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1 Introduction and preliminaries
Let (�,F ,F,P) be a complete filtered probability space on which a d-dimensional standard
Brownian motion W (·) is defined such that F≡ {Ft}t≥ is its natural filtration augmented
by all the P-null sets.

In this paper, for given T > , we consider the continuity and differentiability of solutions
to the following stochastic Volterra integral equations (SVIEs) with respect to a parame-
ter α:

Xα(t) = ϕα(t) +
∫ t


bα

(
t, s, Xα(s)

)
ds +

∫ t


σα

(
t, s, Xα(s)

)
dW (s), t ∈ [, T], (.)

and backward stochastic Volterra integral equations (BSVIEs) with respect to α:

Yα(t) = ψα(t) +
∫ T

t
fα

(
t, s, Yα(s), Zα(t, s), Zα(s, t)

)
ds

+
∫ T

t
Zα(t, s) dW (s), t ∈ [, T].

(.)

Here α ∈ R and, for any given α, ϕα : [, T] × � → R
m, bα : [, T] × R

m → R
m, σα ≡

(σ 
α ,σ 

α , . . . ,σ d
α ) : [, T] × R

m → R
m×d , fα : [, T] × R

n × R
n×d × R

n×d → R
n are Borel

measurable functions.
The theory of stochastic differential equations (SDEs), including SDEs with parameters,

is an important topic in stochastic processes. There exists much research work on this
topic (see, e.g., [–]). SVIEs, as a natural and nontrivial extensions of SDEs, not only have
their distinctive features (e.g., containing memories), but they also have interesting appli-
cations such as in stochastic control (see, e.g., [, ]). The theory for SVIEs is much richer
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than that of SDEs. SVIEs with regular kernels and driven by Brownian motions were first
studied in the s and early-s (see, e.g., [–]). Later, Protter in [] studied SVIEs
driven by general semimartingales. BSVIEs also can be viewed generalizations of BSDEs,
first studied by Lin ([]); and then deeply investigated by Yong ([]).

Building on previous work concerning SDEs and BSDEs with a parameter ([–, ]),
this article is devoted to studying properties of solutions to SVIE (.) and BSVIE (.)
with respect to a parameter, mainly continuity and differentiability. For the continuity of
solutions to SVIEs with respect to a parameter, the reader can refer to [, ]; and for the
differentiability the reader can refer to []. In this work, we presents more general and
complete results on this topic.

We now introduce some basic notations. Let H = R
n,Rn×m, etc.

• L
FT

(�; H) is the set of all FT -measurable random variables ξ valued in H such that

‖ξ‖L
FT

(�;H) ≡ (
E|ξ |) 

 < ∞.

• L
F

(� × (, T); H) is the set of all F-progressively measurable processes ϕ(·) valued in
H such that

∥∥ϕ(·)∥∥L
F

(�×(,T);H) ≡
[
E

∫ T



∣∣ϕ(t)
∣∣ dt

] 


< ∞.

• CF([, T]; L(�; H)) is the set of all F-progressively measurable processes ϕ(·) valued
in H such that, for almost all ω ∈ �, t �→ ϕ(t,ω) is continuous and

∥∥ϕ(·)∥∥CF([,T];L(�;H)) ≡
[

sup
t∈[,T]

E
(∣∣X(t)

∣∣)] 
 < ∞.

• L(, T ; L
F

(� × (, T); H)) is the set of all processes Z : [, T] × � → H such that, for
almost t ∈ [, T], Z(t, ·) ∈ L

F
(� × (, T); H) and

∥∥Z(·, ·)∥∥L(,T ;L
F

(�×(,T);H)) ≡
[
E

∫ T



∫ T



∣∣Z(t, s)
∣∣ ds dt

] 


< ∞.

• H[, T] ≡ L
F

(� × (, T);Rn) × L(, T ; L
F

(� × (, T);Rn×d)).
In what follows, we will make use of the following elementary assumptions:
(A) For any α ∈R, ϕα(·) is an F-adapted continuous process, and there exists a

positive constant L (independently on α), such that

sup
≤t≤T

E
∣∣ϕα(t)

∣∣ ≤ L,

∣∣bα(t, s, x) – bα(t, s, y)
∣∣ +

∣∣σα(t, s, x) – σα(t, s, y)
∣∣ ≤ L|x – y|,

t, s ∈ [, T], x, y ∈R
d,

and

∣∣bα(·, ·, )
∣∣ +

∣∣σα(·, ·, )
∣∣ ≤ L.
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(A) There exists a positive constant L, such that, for any α ∈R,

sup
≤t≤T

E
∣∣ψα(t)

∣∣ ≤ L,

∣∣fα(t, s, y, z, v) – fα(t, s, y, z, v)
∣∣ ≤ L

(|y – y| + |z – z| + |v – v|
)
,

t, s ∈ [, T], y, y ∈R
m, z, z, v, v ∈R

m×d,

and

∣∣fα(·, ·, , , )
∣∣ ≤ L.

The rest of this paper is organized as follows. In Section , we review the well-posedness
and continuity results for SVIEs depending on a parameter, and give the property of solu-
tions’ differentiability with respect to that parameter. Section  is devoted to studying the
continuity and differentiability of solutions to BSVIEs with respect to a parameter.

2 SVIEs with a parameter
Firstly, we present the definition of solution to SVIE (.).

Definition . For any α ∈ R, a stochastic process Xα(·) ∈ CF([, T]; L(�;Rm)) is called
an adapted solution to SVIE (.) on [, T] if (.) holds in the usual Itô’s sense for all
t ∈ [, T].

In the following, the well-posedness result comes from [–] and the property of con-
tinuity of solutions to (.) with respect to the parameter α comes from [, ].

Theorem . Let assumption (A) hold. Then, for any α ∈ R, SVIE (.) admits a unique
solution Xα(·). Furthermore, we have

sup
≤t≤T

E
∣∣Xα(t)

∣∣ ≤ C sup
≤t≤T

{
E

∣∣ϕα(t)
∣∣

+ E

(∫ t



∣∣bα(t, s, )
∣∣ds

)

+ E

(∫ t



∣∣σα(t, s, )
∣∣ ds

)}
,

where C is a constant.

Theorem . Assume that the coefficients ϕα(·), bα(·, ·, ·), σα(·, ·, ·) in (.) satisfy assump-
tion (A), and

lim
α′→α

sup
≤t≤T

E
∣∣ϕα′ (t) – ϕα(t)

∣∣ = ,

and that, for any N > , s, t ∈ [, T], s ≤ t and ε > ,

lim
α′→α

P
(

sup
|x|<N

(∣∣bα′ (t, s, x) – bα(t, s, x)
∣∣ +

∣∣σα′ (t, s, x) – σα(t, s, x)
∣∣) > ε

)
= .

Then

lim
α′→α

sup
≤t≤T

E
∣∣xα′ (t) – xα(t)

∣∣ = .
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Now, we are in the step to study the differentiability of solutions to SVIEs with respect
to a parameter. Firstly, we give the definition of derivative of random variables.

Definition . A random variable η is called the derivative of a family of random variables
{ξα} in L-norm if the following holds:

lim
�α→

E

∣∣∣∣ξα+�α – ξα

�α
– η

∣∣∣∣


= .

For convenience, we denote η by ∂αξα . The following result states the solutions’ differen-
tiability with respect to a parameter.

Theorem . Suppose assumption (A) hold. Let Xα(·) be solution to

Xα(t) = ϕα(t) +
∫ t


bα

(
t, s, Xα(s)

)
ds +

∫ t


σα

(
t, s, Xα(s)

)
dW (s), t ∈ [, T],

whereby the following conditions are satisfied:
() ∂αϕα(t) exists, and

lim
�α→

sup
≤t≤T

E

∣∣∣∣∂αϕα(t) –


�α

(
ϕα+�α(t) – ϕα(t)

)∣∣∣∣


→ ;

() ∂αbα(t, s, x) and ∂ασα(t, s, x) exist, and

lim
�α→

E

∫ T



{∣∣∣∣bα+�α(t, s, Xα(s)) – bα(t, s, Xα(s))
�α

– ∂αbα

(
t, s, Xα(s)

)∣∣∣∣


+
∣∣∣∣σα+�α(t, s, Xα(s)) – σα(t, s, Xα(s))

�α
– ∂ασα

(
t, s, Xα(s)

)∣∣∣∣
}

ds = ;

() ∂xbα(t, s, x) and ∂xσα(t, s, x) exist and are continuous with respect to all arguments,
and for some K

P
(∣∣∂xbα(t, s, x)

∣∣ ≤ K
)

= , P
(∣∣∂xσ

i
α(t, s, x)

∣∣ ≤ K
)

= , i = , , . . . , d.

Then Xα(·) is differentiable with respect to α, and ∂αXα(·), the derivative of Xα(·) with re-
spect to α, solves the following SVIE:

∂αXα(t) = ∂αϕα(t) +
∫ t



[
∂xbα

(
t, s, Xα(s)

)
∂αXα(s) + ∂αbα

(
t, s, Xα(s)

)]
ds

+
∫ t



[〈
∂xσα

(
t, s, Xα(s)

)
, ∂αXα(s)

〉
+ ∂ασα

(
t, s, Xα(s)

)]
dW (s), t ∈ [, T], (.)

where 〈∂xσα , ∂αXα〉 = (∂xσ
i
α∂αXα)≤i≤d .
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Proof For notational convenience, we can assume that m = d = . Denote Xα,�α(·) ≡


�α
(Xα+�α(·) – Xα(·)). Then this stochastic process satisfies

Xα,�α(t) =
ϕα+�α(t) – ϕα(t)

�α

+
∫ t



bα+�α(t, s, Xα+�α(s)) – bα(t, s, Xα(s))
�α

ds

+
∫ t



σα+�α(t, s, Xα+�α(s)) – σα(t, s, Xα(s))
�α

dW (s), t ∈ [, T].

(.)

Denote by Xα,(·) the solution to

Xα,(t) = ∂αϕα(t) +
∫ t


∂xbα

(
t, s, Xα(s)

)
Xα,(s) ds +

∫ t


∂xσα

(
t, s, Xα(s)

)
Xα,(s) dW (s)

+
∫ t


∂αbα

(
t, s, Xα(s)

)
ds +

∫ t


∂ασα

(
t, s, Xα(s)

)
dW (s), t ∈ [, T]. (.)

To simplify the above two equations, we introduce the following functions: for �α 
= ,

ϕ̃�α(t) ≡ ϕα+�α(t) – ϕα(t)
�α

+
∫ t



bα+�α(t, s, Xα(s)) – bα(t, s, Xα(s))
�α

ds

+
∫ t



σα+�α(t, s, Xα(s)) – σα(t, s, Xα(s))
�α

dW (s);

b̃�α(t, s, x) ≡
{

bα+�α (t,s,Xα+�α (s))–bα+�α (t,s,Xα (s))
Xα+�α (s)–Xα (s) x, Xα+�α(s) 
= Xα(s),

∂xbα+�α(t, s, Xα(s))x, Xα+�α(s) = Xα(s);

for �α = ,

ϕ̃(t) ≡∂αϕα(t) +
∫ t


∂αbα

(
t, s, Xα(s)

)
ds +

∫ t


∂ασα

(
t, s, Xα(s)

)
dW (s);

b̃(t, s, x) ≡ ∂xbα

(
t, s, Xα(s)

)
x.

Similarly, we can define σ̃�α(t, s, x) and σ̃(t, s, x). Using these functions we can express
(.) and (.) in the form

Xα,�α(t) = ϕ̃�α(t) +
∫ t


b̃�α

(
t, s, Xα,�α(s)

)
ds +

∫ t


σ̃�α

(
t, s, Xα,�α(s)

)
dW (s)

and

Xα,(t) = ϕ̃(t) +
∫ t


b̃

(
t, s, Xα,(s)

)
ds +

∫ t


σ̃

(
t, s, Xα,(s)

)
dW (s).

To prove the theorem, it is sufficient to show that

lim
�α→

E
∣∣Xα,�α(t) – Xα,(t)

∣∣ = . (.)

To obtain (.), due to Theorem ., it is only necessary to verify that

lim
�α→

sup
≤t≤T

E
∣∣ϕ̃�α(t) – ϕ̃(t)

∣∣ = , (.)
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and that, for each N > , ε > ,

lim
�α→

P
(

sup
|x|≤N

(∣∣̃b�α(t, s, x) – b̃(t, s, x)
∣∣ +

∣∣̃σ�α(t, s, x) – σ̃(t, s, x)
∣∣) > ε

)
= . (.)

Equation (.) can be obtained by Condition (), and (.) can be obtained by Condition ()
and Condition (). That completes the proof. �

The next result is an immediate consequence of Theorem ..

Corollary . Suppose that X(·) solves SVIE:

X(t) = x +
∫ t


b
(
t, s, X(s)

)
ds +

∫ t


σ
(
t, s, X(s)

)
dW (s), t ∈ [, T], (.)

where b(·, ·, ·), σ (·, ·, ·) satisfy assumption (A), and ∂xb(t, s, x) and ∂xσ (t, s, x) exist and are
continuous with respect to all arguments, and for some K

P
(∣∣∂xb(t, s, x)

∣∣ ≤ K
)

= , P
(∣∣∂xσ

i(t, s, x)
∣∣ ≤ K

)
= , i = , , . . . , d.

Then ∇X(·) (≡ (∂xi Xj)≤i,j≤m) solves the following SVIE:

∇X(t) = Im +
∫ t


∂xb

(
t, s, X(s)

)∇X(s) ds

+
∫ t



〈
∂xσ

(
t, s, X(s)

)
,∇X(s)

〉
dW (s), t ∈ [, T],

where Im ∈R
m×m is the unit matrix.

3 BSVIEs with a parameter
In this section, we consider the continuity and differentiability of solutions to BSVIEs of
the form (.) with respect to α. Firstly, we give the definition of solution to (.).

Definition . Let S ∈ [, T). For any α ∈ R, stochastic processes pair (Yα(·), Zα(·, ·)) ∈
H[S, T] is called an adapted M-solution to BSVIE (.) on [S, T] if (.) holds in the usual
Itô’s sense for almost all t ∈ [S, T] and, in addition, the following holds:

Yα(t) = E
(
Yα(t)|FS

)
+

∫ t

S
Zα(t, s) dW (s), a.e. t ∈ [S, T].

The following result comes from [, Theorem .].

Theorem . For any α, let (A) hold. Then BSVIE (.) admits a unique adapted M-
solution (Yα(·), Zα(·, ·)) ∈H[, T]. Moreover, the following estimate holds:

∥∥(
Yα(·), Zα(·, ·))∥∥

H[S,T] ≡ E

{∫ T

S

∣∣Yα(t)
∣∣ dt +

∫ T

S

∫ T

S

∣∣Zα(t, s)
∣∣ ds dt

}

≤ C
(

 + E

∫ T

S

∣∣ψα(t)
∣∣ dt

)
, ∀S ∈ [, T].
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Let f̄α and ψ̄α also satisfy (A), and (Ȳα(·), Z̄α(·, ·)) ∈ H[, T] be the adapted M-solution
to (.) with fα and ψα replaced by f̄α and ψ̄α , respectively. Then there exists a constant C
such that, for any S ∈ [, T],

∥∥(
Yα(·) – Ȳα(·), Zα(·, ·) – Z̄α(·, ·))∥∥

H[S,T]

≤ CE

{∫ T

S

∣∣ψα(t) – ψ̄α(t)
∣∣ dt

+
∫ T

S

∫ T

t

∣∣fα(
t, s, Yα(s), Zα(t, s), Zα(s, t)

)
– f̄α

(
t, s, Yα(s), Zα(t, s), Zα(s, t)

)∣∣ ds dt
}

.

In the sequel, we study the properties of continuity and differentiability of solutions
to BSVIEs depending on a parameter. For notational convenience, for fixed α, we write
(Y(·), Z(·, ·)) for (Yα (·), Zα (·, ·)). Let us make the following assumptions:

(A) The function α → (fα ,ψα) is continuous; i.e., for any α,
fα(t, s, Y(s), Z(t, s), Z(s, t)) – fα (t, s, Y(s), Z(t, s), Z(s, t)) converges to  in
L(, T ; L

F
(� × (, T);Rn)) and ψα – ψα converges to  in CF(�; L(, T ;Rn)) as

α → α.
(A) For any α ∈R, fα is differentiable with respect to (y, z, v) with uniformly bounded

derivatives denoted by ∂yfα , ∂zfα and ∂vfα which are uniformly continuous; i.e., for
any ε > , there exists δ such that, for any t, s ∈ [, T], y ∈R

n, z, v ∈R
n×d ,

∣∣∂yfα(t, s, y + h, z, v) – ∂yfα(t, s, y, z, v)
∣∣ < ε, |h| ≤ δ,

and the same holds for z, v parts and for ∂zfα , ∂vfα .
(A) The function α �→ (fα ,ψα) is differentiable; i.e., for any α, the functions

α �→ ψα(t), R→ CF(�; L(, T ;Rn)) and α �→ fα(t, s, Y(s), Z(t, s), Z(s, t)),
R → L(, T ; L

F
(� × (, T);Rn)) are differentiable at α with derivatives

∂αfα (t, s, Y(s), Z(t, s), Z(s, t)) and ∂αψα (t).

Theorem . Let the coefficients fα , ψα (α ∈ R) of BSVIEs (.) satisfy assumption (A),
and (Yα(·), Zα(·, ·)) be solutions.

. Suppose that fα , ψα satisfy assumption (A). Then the function α �→ (Yα(·), Zα(·, ·)),
R →H[, T] is continuous.

. Suppose that fα ,ψα satisfy assumptions (A)-(A). Then the function
α �→ (Yα(·), Zα(·, ·)), R→H[, T] is differentiable with derivatives given by
(∂αYα(·), ∂αZα(·, ·)), which is the solution to the following BSVIE:

∂αYα(t) = ∂αψα(t) +
∫ T

t

[
∂yfα

(
t, s, Yα(s), Zα(t, s), Zα(s, t)

)
∂αYα(s)

+
〈
∂zfα

(
t, s, Yα(s), Zα(t, s), Zα(s, t)

)
, ∂αZα(t, s)

〉

+
〈
∂vfα

(
t, s, Yα(s), Zα(t, s), Zα(s, t)

)
, ∂αZα(s, t)

〉

+ ∂αfα
(
t, s, Yα(s), Zα(t, s), Zα(s, t)

)]
ds

+
∫ T

t
∂αZα(t, s) dW (s), t ∈ [, T], (.)

where 〈∂zfα , ∂αZα〉 ≡ (∂zi fα∂αZi
α)≤i≤d and 〈∂vfα , ∂αZα〉 ≡ (∂vi fα∂αZi

α)≤i≤d .
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Proof Property  is an immediate consequence of Theorem .. Now, let us prove prop-
erty .

For simplicity, we can assume that α =  and m = d = . For any α 
= , put

�αY (·) ≡ Yα(·) – Y(·)
α

, �αZ(·, ·) ≡ Zα(·, ·) – Z(·, ·)
α

.

Then

�αY (t) =
ψα(t) – ψ(t)

α

+
∫ T

t

fα(t, s, Yα(s), Zα(t, s), Zα(s, t)) – f(t, s, Y(s), Z(t, s), Z(s, t))
α

ds

+
∫ T

t
�αZ(t, s) dW (s), t ∈ [, T]. (.)

For any α 
= , define

Aα(t, s) ≡
{

fα (t,s,Yα (s),Zα (t,s),Zα (s,t))–fα (t,s,Y(s),Zα (t,s),Zα (s,t))
Yα (s)–Y(s) , Yα(s) 
= Y(s),

∂yfα(t, s, Y(s), Zα(t, s), Zα(s, t)), Yα(s) = Y(s),

Bα(t, s) ≡
{

fα (t,s,Y(s),Zα (t,s),Zα (s,t))–fα (t,s,Y(s),Z(t,s),Zα (s,t))
Zα (t,s)–Z(t,s) , Zα(t, s) 
= Z(t, s),

∂zfα(t, s, Y(s), Z(t, s), Zα(s, t)), Zα(t, s) = Z(t, s),

Cα(t, s) ≡
{

fα (t,s,Y(s),Z(t,s),Zα (s,t))–fα (t,s,Y(s),Z(t,s),Z(s,t))
Zα (s,t)–Z(s,t) , Zα(s, t) 
= Z(s, t),

∂vfα(t, s, Y(s), Z(t, s), Z(s, t)), Zα(s, t) = Z(s, t),

and

hα(t, s) ≡ fα(t, s, Y(s), Z(t, s), Z(s, t)) – f(t, s, Y(s), Z(t, s), Z(s, t))
α

.

By virtue of Aα(·, ·), Bα(·, ·), Bα(·, ·), hα(·, ·), we can define

Fα(t, s, y, z, v) ≡ Aα(t, s)y + Bα(t, s)z + Cα(t, s)v + hα(t, s).

Hence, BSVIE (.) can be written as

�αY (t) =
ψα(t) – ψ(t)

α
+

∫ T

t
Fα

(
t, s,�αY (s),�αZ(t, s),�αZ(s, t)

)
ds

+
∫ T

t
�αZ(t, s) dW (s), t ∈ [, T]. (.)

On the other hand, denote

F(t, s, y, z, v) ≡ ∂yf
(
t, s, Y(s), Z(t, s), Z(s, t)

)
y + ∂zf

(
t, s, Y(s), Z(t, s), Z(s, t)

)
z

+ ∂vf
(
t, s, Y(s), Z(t, s), Z(s, t)

)
v + ∂αf

(
t, s, Y(s), Z(t, s), Z(s, t)

)
,
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and introduce the following BSVIE:

∂αY(t) = ∂αψ(t) +
∫ T

t
F

(
t, s, ∂αY(s), ∂αZ(t, s), ∂αZ(s, t)

)
ds

+
∫ T

t
∂αZ(t, s) dW (s), t ∈ [, T]. (.)

By property  of this theorem, we know that (Yα(·), Zα(·, ·)) converges to (Y(·), Z(·, ·))
in H[, T]. We now have to prove that (�αY (·),�αX(·, ·)), the solution to BSVIE (.),
converges to (∂αY (·), ∂αZ(·, ·)), the solution to BSVIE (.), in H[, T], as α tends to .
Also by property , it is sufficient to check

Fα

(
t, s, ∂αY(s), ∂αZ(t, s), ∂αZ(s, t)

) −→ F
(
t, s, ∂αY(s), ∂αZ(t, s), ∂αZ(s, t)

)

in L(, T ; L
F

(
� × (, T)

))
(.)

and

ψα(·) – ψ(·)
α

−→ ∂αψ(·) in L
F

(
� × (, T)

)
. (.)

Equation (.) can be gotten by assumption (A). Now, we check (.).
Notice that

Aα(t, s) =
∫ 


∂yfα

(
t, s, Y(s) + λ

(
Yα(s) – Y(s)

)
, Zα(t, s), Zα(s, t)

)
dλ.

Consequently,

E

∫ T



∫ T



∣∣Aα(t, s) – ∂yfα
(
t, s, Y(s), Zα(t, s), Zα(s, t)

)∣∣∣∣∂αY(s)
∣∣ ds dt

= E

∫ T



∫ T



∣∣∣∣
∫ 


∂yfα

(
t, s, Y(s) + λ

(
Yα(s) – Y(s)

)
, Zα(t, s), Zα(s, t)

)
dλ

– ∂yfα
(
t, s, Y(s), Zα(t, s), Zα(s, t)

)∣∣∣∣
∣∣∂αY(s)

∣∣ ds dt

≤ E

∫ T



∫ T



∫ 



∣∣∂yfα
(
t, s, Y(s) + λ

(
Yα(s) – Y(s)

)
, Zα(t, s), Zα(s, t)

)

– ∂yfα
(
t, s, Y(s), Zα(t, s), Zα(s, t)

)∣∣∣∣∂αY(s)
∣∣ dλds dt. (.)

Set � = {|Yα(s) – Y(s)| ≤ δ}. Hence, by assumption (A),

E

∫ T



∫ T



∫ 



∣∣∂yfα
(
t, s, Y(s) + λ

(
Yα(s) – Y(s)

)
, Zα(t, s), Zα(s, t)

)

– ∂yfα
(
t, s, Y(s), Zα(t, s), Zα(s, t)

)∣∣∣∣∂αY(s)
∣∣ dλds dt

≤ E

∫ T



∫ T



[
ε∣∣∂αY(s)

∣∣ + Lχ�c


∣∣∂αY(s)
∣∣]ds dt

≤ εTE

∫ T



∣∣∂αY(s)
∣∣ ds + LTE

∫ T


χ�c



∣∣∂αY(s)
∣∣ ds. (.)
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Now, we estimate the second term on the right side of the above inequality. For given
M > , define � = {|∂αY(s)| ≤ M}. Then

E

∫ T


χ�c



∣∣∂αY(s)
∣∣ ds

= E

∫ T


χ�c


χ�

∣∣∂αY(s)
∣∣ ds + E

∫ T


χ�c


χ�c



∣∣∂αY(s)
∣∣ ds

≤ E

∫ T


χ�c


χ� M |Yα(s) – Y(s)|

δ ds + E

∫ T


χ�c



∣∣∂αY(s)
∣∣ ds

≤ M

δ E

∫ T



∣∣Yα(s) – Y(s)
∣∣ ds + E

∫ T


χ{|∂αY(s)|>M}

∣∣∂αY(s)
∣∣ ds. (.)

By the Lebesgue dominated convergence theorem, since ∂αY(·) ∈ L
F

(� × (, T)), one de-
duces that

E

∫ T


χ{|∂αY(s)|>M}

∣∣∂αY(s)
∣∣ ds → . (.)

By property , Yα(·) → Y(·) in L
F

(� × (, T)), one gets

M

δ E

∫ T



∣∣Yα(s) – Y(s)
∣∣ ds → . (.)

Equation (.), together with (.)-(.), yields

E

∫ T



∫ T



∣∣Aα(t, s) – ∂yfα
(
t, s, Y(s), Zα(t, s), Zα(s, t)

)∣∣∣∣∂αY(s)
∣∣ ds dt → . (.)

Denote � = {|Zα(t, s) – Z(t, s)| ≤ δ}. Then

E

∫ T



∫ T



∣∣∂yfα
(
t, s, Y(s), Zα(t, s), Zα(s, t)

)

– ∂yfα
(
t, s, Y(s), Z(t, s), Zα(s, t)

)∣∣∣∣∂αY(s)
∣∣ ds dt

≤ εTE

∫ T



∣∣∂αY(s)
∣∣ ds + L

E

∫ T



∫ T


χ�c



∣∣∂αY(s)
∣∣ ds dt

≤ εTE

∫ T



∣∣∂αY(s)
∣∣ ds +

LM

δ E

∫ T



∫ T



∣∣Zα(t, s) – Z(t, s)
∣∣ ds dt

+ LTE

∫ T


χ{|∂αY(s)|>M}

∣∣∂αY(s)
∣∣ ds

→ .

(.)

Similarly, we can check that

E

∫ T



∫ T



∣∣∂yfα
(
t, s, Y(s), Z(t, s), Zα(s, t)

)

– ∂yfα
(
t, s, Y(s), Z(t, s), Z(s, t)

)∣∣∣∣∂αY(s)
∣∣ ds dt → . (.)
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Combining (.) with (.), (.), we can obtain

E

∫ T



∫ T



∣∣Aα(t, s) – ∂yfα
(
t, s, Y(s), Z(t, s), Z(s, t)

)∣∣∣∣∂αY(s)
∣∣ ds dt → . (.)

With a similar procedure, we can get

E

∫ T



∫ T



∣∣Bα(t, s) – ∂zfα
(
t, s, Y(s), Z(t, s), Z(s, t)

)∣∣∣∣∂αZ(t, s)
∣∣ ds dt → ,

E

∫ T



∫ T



∣∣Cα(t, s) – ∂vfα
(
t, s, Y(s), Z(t, s), Z(s, t)

)∣∣∣∣∂αZ(s, t)
∣∣ ds dt → ,

(.)

and

E

∫ T



∫ T



∣∣hα(t, s) – ∂αf
(
t, s, Y(s), Z(t, s), Z(s, t)

)∣∣ ds dt → . (.)

By (.)-(.), we prove (.). That completes the proof. �

An immediate consequence of Theorem . is now the following.

Corollary . Suppose that (Y (·), Z(·, ·)) is the solution to BSVIE:

Y (t) = ψ
(
X(t)

)
+

∫ T

t
f
(
t, s, Y (s), Z(t, s), Z(s, t)

)
ds

+
∫ T

t
Z(t, s) dW (s), t ∈ [, T], (.)

where ψ(·) is differentiable and f (·, ·, ·, ·, ·) is differentiable with respect to (y, z, v) with uni-
formly bounded derivatives. Here X(·) solves SVIE (.) and the coefficients b(·, ·, ·), σ (·, ·, ·)
satisfy the assumptions in Corollary .. Then (∇Y (·),∇Z(·, ·)) solves the following BSVIE:

∇Y (t) = ∂xψ
(
X(t)

)∇X(t) +
∫ T

t
∂yf

(
t, s, Y (s), Z(t, s), Z(s, t)

)∇Y (s)

+
〈
∂zf

(
t, s, Y (s), Z(t, s), Z(s, t)

)
,∇Z(t, s)

〉

+
〈
∂vf

(
t, s, Y (s), Z(t, s), Z(s, t)

)
,∇Z(s, t)

〉
ds

+
∫ T

t
∇Z(t, s) dW (s), t ∈ [, T]. (.)

4 Conclusions
In this paper, we consider the properties of continuity and differentiability of solutions
to two kinds of stochastic Volterra integral equations: forward equations (Theorem .)
and backward equations (Theorem .). As an application, we obtain the deeper well-
posedness results on the structure of the solution to forward/backward stochastic Volterra
integral equations (Corollaries . and .).
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