n=1,2,...,wheree*e(9,p ) (23)

1
_ [onl "
PG pr—1

If it is false, without loss of generality, we may assume that

1 . .
ooy 100l = 3w ) [l w7 m= 120
n

then for any n = 1, 2, .., there is a j, € {1, ..., N} such that the j,-th component /07-:" of

P, satisfies

jn 6. (p*—1 —
T TR e (1l P B PE
n

Thus, when 7 is large enough, the j,-th component Fjr[’ (r) of T',,(r) keeps the same

sign as p{{' and satisfies

Ch )] = (o C) [l (7D pluall ], vrey, n=1,2,.

When »n is large enough, we can conclude that the j,-th component
Fj"{goq(,)[Fn (N(T) of F{igy»[Ln(r)]} (T) keeps the same sign as /Oiz" and satisfies
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|F{0q) [Ta(N}] > Collunll$,  Vr el (24)
Since

(1) = n(0) + Y 2 + APl [ (w(r) ' Tu(r) ]

5<r

b 1 _
= %) (Ap(o)l pn> + Y RA A+ nFlogn (W) ' Tu(]), ¥re), n=1,2,...,
n

ri<r

from (22) and (24), we can see that u];;’ (r)(¥r € J) keeps the same sign as pil", when n
is large enough.
But the boundary value conditions (4) mean that

cun(T) +d lim w(r)u, PO=2u (r) = cuy(T) +dTo(T) =0, n=1,2,...

1
)\-Z(T)il T
It is a contradiction. Thus (23) is valid. Therefore,

—1 0.(p*— +_
w7 < & (1l all] ), ey

It means that

1

[l(w(r))PO=1u|lo < o(1)||unll1, where o(1) tends to O uniformly as n — 00.(25)

From (22), (23) and (25), for any r € J, we have

T T

|t (1) = un(0)+/u/n(t)dt+ZAﬁAi < |un(0)| + /u/,,(t)dt +

0 ri<r 0

Z AnAi

ri<r

1
(w(©)) PO~ u'y (€) | dt + Cs]lunl |

A —1
< |un(0)] + | (w(r))r)-1
/

b|1
<
T a|in

< 0(1)||un||1, where o(1) tends to 0 uniformly as n — oo,

1 1
(w(0))PO=11/, (0)| + E || (w(r)) P11, (1)llo + Csllunll]

then

llunllo < o(1)||un]]1, where 0(1) tends to 0 uniformly as n — oo. (26)

From (25) and (26), we get that all the solutions of (20) are uniformly bounded for
any A € (0, 1].
When A = 0, if (x1, x5) is a solution of (20), then (xy, x,) is a solution of the following
usual equation
X/1=0, TE(O,T),

X/2=0, TE(O,T),
ax1(0) — bey(0y(x2(0)) =0, cx1(T) + dx2(T) = 0,

we have

(xl,xz) = (0, 0).

Page 14 of 22
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Thus, there exists a large enough R, > 0 such that all the solutions of (20) belong to
B(Ry) = {x e X | || # ||x <Ro}. Thus, (20) has no solution on 0B (Rp). From theorem
3.1, we obtain that (1)-(4) has at least one solution. This completes the proof.

Theorem 3.3 Assume that the following conditions hold

1% a = o;
(29 limy, 4 v > 4o firs 1, V)/(Ju| + |v])° = O for r € J uniformly, where 0 < & min(1,
p -1

39 Zf:l |Ai(u,v)| < Ci(Ju| + [v])®when [u| + |v| is large enough, where 0 <0 < 1;
(4°) Y |Bi(u,v)| < Co(Jul + |v])*when |u| + |v| is large enough, where 0 < & < min

(]-r p - ]-)
Then, problem (1)-(4) has at least one solution.
Proof Now, we consider the following operator equation

Lx = S(x, A). (27)
If (%1, x5) is a solution of (27) when A = 0, then (x, x5) is a solution of the following

usual equation

x“1=0, TG(O,T),
x“2=0, TG(O,T),
axy(0) — bey(0)(x2(0)) = 0, cx1(T) + dx2(T) = 0.

Then, we have
(xl,xz) = (0, O).

For any A € (0, 1], x = (%, %2) = (u, v) is a solution of (27) if and only if
v(r) = M(}),l w(r)@pry (W' (r))(Yr € J') and u(r) is a solution of the following

1
G 0()epn (0 (1)) = 2POf (1, 5 (w(r)?O=1 '), 1 € (0,T), 7 713,
1
lim u(r) — lim u(r) = A?A;(lim u(r), | lim (w(r))?O-14/(r)),i=1,...,k
r—ry r—71; =71 r—r;

lirr} )‘p(rl)—lw(r)(pp(r)(ul(r)) - lirrl )Lp[rl)—l w(r)‘/)p(r)(u/(r))
r—T; =T (28)

1 1
= 2PUDB;(1im u(r), N lim (w(r))PM=1u'(r)),i=1,...,k
r~>ri

T—T;

1
lim (w(r))P)=14/(r) = 0, and cu(T) +d 4, , lil}l w(r)|u’}p(r)_2u’(r) = 0.
r—07* r—T-

We only need to prove that all the solutions of (28) are uniformly bounded for A
(0, 1].

In fact, if it is false, we can find a sequence (u,, 4,) of solutions for (28), such that ||
u,|l1 > 1 and ||u,||; = +e when n — +eo. Since (u,, A,,) are solutions of (28), we have

.
- 1 !
w(r) |, P21 (r) = 2B |:Z AR, 4 / Lol <t, n | (w(r))r®-1 u’n) dt:| , Vre],
n
0

Ti<r

1
where B; = Bi(lim u,(r), ;| lim (w(r))?") =1} (r)).
r—T; ">

Page 15 of 22
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From conditions (2°) and (4°), we have

3B

ri<r

_ 1 1 e
< CoMh (llunllo * ||(w(r))ﬂ(r)—1u’,,||0) < Callun|l5,
n

T

[ #0r @, | @0 oy

0

_ 1 1 &
< Csih <||Hn||0 ., ||(W(T))p(r)_luln||o)
n

=< C5||un||§~
Thus,
w) W w (PO < Csllually, Vrel, n=12,...,
1 (29)
N(w()PO=1u pllo < o(V)[lunllr, n=1,2,...

Denote

1

(1) = ) M Bi+F (xﬁ‘”f(r, un (1), ; (w(r)) P! u/n(r))) (N, vrel n=12...
By solving u,(r), we have

() = un(0) + Y2 224 + 2P g () M)}, e s (30)

ri<r
1

where 4, _ Ai(lim, - un (), ; lim,., - (w(r)) PO~ u (1))
From condition (3°), we have

Z A2A,

Ti<r

1 R
< clxﬁ(nunnm ; ||(w(r))ﬁ(f)1un||o) < Gl
n

The boundary value condition implies
: d
1 (0) + 323 + 2P {0 [ (@) () [} (1) = = (). (31)
i=1
From (31) and conditions (2°), (3°) and (4°), we have

|un(0)| < 0(1)l|unll1, where o(1) tends to 0 uniformly as n — co. (32)

From (30) and (32), we have
llunllo < o()lluplly, n=1,2,... (33)
From (29) and (33), we can conclude that {||u,]||1} is uniformly bounded for A € (0,

1]. This completes the proof.
Now, let us consider the following mixed type boundary value condition

au(0) — b lirgl+ (w(r))l’(’}—1 u'(r) =0, and cu(T) +d lir;l_ (w(r))l’(’}—1 W' (r) =0.34)

Theorem 3.4 Assume that the following conditions hold
19 lim oo(f(Tr u, v)/(lul + |U|)ﬁ(r)_l) =0 forre J uniformly, where B(r) € C(J, R),

[ul+|v]—+

and 1 <~ < B "< p;
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p—1

k
(2% 3 |Ai(u, v)] < Ci(Jul + |v])Pwhen |u| + |v| is large enough, where 0 < 6 < Y

i=1
k

(3% Y. IBi(u, v)| < Co(lul + |v])*when |u| + |v| is large enough, where 0 < & <8 * - 1.
i1

Then, problem (1) with (2), (3) and (34) has at least one solution.
Proof. It is similar to the proof of Theorem 3.2 and Theorem 3.3, we omit it.
Denote

fs(r,u,v) = f(r,u,v) + 8fu(r, u,v),

where f. (r, u, v) is Caratheodory.
Let us consider

— () PO20 (1)) + 5 (r, u(r), (w(r))p(r)l—l W(r) =0, VreJ. (35)

Theorem 3.5 Under the conditions of Theorem 3.2, Theorem 3.3 or Theorem 3.4,
then (35) with (2), (3) and (4) or (34) has at least a solution when ¢ is small enough.

Proof We only need to prove the existence of solutions under the conditions of The-
orem 3.2, the rest is similar. If 6 = 0, the proof of Theorem 3.2 means that all the solu-
tions of (35) with (2), (3) and (4) are bounded and belong to U(Ry) = {u € PC'| ||u||
<Ry}. Define S5: X — Y as

Syt = (W (wx(zr )> (151, 90 (52)), A, By 1 (0) — bigg(oy (12(0)), ex1 (T) + dxz(T)) ,

where A; = Ai(x1(r77), ¢q(r) (%2(77))), Bi = Bi(x1(77), 040y (x2(177))).

Since f- (r, u, v) is a Caratheodory function, we have ||Ssx - Sox||y — 0 as § — 0, for
x € U(Rp) uniformly. According to Proposition 2.3, we get the existence of solutions.

In the following, we will consider the existence of nonnegative solutions. For any x =
(", .., ) € RN, the notation x > 0 means x’ > 0 for any i = 1, ..., N.

Theorem 3.6 We assume

(i) fir, u, v) <0, Y(r, u, v) € ] x RN x RY,
(ii) for any i = 1, ..., k, Bi(u, v) < 0,¥(u, v) € RN x RY,
(iii) forany i = 1, .., &, j =1, .., N, A]l:(u, v)yj > OV(u, v) € RN x RYN,

Then, the solution # in Theorem 3.2, Theorem 3.3 or Theorem 3.4 is nonnegative.
Proof We only need to prove that the solution u in Theorem 3.2 is nonnegative, and
the rest is similar. Denote

Np(u) = f(r,u(r), (w(r)) P01 (r)),
k
D= CZ%(O)(P) +cY Ai+cF {wq(r) [(W(T))l <,0 +Y Bi+ F(Nf(u))(r)>:| } (T)

i=1 ri<r

k
+d |:,0 +Y Bi+ F(Nf(u))(T):| ,

i=1
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where
1
Ai = Ai(lim u(r), lim (w(r)PO-14'(r)),i=1, ...,k
=1 =1
1
B; = Bi(lim u(r), lim (w(r))*PM-1u'(r)), i=1,...,k
=1 =1

Similar to (8) and (9), we have

w(r)gpy (W (r)) = p+ Y Bi+ F(Np(w)(r), VreJ,

Ti<r

(36)
u(r) = u(0) + ZA,» +F {(pq(,) |:(w(r))_1 (p + ZBi + F(Nf(u))(r))] } (r), Vre],

ri<r Ti<r

where

u(0) = z%w)(p),
and p is the solution (unique) of

D=0 (37)
Denote

®(r) = w(r)epn (' (1)), Vrel.
From (i), (ii) and (36), we can see that ®(r) is decreasing, namely

O(t) — d(t1) <0, Vo, h €J, 1> 17. (38)
We claim that

p=0. (39)

If it is false, then there exists some jo € {1, .., N}, such that the jo-th component plo

of p satisfies
oo < 0. (40)
Combining (i), (ii), (iii) and (40), we can see that the jo-th component pio of D is

negative. It is a contradiction to (37). Thus, (39) is valid. So, we have

b
u(0) = a@q(O)(P) > 0.
We claim that
d(T) <0. (41)

If it is false. Then, there exists some j; € {1,.., N}, such that the j;-th component
@)1 (T) of O(T) satisfies

®''(T) > 0. (42)
From (38) and (42), we have

d(t) >0,V e/
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Combining (i), (ii), (iii) and (42), we can see that the j;-th component pit of D is
positive. It is a contradiction to (37). Thus, (41) is valid.
If ¢ > 0. We have

u(T) = —idD(T) > 0.

Since ®(r) is decreasing, ®(0) = p > 0 and ®(7) < 0, for any j = 1, ..., N, there exists
¢ € J such that

d>j(r) >0,Vr € (0,§) and CDj(r) <0, Vre(§T).

Combining condition (iii), we can conclude that /(r) is increasing on [0, &1, and W (r)
is decreasing on (&, T]. Notice that #(0) 2 0 and «(T) 2 0, then we have u(r) 2 0,Vr €
[0, 1.

If ¢ = 0, boundary condition (4) means that ®(7) = 0. Since ®(r) is decreasing, we
get that d(r) = 0. Combining condition (iii), we can conclude that u(r) is increasing on
J, namely u(¢,) - u(ty) = 0,Viy, t; € ], ty >t;. Notice that u(0) > 0, then we have u(r) >
0,Vt € J. This completes the proof.

Corollary 3.7 We assume

i) fir, u, v) <OV, u,v)e J x RN x RN with u > 0;
(ii) for any i = 1, ..., k, Bi(u, v) < 0,¥(u, v) € RN x RN with u > 0;
(iii) for any i = 1, ., &y j = 1, .y N, Al(, )00 > O,¥(4, v) € RN x RN with u > 0.

Then, we have

(1y) Under the conditions of Theorem 3.2 or Theorem 3.3, (1)-(4) has a nonnegative
solution.

(29) Under the conditions of Theorem 3.4, (1) with (2), (3) and (34) has a nonnega-
tive solution.

Proof We only need to prove that (1)-(4) has a nonnegative solution under the con-
ditions of Theorem 3.2, and the rest is similar. Define

d(u) = (¢(u'), ..., ¢ (™)),

where
t, t>0
¢Ao‘{at<0‘
Denote

]?(r, u,v) = f(r,¢(u),v), V(ruv)e]xRY xRV,

then f(r, u, v) satisfies Caratheodory condition, and f(r, u,v) <0 forany (r, u,v) e J
x RN x RV,

For any i = 1, .., k, we denote

Xi(u, v) = Ai(¢(u),v),Ei(u, v) = Bi(p(u), v), ¥(u,v) € RN x RV,

Page 19 of 22
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then A; and B; are continuous and satisfy
Ei(u,v) <0,VY(u,v) e RN xRN foranyi=1,...,k,
Z]l:(u,v)vj >0,VY(u,v) e RN xRN, foranyi=1,...,k j=1,...,N.
Obviously, we have

(2% lim (f(r, u,v)/(lul + [v])#M~1) = 0, for r € J uniformly, where (r) € C(J, R),

[ul+|v]—+00

and1<[3 <B'<p;

3% Z |A (u, v)| < Ci(|u|] + |v))? when |u| + |v| is large enough, where 0 < 6 < pzfll,

(&% Z ’Ei(u, v)| < Ca(lul +[v])® when [u| + |v| is large enough, where 0 < & < * -
i-1

Let us consider

~ 1
(W(m)ep(n) (W' (1)) = f(r, u(r), (w(r) PO (1), r e T,
lim u(r) — lim u(r;) = Ki(lirr} u(r), lim (w(r))l’(r;*1 w(r)), i=1,...,k

tim () (1 (7)) = lim w(r)gy 0/ (1) @3)

1
= Bi(lim u(r), lim (w(r))?")-14'(r)), i=1,...,k

1
au(0) —b lim (w(r))*")=14/(r) = 0, and cu(T) +d lim w(r)ju' "2/ (r) = 0

From Theorem 3.2 and Theorem 3.6, we can see that (43) has a nonnegative solution
u. Since u > 0, we have ¢(u) = u, and then

flru(r), (W(T))”(” M) = £ u(r), (W(T))”(” 1l/(r))

A; (hm u(r), hm (w(r))l’(r) Li'(1) = A (hm u(r), hm (w(r))l’(r) L' (1)),
Ei(lirq u(r), lim (w(r))l’(r)—1 W' (r)) = Bi(lim u(r), lim (w(r))f’(f)—1 u'(r)).

Thus, u is a nonnegative solution of (1)-(4). This completes the proof.

4 Examples
Example 4.1. Consider the following problem

1
(w()PM=1w

|ul+

WP epry (' (1)) = —g(r) — [ul"D2u — cw ()| |"O 20 — Sue

Te],

-1 1 2 1
lim u(r) — lim u(r) = o lim |u(r)| 2 u(r) + lim ‘(w(r))ﬂ(’)*lu’(r) (w(r))PM=14' (1),
=T =1 =1 ar

(P1) Y lim w(r) |/ P02 (r) — lim w(r) |’ P02/ (1)
r—>17 =1,

=0 lim (w(r))P(ril }u’(r)|2u’(r) — lim |u(r)|2u(r),

1 .
u(0) = lim (w(r))?)-11/(r) = 0, and u(T) + lim w(r) [ PO (r) = 0,

where p(r) =5 + cos 3r, q(r) =3 + ésin 2r,0< g(r)e L', ey, e, € RN w(r) = 3 + sin
r, 0 is a nonnegative parameter.
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1
Obviously, Jul+| (w(r)) P) =1y

g(r) + w12y + ow(r) w1920 + Sue
(r) < 3.5 <4 < p(r) <6, then the conditions of Theorem 3.5 are satisfied, then (P,)

has a solution when J > 0 is small enough. Moreover, when ¢ = 0, the conditions of

is Caratheodory, ¢

Corollary 3.7 are satisfied, then (P;) has a nonnegative solution.
Example 4.2. Consider the following problem

1
(w(m)P~1w

[ul+

(w(r)epe (W' (1)) = —8(r) — (w2 — cw(r) w1702 — Sue

Te],
-1

2 1
(w(r) =14 (r),

-1 1
lim u(r) — lim u(r) = o lim |u(r)| 2 u(r) + lim ‘(w(r))l’(’)‘lu’(r)

(P2) Y lim w(r) [/ PO =20/ (r) — lim w(r) ' P02/ (r)
r—>1} =

7y

=0 lim (w(r))l’('i‘1 }u’(r)| _31 ' (r) — lim \u(r)| _31u(r),

1
lim (w0(r))*)=1 4/ () = 0, and w(T) + lim w(r)|u' P2/ (r) = 0,
r—>0* =1

where p(r) = 5 + cos 3r, q(r) = g + }1 sin2r, 0 < g(r) € L', ey, e € RN, w(r) = 3+sin 1,

O is a nonnegative parameter.
1
Obviously, Jul+| (w(r)) P =1y
g(r) + 1|72y + cw(r)|w 19021 + Sue

<q(r) <2 <4 < p (r) <6, then conditions of Theorem 3.5 are satisfied, then (P,) has a

is Caratheodory, 1

solution when J > 0 is small enough. Moreover, when ¢ = 0, the conditions of Corol-
lary 3.7 are satisfied, and (P,) has a nonnegative solution.
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