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Umvgm of China, Tianjin, 300300 Let H;, H,, H; be real Hilbert spaces, let A: Hy — Hs, B: H, — Hs3 be two bounded

PR. China linear operators. Moudafi introduced simultaneous iterative algorithms (Trans. Math.

Program. Appl. 1:1-11, 2013) with weak convergence for the following split common
fixed-point problem:

findx e F(U),y € F(T) suchthat Ax=B8By, (1)

where U:H; — Hy; and T : H, — H, are two firmly quasi-nonexpansive operators with
nonempty fixed-point sets F(U) = {x € H; : Ux=x} and F(T) = {x € H, : Tx = x}. Note
that by taking H, = H3 and B =/, we recover the split common fixed-point problem
originally introduced in Censor and Segal (J. Convex Anal. 16:587-600, 2009). In this
paper, we will continue to consider the split common fixed-point problem (1)
governed by the general class of generalized asymptotically quasi-nonexpansive
mappings. To estimate the norm of an operator is a very difficult, if it is not an
impossible task. The purpose of this paper is to propose a simultaneous iterative
algorithm with a way of selecting the stepsizes such that the implementation of the
algorithm does not need any prior information as regards the operator norms.
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1 Introduction and preliminaries

Throughout this paper, we always assume that H is a real Hilbert space with the inner
product (,-) and the norm || - ||. Let 7 : H — H be a mapping. A point x € H is said to be
a fixed point of T provided Tx = x. In this paper, we use F(T') to denote the fixed point set
and use — and — to denote the strong convergence and weak convergence, respectively.

We use w,,(xx) = {x: Jog; — x} stand for the weak w-limit set of {x;}.
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Let C and Q be nonempty closed convex subset of real Hilbert spaces H; and H,, re-
spectively. The split feasibility problem (SFP) is to find a point

x € C suchthat AxeQ, (1.1)

where A : Hy — H, is a bounded linear operator. The SFP in finite-dimensional Hilbert
spaces was first introduced by Censor and Elfving [1] for modeling inverse problems which
arise from phase retrievals and in medical image reconstruction [2]. Recently, it has been
found that the SFP can also be used in various disciplines such as image restoration, com-
puter tomograph and radiation therapy treatment planning [3—5]. Various algorithms have
been invented to solve it, etc. (see [6—9] and references therein).

Note that if the split feasibility problem (1.1) is consistent (i.e., (1.1) has a solution), then
(1.1) can be formulated as a fixed point equation by using the fact

Pc(I - yA*(I - Po)A)x* = x*. (1.2)

That is, x* solves the SFP (1.1) if and only if x* solves the fixed point equation (1.2) (see
[10] for the details). This implies that we can use fixed point algorithms (see [10-13]) to
solve SFP. A popular algorithm that solves the SFP (1.1) is due to Byrne’s CQ algorithm [2],
which is found to be a gradient-projection method (GPM) in convex minimization.

In [14], Censor and Segal consider the following split common fixed-point problem
(SCEP):

find x* € F(UI) suchthat Ax™ e F(T), (1.3)

where A : H — H, is a bounded linear operator, U : H; — H; and T : H, — H, are two
nonexpansive operators with nonempty fixed-point sets. To solve (1.3), Censor and Segal
[14] proposed and proved, in finite-dimensional spaces, the convergence of the following
algorithm:

Kps1 = L[(xk +yAYT -DAx), k€N,

where y € (0, %), with A being the largest eigenvalue of the matrix A’A (A’ stands for ma-
trix transposition). SCFP (1.3) is in itself at the core of the modeling of many inverse prob-
lems in various areas of mathematics and physical sciences and has been used to model
significant real-world inverse problems in sensor networks, in radiation therapy treatment
planning, in resolution enhancement, in wavelet-based denoising, in antenna design, in
computerized tomography, in materials science, in watermarking, in data compression, in
magnetic resonance imaging, in holography, in color imaging, in optics and neural net-
works, in graph matching, etc. (see [15, 16]).

Let Hy, H,, H; be real Hilbert spaces, let A : Hy — Hs, B : H, — H3 be two bounded
linear operators, let U : H; — H; and T : Hy — Hj be two firmly quasi-nonexpansive op-

erators. In [17], Moudafi introduced the following split common fixed-point problem:

findx € F(U),y € F(T) suchthat Ax =By, (1.4)
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which allows asymmetric and partial relations between the variables x and y. The interest
is to cover many situations, for instance, in decomposition methods for PDEs, applications
in game theory and in intensity-modulated radiation therapy (IMRT). In decision sciences,
this allows to consider agents who interplay only via some components of their decision
variables (see [18]). In IMRT, this amounts to envisaging a weak coupling between the
vector of doses absorbed in all voxels and that of the radiation intensity (see [3]). If H; = H3
and B = I, then SCFP (1.4) reduces to SCFP (1.3).

For solving the SCFP (1.4), Moudafi [17] introduced the following alternating algorithm:

K1 = Uk — vieA*(Axg — Byi)),
Vi1 = Tk + yiB* (Axp1 — Byk))

(1.5)

for firmly quasi-nonexpansive operators U and T, where non-decreasing sequence yj €
11
ha’ hp
Very recently, Moudafi [19] introduced the following simultaneous iterative method to

solve SCFP (1.4):

(&, min ( ) — €), Aa, Ap stand for the spectral radiuses of A*A and B*B, respectively.

K = U(xr — YA (Axy — By)),
Vi = Tk + viB* (Axy — Byy))

(1.6)

for firmly quasi-nonexpansive operators U and T, where yx € (e, M%AB —¢), ha, Ap stand
for the spectral radiuses of A*A and B*B, respectively.

Note that in the algorithms (1.5) and (1.6) mentioned above, the determination of the
stepsize {yx} depends on the operator (matrix) norms ||A|| and || B|| (or the largest eigen-
values of A*A and B*B). In order to implement the alternating algorithm (1.5) and the
simultaneous algorithm (1.6) for solving SCFP (1.4), one has first to compute (or, at least,
estimate) operator norms of A and B, which is in general not an easy work in practice.
To overcome this difficulty, Lépez et al. [20] and Zhao and Yang [21] presented a helpful
method for estimating the stepsizes which do not need prior knowledge of the operator
norms for solving the split feasibility problems and multiple-set split feasibility problems,
respectively. Inspired by them, in this paper, we introduce a new choice of the stepsize
sequence {yx} for the simultaneous iterative algorithm to solve SCFP (1.4) governed by

generalized asymptotically quasi-nonexpansive operators as follows:

2||Ax; — By
Vi € <0, [ ; Vil 2>' 1.7)
|A*(Axy — Byi) 1> + || B*(Axr — Byi) |

The advantage of our choice (1.7) of the stepsizes lies in the fact that no prior information
as regards the operator norms of A and B is required, and still convergence is guaranteed.
Now let us recall some definitions, notations and conclusions which will be needed in

proving our main results.

Definition 1.1 A mapping T : H — H is called demiclosed at the origin if, for any se-
quence {x,} which weakly converges to x, if the sequence {7x,} strongly converges to 0,
then Tx = 0.
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Definition 1.2 (1) A mapping T : H — H is said to be nonexpansive if

1Tx - Tyl < llx—yll, Vxy) €H xH.

(2) A mapping T : H — H is said to be firmly nonexpansive if
1T = TyI> < lx=y1° = (e =) = (Te = )", ¥(x,9) € H x H.

(3) A mapping T : H — H is said to be quasi-nonexpansive if F(T') # #J such that
ITx—qll < llx—ql, V(xq)€H xF(T).

(4) A mapping T : H — H is said to be firmly quasi-nonexpansive if F(T) # { such that
ITx—ql* < llx—ql* - - Tx|*, V(x,q) € H x F(T).

(5) A mapping T : H — H is said to be asymptotically nonexpansive if there exists a
nonnegative real sequence {/;} with [y — 0 such that for each k > 1,

| 7%~ Ty |* < llx = y1 + hellw - 917, ¥(x,9) € H x H.

(6) A mapping T : H — H is said to be asymptotically quasi-nonexpansive if F(T') # ¢
and there exists a nonnegative real sequence {/;} with [t — 0 such that for each k > 1,

| T* % —q|* < llx—ql* + kllx— gl V(x,q) € H x F(T).

(7) A mapping T : H — H is said to be generalized asymptotically quasi-nonexpansive
mapping with ({ix}, {u}) if F(T) # ¥, and there exist nonnegative real sequences {/;}, {1tx}
with [z — 0 and p; — 0 such that for each k > 1,

2
| 7% - q|” < llx—qll* + Il — gl + jus ¥(x,q) € H x F(T).

It is clear from this definition that every firmly nonexpansive mapping is nonexpan-
sive, nonexpansive mapping with a fixed point is quasi-nonexpansive, each firmly quasi-
nonexpansive mapping is quasi-nonexpansive, and each quasi-nonexpansive mapping
is asymptotically quasi-nonexpansive. We remark that an asymptotically nonexpansive
mapping with a nonempty fixed point set F(T) is an asymptotically quasi-nonexpansive
mapping, but the converse may be not true. The class of generalized asymptotically
quasi-nonexpansive mappings is more general than the class of asymptotically quasi-
nonexpansive mappings and asymptotically nonexpansive mappings. The following exam-
ple shows that the inclusion is proper. Let K = [—%, %] and define (see [22]) Tx = § sin(;lc)
ifx#0and Tx = 0 ifx = 0. Then T*x — 0 uniformly but 7 is not Lipschitzian. Notice that
F(T) = {0}. For each fixed k, define f; (x) = || T¥x|| — ||x|| for x € K. Set i = Sup,x 1k (%), 0}.
Then limy_, » px = 0 and

| T5%]| < D%l + s
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This shows that T is a generalized asymptotically quasi-nonexpansive but it is not asymp-
totically quasi-nonexpansive and asymptotically nonexpansive because it is not Lips-

chitzian.

Definition 1.3 A mapping T : H — H is said to be uniformly L-Lipschitzian if there exists
a constant L > 0 such that for each k > 1,

| 7%= T*| < Lilx-yl, ¥y eH x H.
In real Hilbert space, we easily get the following equality:
2(x,9) = %12 + 11> = llx = 11> = llx + 11> = lx1* = IyII*,  Va,y € H. (1.8)

In what follows, we give some preliminary results needed for the convergence analysis of
our algorithms.

Lemma 1.4 ([23]) Let H be a real Hilbert space. Then for all t € [0,1] and x,y € H,
2
|tx+ (1= )y|” = ellxl? + A= D)yl - 0 - D)l — yII*.

Lemma 1.5 ([24]) Let {ax}, {bx} and {5} be sequences of nonnegative real numbers satis-
fying

ara < (L+8)ax + by, Vk=>1.
IfY 22,8k <00 and Y p2, by < 00, then the limit limy_, o ay exists.

2 Simultaneous iterative algorithm without prior knowledge of operator
norms
In this section we introduce a simultaneous iterative algorithm where the stepsizes don't
depend on the operator norms ||A|| and || B|| and prove weak convergence of the algorithm
to solve SCFP (1.4) governed by generalized asymptotically quasi-nonexpansive operators.
We always assume that H;, Hy, Hs are real Hilbert spaces and A : Hy — Hs, B: H, — H3
are two bounded linear operators. Let U : Hy — H; and T : H, — H; be two generalized
asymptotically quasi-nonexpansive mappings with ({lx}, {t¢x}). In the sequel, we use I to
denote the set of solutions of SCFP (1.4), i.e.,

= {x € F(U),y € F(T) such that Ax =By}.

Algorithm 2.1 Let xy € Hy, yo € Hy be arbitrary and oy, € [0,1]. Assume that the kth iter-
ate xy € H1, yx € Hy has been constructed; then we calculate the (k + 1)th iterate (X1, Vis1)
via the formula:

ug = Xk — YkA* (Axx — Byg),
Xie1 = ogg + (1 — ) UK (ue),
Vk = Yk + ViB* (Axx — By),

Yie1 = v + (1= ) TH(v).
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The stepsize yi is chosen in such a way that

2||Ax; — By
Vi € <0, I x;( Vil 2), keQ, (2.2)
|A*(Axy — Byi) 1> + || B*(Axr — Byi) |

otherwise, vy = y (y being any nonnegative value), where the set of indices Q = {k : Axy —
Byk 7/ 0}

Remark 2.2 Note that in (2.2) the choice of the stepsize y is independent of the norms
[lA]l and ||B||. The value of y does not influence the considered algorithm, but it was in-
troduced just for the sake of clarity. Furthermore, we will see from Lemma 2.3 that yy is
well defined.

Lemma 2.3 IfT is nonempty, then yi defined by (2.2) is well defined.
Proof Taking (x,y) €', i.e., x € F(U), y € F(T) and Ax = By. We have
(A*(Axi — Byi), x — %) = (Axx — By, Axy — Ax)
and
(B*(Axx — Byx),y — yx) = (Axx — By, By — Byx).

By adding the two above equalities and by taking into account the fact that Ax = By, we

obtain
14k = Byill* = (A*(Axi — Bye), i = x) + (B* (Axic = Byi), y = )
< [l e = By - e el + B e = By | - Iy = -

Consequently, for k € , thatis, ||Ax; —Byk|| > 0, we have ||A*(Axx —Byk)|| # 0 or || B*(Axy —
Byy)|| # 0. This leads to the conclusion that yy is well defined. O

Theorem 2.4 Assume that U — I, T — I are demiclosed at origin, and U, T are uni-
formly L-Lipschitzian. Let the sequence {(xx,yx)} be generated by Algorithm 2.1. Assume

" is nonempty and for small enough € > 0,

2| Axy — Byill?
YkEe\ & * 2 % 2 -€)
|A*(Ax — Byi) || + | B*(Axx — Byi) |l

where k € Q. Then {(x, yx)} weakly converges to a solution (x*,y*) of (1.4) provided that
Z,fil(lk + py) < 00 and {oy} C (8,1 8) for small enough & > 0. Moreover, {x} and {y} are
asymptotically regular and || Axy — Byk|| — 0.

Proof From the condition on yx, we have

inf{ 2||Axx — By l*
keq | [|A*(Axx — Byi) 1> + [|B*(Axi — Byi)II*

- Vk} > 0. (2.3)
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On the other hand, from [|A*(Ax; — Byi) 1> < |A*||*|Axx — Byi||* and || B*(Axx — Byi)||? <

. _ 2 : 2| Axg—Byy |12 . 2
[|1B*||*|lAxx — Byk||* we obtain {||A*(Axk—Byk)H2+||B*(Axk—Byk)||2} is lower bounded by AT B

and so

. 2||Axy — By||? 2
inf * 2 % 3 (2 2 27~
ke | [|A*(Axy — Byi) 1> + || B*(Axx — By | lAlI* + [|B]

It follows from (2.3) that sup,.q ¥« < +00 and {yx}x>1 is bounded.
Taking (x,y) € T, i.e., x € F(U); y € F(T) and Ax = By. We have

lluag —xl® = || — yxA*(Axi - Byy) — x|

= llak — 1> = 2yx{oi — 2, A (A — Byo)) + 72 | A" (A = Byo) | (2.4)
Using equality (1.8), we have

=2k — %, A*(Ax — Byx)) = —2(Axi — Ax, Axi — Byi)

= — || Axy — Ax[|* - [[Axi — Byi|I* + | By — Ax||>. (2.5)
By (2.4) and (2.5), we obtain

ok — %1% = llovx — x01* = viell Axx — Axl|* - yicllAxie — Byil|*

+ vl Byk - Ax|? + y2 | A*(Axi - Byo) | (2.6)
Similarly, by (2.1) we have

v = y1* = llyk = 11> = vl Byx = Byll* = yiclAxx — By|>
" 2
+ Vil Axi = By|1* + v || B*(Axi — Byi) || 2.7)

By adding the two last inequalities, and by taking into account fact that Ax = By, we obtain

lloex = %1% + lve = y11>
= lloex — %01 + llyx -y
— w20 A%k - Byil? — e (| A* (Axe - By || + | B*(Axi - Byo)|*)]: (2.8)

By the fact that U and T are generalized asymptotically quasi-nonexpansive mappings
with ({{x}, {ir}), it follows from Lemma 1.4 that

2 2
a1 — 201 = orelloeg — xl1? + (1 — o) | U () = x| ™ — e @ — et || LT (oae) — e |
< agllug —xl® + (1= an)llux —)® + (1= o) | age — )|
2
+ (1= o) e — o — age) | ¥ (uage) — e |

2
= Jluge = x> + (1= o) il — 01> + (1 = o) e — o1 — etgd) | U (o) — e |
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and

2
Iyer =¥ < ve = 91> + @ = e)liclvie = 1% + @ = o) s — (@ = egd) | T i) = vie |~

So, by (2.8), we have

xksr = %1% + lyxar - y11
< [T+ @ =)l ] (Il = 201> + llyx = y1I%) + 21 — o)
— e[+ (- )] [21 A%k — Byl - vie(|A*(Axe - By) | + | B*(Axi - Byo) )]

= a1 = o) | U (i) = i |* = o1 = @) [ TH ) = wi | (2.9)
Now, by setting px(x,7) := |lxx — x| + |lyx — ¥]|?, we obtain the following inequality:

Pis1(%,Y)
< (1 +&)px(x,y) + nx
=y + E)[201Axk — Byell® — yie([| A* (Axi - B)’k)Hz + || B*(Axk —Byk)Hz)]

— o (1= o) | U (uag) = | = (1 = ) | T* () = vk |2, (2.10)

where & = (1 — ax)lx and i = 2(1 — ). By the condition Y 2, (I + k) < 00, we have
Y &k <ooand Y 2 mk < oo. It follows from the condition on {y} that

Pra1(%,y) < (1 + 51) pi(%, ) + 1k
By Lemma 1.5, the following limit exists:
Jim Pr(x,y) = p(x,y).
So the sequences {x;} and {y} are bounded. Now, we rewrite (2.10) as follows:

(L + & [201Axk = Byicll* — vi (|| A* (Axic — Byi) ||2 + || B*(Axx - Byk)||2)]
+ o (1 — e || U (o) = iy ||2 + (1= ) | TH(vi) = vi ||2

< k(%) — Pre1 (%, ) + Expr (%, y) + M. (2.11)

It follows from the assumption

2||Axx — By
| Axx — By |l ) ke

123 S P —€
( [A*(Axx = Byi)II” + |B*(Axx — Byi) 1>

that

lim (A" (A = By + | B*(Axe - By ) = 0. (212)
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(Note that Axy — By, = 0 if k ¢ Q2.) So, we obtain
lim ||A*(Axk —Byk)|| = lim ||B*(Axk —Byk)|| =0.
k—o00 k—o00
Similarly, by the conditions on {ay}, we obtain
lim || ¥ (uy) - wie|) = lim | T*(vi) — v || = 0. (2.13)
k—o00 k—o00
Using the assumption on 4, (2.11), (2.12), and the convergence of pi(x, y) we have
lim ||Axx — Byl = 0. (2.14)
k—o00
Since
lloex = x| = i | A*(Axi = By |

and {yx} is bounded, we have limi_,  ||ux — x| = 0. It follows from limy_, oo || L* (4x) — 1z || =
0 that limg_, o | L% (ux) — 21| = 0. So,

61 = 2| < etacllon — x| + (1= o) | UF (uage) — x| — 0 (2.15)

as k — oo, from which one infers that {x;} is asymptotically regular, namely limy_, o |41 —
xk|| = 0. Noting

lttiesr — aicll = |kt — % — Virr A (Axks1 — Byrar) + VA (Axi — By ||

’

< I%ks1 = %]l + Vit || A" (A%iar = Byisn) || + vi | A*(Axx — By
from (2.14) and (2.15) we have
klim | trs1 — ux]l = 0. (2.16)

Similarly, limy_, o ||k — ¥« |l = O, {yx} and {vi} are asymptotically regular, too.
Next, we prove that |lu; — U(uy)|| = 0 and |lvi — T(vk)|| = 0 as k — oo. In fact, since U
is uniformly L-Lipschitzian continuous, it follows from (2.13) and (2.16) that

e = Ui |
< e = UG + | U ) ~ Ui
< e = UG | + L U*7 i) — e
< e = UG | + L(| 0 i) = U ) | + [ U5 ot = 2 ])
<l = U ) | + L(Llage = g l| + [ U o) = i | + Nlotror = uall) — 0.

Since T is uniformly L-Lipschitzian continuous, in the same way as above, we can also
prove that ||vx — T'(vx)|| — 0 as k — oo.
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Taking (x*,y*) € wy(xx, yk), from limy_, o ||ux — k|| = 0 and limg—, o ||[Vk — ¥k || = 0, we have
x* € wy(ux) and y* € w,,(vr). Combined with the demiclosednesses of U/ —I and T —1I at 0,

i 0) =] i [ )= -0

yields Ux* = x* and Ty* = y*. So, x* € F(U) and y* € F(T). On the other hand, Ax* — By* €
@w(Axi — Byy) and weakly lower semicontinuity of the norm imply that

|Ax* — By*| < liminf || Axy — Byl =0,
k— 00

hence (x*,y*) € I.

Finally, we will show the uniqueness of the weak cluster points of {x;} and {yx}. Indeed,
let %, y be other weak cluster points of {x;} and {yx}, respectively, then (x,y) € I". From the
definition of pk(x,y), we have

,Ok(x*:y*)
= o =12 + & —a*|* + 20k % B —2%) + e =512 + |[7- 5| + 20 =77 - 5*)

= ok @) + [x =P+ |7 - 57| + 20k — &% - %) + 20k - 7,7 - ¥). (2.17)

Without loss of generality, we may assume that x; — x and y; — y. By passing to the limit
in relation (2.17), we obtain

P y) = p@ ) + [ -2 + |57
Reversing the role of (x*,y*) and (%, ), we also have
p@E3) = p(x",y") + |2 =&|" + |y - 5.

By adding the two last equalities, we obtain x* = X and y* = J, which implies that the whole
sequence {(xx,yx)} weakly converges to a solution of problem (1.4). This completes the

proof. d
The following conclusions can be obtained from Theorem 2.4 immediately.

Theorem 2.5 Let U : Hy — Hy and T : Hy — H, be two asymptotically quasi-
nonexpansive mappings with ({lx}). Assume that U — I, T — I are demiclosed at origin,
and U, T are uniformly L-Lipschitzian. Let the sequence {(xx,yx)} be generated by Algo-
rithm 2.1. Assume I is nonempty and for small enough € > 0,

2||Axx — Byil*
)’k S €, * 2 % 2 - »
lA*(Axi = By )lI> + [|1B*(Axi — Byi |

where k € Q. Then {(xx,yx)} weakly converges to a solution (x*,y*) of (1.4) provided that
Z,ﬁl Ik < oo and {ax} C (8,1-9) for small enough § > 0. Moreover, {xi} and {yi} are asymp-
totically regular and ||Axx — Byx|| — 0.
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Theorem 2.6 Let U : Hy — H; and T : H, — H, be two quasi-nonexpansive mappings.
Assume that U — I, T — I are demiclosed at origin, and U, T are uniformly L-Lipschitzian.
Let the sequence {(xx,yx)} be generated by Algorithm 2.1. Assume T is nonempty and for
small enough € > 0,

2| Axy — Byill?
Yke\ 6 * 2 * 2 ’
|A*(Axx — Byi) 1> + |1 B*(Axx — Byi) ||

where k € Q. Then {(x, yx)} weakly converges to a solution (x*,y*) of (1.4) provided that
{ax} € (8,1 - 8) for small enough § > 0. Moreover, {xi} and {yx} are asymptotically regular
and ||Axy — Byx|| — 0.

Remark 2.7 When B = I, Algorithm 2.1 becomes

ug = xx — YRA* (Axx — i),
ka1 = ot + (1 — ) U (i), (2.18)
Vi = (L= yo)yk + viAxi,

Va1 = Bivie + L= i) T (i),

where the stepsize yx is chosen in such a way that

2||Ax; — By
Vk€<0» [ k2 Vil 2), keq,
|A*(Axy — Byi) 1> + | Axx — Byl

otherwise yx = ¥ (y being any nonnegative value), where the set of indices Q = {k :
Axy — yi # 0}. This solves SCFP (1.3) for generalized asymptotically quasi-nonexpansive
operators, asymptotically quasi-nonexpansive operators, quasi-nonexpansive operators,

and firmly quasi-nonexpansive operators without prior knowledge of operator norm ||A]|.
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