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Abstract

We obtain upper bounds for the decay rate for solutions to the nonlocal problem
dulx, t) = f]R” Jo,uly, t) = ulx, P2 (uly, 1) - ulx, 1)) dy with an initial condition

up € L'"R") N L®(R") and a fixed p > 2. We assume that the kernel J is symmetric,
bounded (and therefore there is no regularizing effect) but with polynomial tails, that
is, we assume a lower bounds of the form J(x,y) > ¢;|x - y|7"*2%), for |x - y| > ¢; and

n 1
Jx,y) = ¢, for [x - y| < ¢5. We prove that [Ju(-, )| a@ny < Ct #2725 "3 for g > 1 and t
large.
MSC: 35K05;45P05; 35B40
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1 Introduction
In this paper we deal with nonlocal Cauchy problems of the form

du(x,t) = /Rn J(x,y) | u(y,t) — ulx, t) |p72 (u(y, 1) —u(x, ) dy (1.1)

for t € R, and x € R” with n > 2, a fixed p > 2 and an initial condition u(x,0) = u((x)
satisfying uy € L'(R") N L®(R"). As regards the kernel J, we will always assume that it
is a bounded and symmetric function defined for (x,y) € R” x R” together with the in-
tegrability condition J(-,y) € L}(R”) for all y € R”. Under these hypotheses existence and
uniqueness of a solution follow from a fixed point argument as in [1].

Nonlocal problems have been recently widely used to model diffusion processes (see
[2] and [3] for a general nonlocal vector calculus). Problem (1.1) and its stationary ver-
sion have been considered recently in connection with real applications, for example to
peridynamics or a recent model for elasticity. We quote for instance [4—8] and the recent
book [1].

Our main goal here is to obtain upper bounds for the asymptotic behavior of the solution
of (1.1) as t — +o0. It is expected that the diffusive nature of the equation implies that the
solution goes to zero when ¢ — +00.

To obtain our results the key assumptions are the following lower bounds for J:

Jx,9) = calx —y|_(”+2") for [x—y|>c; and
(1.2)

J(x,y) =1 for |x—y| <cy

for certain constants ¢;,¢; > 0, and o € (0,1). For simplicity we will assume ¢, = 1.
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The main result of this paper reads as follows.

Theorem 1.1 Let n>2, q € [1,+00) and o € (0,1). Let ] be a kernel satisfying (1.2). Then
the solution of (1.1) associated to an initial condition uy € L*(R")NL®(R") decays in L1(R")
with the upper bound

. n -1
” M(" t) ||Lq(]R”) = Ct w220 a q)’ (1.3)
where the constant C depends on uy, q, o, and n.

Let us end the introduction with some comments on the previous bibliography. For the
linear case, p = 2, and for smooth kernels J with compact support, it is proven in [9] that
the solution « of (1.1) has the decay estimate

4,0 gy < CEH0

for any g € [1,00). Note that this decay rate is the same as the one that holds for solutions
of the classical Heat equation. In the case of an equation in convolution form, that is,
when J(x,7) = K(x — y) with K a nonnegative radial function, not necessarily compactly
supported, it is proven in [10] that the solutions of equations with the form (1.1) have the
decay estimate
|uC,2) ”Lq(]Rn) = ct %07,

provided the function K has a Fourier transform satisfying the expansion KE) =1-
A|E|* +0(|&]%°) for £ ~ 0, where A > 0 is a constant. In this case the decay estimate is anal-
ogous to the one for the o -order fractional heat equation, v; = —(-A)%v, with o € (0,1).
We also note that the convolution form of the equation allows the use of Fourier analysis
to obtain this result. However, the use of Fourier analysis is not helpful here due to fact
that our operator is not in convolution form. In spite of this difficulty, energy methods can
be applied; see [9, 11]. We also mention the recent reference [12], where similar estimates
can be found for nonlocal equations with unbounded kernels. We borrow ideas and tech-
niques from these references. In particular we use Proposition 3.2 of [11] (whose proof is
included here for completeness). However, we have to point out that in [12] and [11] only
the linear case, that is, p = 2, was treated, while here we deal with (1.1) for any p > 2. For
examples of kernels with exponential decay bounds we refer to [13] and [14]. Finally, we
point out that our results are also valid for unbounded kernels (in the spirit of [12]) since
only lower bounds are assumed in (1.2).

The case 1 < p < 2 remains open as well as the corresponding estimate for the L*-norm.

2 Basic facts and preliminaries

First, we need to introduce fractional Sobolev spaces and their seminorms, we refer to
[15] for details. For o € (0,1) and r € [1,00), W"(IR") is the fractional Sobolev space of all
L"(R”) functions with finite fractional seminorm [v], ,, given by

v, = / /R y W+ D vl 2.1)

|Z|n+r(r
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Under these definitions, we have the following fractional Sobolev-type inequality: there
exists a constant C > 0 such that, for each v € W7 (R”) with or < 1, we have

||V||ES(]RM) =< C[V];,rr (2.2)

where s = nr/(n —or) (see [15]).
First, we consider a positive smooth function v : R” — R with the following properties:

supp(¥) C By and Yx)dx =1. (2.3)
R}‘l

With the aid of this function, we split a function # into two parts. We will denote the
‘smooth’ part of u as v and the remaining as w. We let

v(x, t) = /Rn Y (x—2)ulz, t)dz; w(x, t) := u(x, t) — v(x, t). (2.4)

Sometimes, for simplicity in the notation and where the context is clear, we will write #,
v, and w as functions depending only of x.

As a first property of this decomposition we find that each L norm of the functions v
and w is controlled by the corresponding norm of u.

Lemma 2.1 Let v and w be given by (2.4). For each r € (1, +00), we have
VlIr@n < uller@ey  and  wlr@e < l|lullergs.

Proof We start with v. Denoting ' = r/(r — 1) the Holder conjugate of r and using the
definition of v, we have

/l;{ﬂ|v(x)|rdx = /ﬂ;n /11;{” v (x = y)uly) dy
i /R /R Y@= =) u) dy

r r 1rqr
LI we-na) ([ ve-nluola) |

[ o [ vts-ydsay

|
< | |u6)| dy.

R

dx

dx

IA

The inequality for w easily follows immediately from the triangular inequality in L". [
Now we state a key result to get the desired estimate on the decay rate.

Proposition 2.2 Let n > 2 and let ] : R” x R" — R, be a kernel satisfying (1.2), V satis-
fying (2.3), B € [0,1), and r > max{1,28}. Then there exists a constant C > 0 such that, for
all u € L'(R") and v, w defined in (2.4), we have

[V];ﬁr‘l,r + ”W”ZY(R”) S C\/‘/l;zn ](x,y)|bl(x) - u(y)|rdxdy, (2.5)

The constant C depends on ', B, r, and n.


http://www.boundaryvalueproblems.com/content/2014/1/109

Esteve et al. Boundary Value Problems 2014, 2014:109 Page 4 of 10
http://www.boundaryvalueproblems.com/content/2014/1/109

Proof For the estimate concerning w, we have
/ |w(x)|rdx = / |u(x) - v(x)\rdx
R R

:/Rn u(x)-/Rnl//(x-z)u(z)dz

= / / ¥ (x - 2) (u(x) - u(2)) dz
Rn Rn

_ / f W= 2V = 2V () — () diz
R7 | JR?

dx

dx

dx.

Applying Holder’s inequality, we get

rlr’
‘/Rn|w(x)|rdx§ /Rn</w w(x—z)dz) (/1;{” w(x—z)|u(x)—u(z)|rdz> dx

5/}1@% /]R” 1/f(x—z)|u(x)—u(z)| dzdx,

where ¥’ =r/(r - 1).

Since ¥ is supported in B;, we have ¥ (x — z) < J(x,z) for all |x — z| > 1, and, since J
verifies J(x,z) > ¢; for |x — z| <1, there exists a constant C depending only on || such
that ¥ (x — z) < CJ(x,z). Then

||W||2r(Rn) < C//z ](x,y)|1/l(x) — u(y)|rdxdy-
R n
Now we deal with the term with v. We split the fractional seminorm as

A [
’ Je—y|>1 e J’|”+ﬂ lx—y|<1 | yl”*ﬂ

=idext + Iint

and look at these integrals separately. For Iy, using the definition of v we have

Iext = /:/
[x=y[>1

Now, we can think of the measure p(dz) = ¥ (z) dz as a probability measure (because of

lx — yl_('”w) dxdy.

/l‘{n (u(x—2) —u(y —2))¥ (2) dz

(2.3)), and since the function ¢ > |¢|" is convex in R, we can apply Jensen’s inequality on
the dz-integral in right-hand side of the last expression to obtain

Iyt < // ‘u(x —z)—u(y- Z)’rl/f(z) dz|x —y|—("+2ﬁ) dxdy,
[x—y|>1 JR"

which, after an application of Fubini’s theorem, gives

.y w<z>( J[ lut2 -ty w2 dxdy) dz.
RrR~7 [x—y|>1
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Then, applying the change ¥ = x — z, J = ¥ — z in the dxdy integral and using (2.3), we
conclude

Lo < A; w<z>< f /| ll|u<5c)—u@)!’w—&r("”ﬂ)dfcd&) dz
n X—y|>

i / / |u(@) ~ u@)[ |2 - 517 di dy.
E-51>1
Using this last expression, we obtain from the assumption (1.2) that

L <C f fR Tt - u)| dxay. (2.6)

Now we deal with fiy:. In this case, using the definition of v, we can write

Iint = ff
[x—yl<1

Note that by using (2.3), we have for all x,y € R”

|x — yl’(""zﬂ) dxdy. (2.7)

| w2 - p-2) de

/Rn u@) (Y0~ 2) — Py - 2)) de = u(x)( [ wie-2de- Rnw—zmz) ~o,
and then

[ a2 - v-2)dz= [ (ue) - uw) (e -2 - w-2) .
Thus, using this equality with (2.7), we get

Iint = //
[x—yl<1

However, note that if |x — z| > 2 in the dz integral, since |x — y| <1 necessarily |y —z| > 1.

/Rn (u(z) - u(x)) (Y (x - 2) - Y (y - 2)) dz| |x -y~ ") dxdy.

Then, due to the fact that i is supported in the unit ball, the contribution of the integrand
when |x — z| > 2 is null in the dz integral. Taking this into account, applying Holder’s

inequality into the dz-integral, we have

Iint = //
[x—yl<1

X | —y|_(”+2ﬁ) dxdy

= //;c—y<l (-/x-z|<2 |u(z) ) |r dZ)

, rlr
X (f lvx-2) -vy-2)| d%) lx — y|""*28) dx dy.
|x—2z|<2

r

/| | 2(M(Z) —ux)(V(x-2) - ¥ (y-2))dz

By Fubini’s theorem we can write

I = / . ( /| CCRC) dz) W(x) dx,

Page 5 of 10


http://www.boundaryvalueproblems.com/content/2014/1/109

Esteve et al. Boundary Value Problems 2014, 2014:109
http://www.boundaryvalueproblems.com/content/2014/1/109

where

rir
W(x) = _Z)_ _3 ’/d~ — |~ #28) g,
) / _M(/x | ve=n=u0-2) z) =y 428 gy

Using the regularity of v, we have

rlr
W(x) < f ( f DY |I%g | — 31" d%) v — y|72P) dy
lx—y|<1 |x—Z|<2

< DY I Bl / =y e — 42 iy,
w—yl<l

and since r > 28, we conclude that the last integral is convergent, obtaining
V() < Cop DY I |Bol™

which leads to the following estimate for [j,:

Iine < C/ / |u(z) — u(x)|" dz dx.
xeR? J |x—z|<2

From this, it is easy to get

|u(z) — u(x)|”
e <C / T dzdy,
' wozj<a (1+ |2 — 228

which, by the use of (1.2), let us conclude that
It < C//2 ](x,y)}u(x) _u(y)|’dxdy.
R n
This last estimate together with (2.6) concludes the proof.

3 Proof of Theorem 1.1

As mentioned in the introduction, existence and uniqueness of solutions to problem (1.1)
follows as in [1]. In fact, the symmetry, boundedness, and integrability assumptions over
J allow us to perform a fixed point argument to obtain the following result, whose proof

is omitted.

Theorem 3.1 Let ug € LY(R”) NL®(R"), then there exists a unique solution u € C([0, +00),
LY(R") N L*®(R")) of equation (1.1). This solution satisfies (s Ol ey < Nttollprgny and

lu(-, Ol ooy < ol Loown) for all t > 0.

Now, let us introduce the main idea behind the energy methods. To clarify the exposi-
tion, let us perform these computations in the local case and next see how we can adapt
them to our nonlocal problem with the help of Proposition 2.2. Let us describe briefly
how the energy method can be applied to obtain decay estimates for local problems. Let
us begin with the simpler case of the estimate for solutions to the p-Lapacian evolution

equation in L2-norm. Let u be a solution to

O = Apu.

Page 6 of 10
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If we multiply the equation by u and integrate in R”, we obtain

1
8,/ —uz(x,t)dx=—f |Vu(x, t) | dx.
R” 2 R”

Now we use Sobolev’s inequality

. plp*
/ |Vu(x,t)|pdx2 C(/ |u(x,t)|p dx)
R R

with p* = pn/(n — p) to obtain

. pip*
at/ uz(x,t)de—C(/ |u(x, )| dx) .
R” R”

If we use interpolation and that ||u(, £)||;1gn) < C(u) for any £ > 0, we have

””("t) ||L2(]R”) = ””("t) “zl(Rn) “("t)“;g(ﬂw = C”“(" t) “ng(ﬂv)

with « determined by

1- 1 1 *
:ot+—a, thatis,a:(———> p .
p* 2 p) -1

1
2

Hence we get

at/ uz(x,t)dxg—C(/ uz(x,t)dx)u

from where the decay estimate
-3 Gt
utt) ||L2(R”) <Ct 2427, >0,
follows. To obtain a decay bound for ||u(-, t)||La@~) we can use the same idea multiplying
by u?7! at the beginning.

Now we are ready to proceed with the proof of our main result.

Proof of Theorem 1.1 The symmetry assumption on J allows us to mimic this idea and use
an energy approach in order to get Theorem 1.1. Roughly speaking, this assumption allows
us to ‘integrate by parts’ (1.1). For g = 1 the proof is finished by Theorem 3.1. For g > 1 we
multiply the equation by g|u|?~?u and integrate, obtaining the identity

q _ _Z _ p-2 _
8:/Rn|u(x)| dx = 2/4y](x,y)|u(y) u(x)| (u(y) u(x))

x (|u)| " uy) - |u@®)| " ux)) dydx, 3.1)

where we omitted the dependence on ¢ of the function u for simplicity.
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Now we recall the following inequality (whose proof is straightforward): let g > 1 and
a,b #0. Then there exists a constant C depending only on g, such that

(a-b)(lal*?a - |b|"b) = Cla - b|".

Hence, using this inequality with (3.1), we conclude

3t||“||zq(Rn) = _C//Rz” ](x,y)|u(y) - M(x)|p_2+q dydx =: —CE(u). (3.2)

Note that we find that the L7-norm of u is decreasing in ¢. At this point we would like to
use Sobolev’s inequality, which is not available due to the lack of regularizing effect of our
nonlocal operator. Instead we will use Proposition 2.2, which involves a good control of
the smooth part v (but we have to take care of the rough part w).

Let us fix g > 2 (the case 1 < g < 2 will be tackled at the end of this proof using interpo-
lation). By the definition of v and w in (2.4), we have

”MHZq(Rn) = 2q_1(||V||zq(]Rn) + ||W||Zq(]Rn))' (3.3)
Now we note that v belongs to L? for all p. Hence, we can interpolate, obtaining

q(1-9)
1V gy < VIS IV s

with

_nlp+g-2)
- n-20

where 0 is given by

[a—

s(g—-1)
q(s-1)

0
—=—+(1-6), thatis, 0=
s

BN

Recalling [|v||pygny < llue(, D)1l 1wy < 1ol 1y and the Sobolev-type inequality (2.2), we
obtain

6
W 13agn < COIL, o (3.4)

where 6 = 20 (p + g — 2)7! and the constant C depends on uy, ¢, o, and .
Concerning w we can also interpolate and obtain

q qy q(1-y)
”W”LQ(RVI) = ||W||Lp+q—2(]Rn ”W”Ll R")’

with y given by

-2)(g-1
=L+(1—y), thatis,y:w.

1
qg p+q-2 qp+q-3)

Note that we are using that p > 2 here. Now we use

Wiy < 4o D] 1y < Netoll ey

Page 8 of 10
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to get
1910y < CIWND g2 gy (35)
with C depending on uy, ¢, o, and n.
From (3.3), (3.4), and (3.5) we obtain
[ el 1 A of 7 A (3.6)

Now we use Proposition 2.2, with r = p + ¢ — 2 and 8 = o, to obtain

_49 ay
”V”Ls Ry = C(E(bt)) r+4-2  gnd ||W| ZZW*Z(R;«) < C(E(u))p+q—2

and we conclude that

90 qy
”u”Z‘I(R") =< C(E(Lt)) pre-2 4 C(E(u)) P2
that is,

_I(HUHZq(Rn)) <E(u)

q0 qy
with H(z) = CzP*42 + CzPra2, Since ||u||zq(R,,)(t) < ||u0||zq(R,,) (recall that the L7-norm of

qy

T3 We have

the solution decreases) and —L— <

p+q p+q-2

) pq=2
B (”M”Zq(]Rn)) = C(”””Zq(]R”)) qH

Then, from (3.2), we obtain

+q-2

Ouus )z = ~CEG) = ~CH (1l faer) < —C(Ilullﬁmn))p"—",
from which it follows that

0]y < P,
that is,

410y = C T2,

as we wanted to show.
Now we deal with the case 1 < g < 2. We can interpolate, obtaining

” ”Lq R7) — ” | L2(R") HLl(R”

with

NIQD

1
+(1-0), thatis, 0= 2(1— —).
q

'Ql’—‘
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As we have already proved that

utt) ”LZ(]R") =Ct 757 and - 0) ”Ll(R") =G

we conclude

forl<g<2.

)

a-1

(-, ) ||MW) < Ct
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