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delay as the bifurcation parameter, the local stability of the positive equilibrium and
the existence of Hopf bifurcation are investigated. Explicit formulas determining the
properties of a Hopf bifurcation are obtained by using the normal form method and
the center manifold theorem. Special attention is paid to the global continuation of
local Hopf bifurcation when the delay 71 # t,. Finally, several numerical simulations

supporting the theoretical analysis are also given.
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1 Introduction

There has been great interest in dynamical characteristics of population models dur-
ing the last few decades, among these models, predator-prey systems play an impor-
tant role in population dynamics. Ratio-dependent predator-prey systems have received
much attention as more suitable ones for predator-prey interactions where predation in-
volves searching process. Many theoreticians and experimentalists have concentrated on
a ratio-dependent predator-prey system. The general form of the ratio-dependent model

is

9.C=xf(x)—yp(§), w1
y=cyq(3) - dy,

where %, y, respectively, denote the prey and predator density. The functions p(z) (the so-

called predator functional response) and ¢g(z) satisfy the usual properties such as being

nonnegative and increasing, and being equal to zero at zero. Arditi and Ginzburg [1] pro-

posed the following ratio-dependent predator-prey model with a Michaelis-Menten-type

or Holling-type II functional response:

X =ax(l- %}){— nf;fx, 12)
. fx .
J :y(_d+ my+x)’
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where a, K, ¢, m, f, d are positive constants that stand for prey intrinsic growth rate, carry-
ing capacity, capturing rate, half capturing saturation constant, conversion rate, predator
death rate, respectively.

It is well known that time delays in an ecological system can have a considerable in-
fluence on the qualitative behavior of these systems. The ratio-dependent predator-prey
models with time delays have been studied by many researchers recently and rich dynam-
ics has been observed (see, for example, [2-9] and references cited therein). In [7], Xu
and Chen incorporate time delay due to gestation into the ratio-dependent predator-prey
system and investigate the following n-species ratio-dependent predator-prey food-chain

model with a Michaelis-Menten-type functional response:

dxy _ a1%2(t)

T =x(t)[ar - anx () - mlzxz(t)+x1(t)]’

dxi _ (N[ ai,i-1%i-1(t=7i-1) __ aiin%ia(®) . _

at ~ xi(6)[~ai + i % (E=Tim) 4% (E=Tim1) i % (8)+2(2) boi=2..,n-1, (1.3)
dxy _ “n,n—lxn—l(t_"-'n—l)

dar T xn(t) [—ﬂn + mn—l,nxn(tffn—l)‘*xn—l(t*'[n—l)]’

where x;(¢) represents the density of the ith population, respectively, i = 1,2,...,n. a;, a;
(5,j=1,2,...,n)and m;;;; (i =1,2,...,n—1) are positive constants. 7; > 0 (i =1,2,...,n—1)
are constant delays due to gestation. Xu and Chen showed that the system is permanent
under some appropriate conditions, and sufficient conditions are obtained for the global
stability of the positive equilibrium of the system.

Periodic solutions bifurcating from Hopf bifurcations in delayed differential equations
are generally local. However, it is an important subject to investigate if these nonconstant
periodic solutions which are obtained through local Hopf bifurcations exist globally due
to theoretical and practical significance. In this paper, let # = 3 and make use of sufficient
conditions of the global stability of the positive equilibrium of system (1.3) in [7], we inves-
tigate the Hopf bifurcation and global periodic solutions of three-species ratio-dependent
predator-prey model with two delays:

dx) _ a1px(t)

@ =x0)la - anx (t) - ],

dxy _ anx (t-11) a23x3(t)

T % (O)[~az + mygxy (t-t1)+x1(t-11) m23x3(f)+x2(!)]’ (1.4)
dxs _ azpxg(t-13)

dt T x3(t)[=as + Wl23x3(tffz)+x2(t*f2)]’

with initial conditions

x:i(t) = ¢i(t), tel[-1,0], ¢i(0)>0, i=1,2,3, (1.5)

where x;(t), x,(£), and x3(¢) denote the densities of the prey, predator and top predator
population, respectively; a;, a, and as are the intrinsic growth rate of prey, death rates
of predator and top predator, respectively; a1, d21, a23 and as, stand for the conversion
rates, m and m,3 stand for the half capturing saturations. 13, 73, are constant delays due
to gestation, that is, mature adult preys can only contribute to the production of predator
biomass. T = max{t, 72}. ¢;(f) (i = 1,2, 3) are continuous bounded functions in the interval
[-7,0].
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We would like to point out that many works investigated the dynamical behaviors of the
system with two delays under the assumption 7; + 7, = 7 or 1y = 75 = 7. It is important to
deal with the effect of the different delays on the dynamics of system (1.4), and it is also
a mathematical subject to investigate whether the nontrivial periodic solutions which are
obtained through local Hopf bifurcations exist globally. Recently, a great deal of research
has been devoted to the topics [10-16]. To the best of our knowledge, there are few works
which deal with global Hopf bifurcation of system with different two delays. In this paper,
we investigate the stability and bifurcation of model (1.4) with the different delays 7; and
75, and the existence of the global Hopf bifurcation of system (1.4) is studied.

This paper is organized as follows: In Section 2, by analyzing the characteristic equa-
tion of the linearized system of system (1.4) at positive equilibrium, the sufficient con-
ditions ensuring the local stability of the positive equilibrium and the existence of Hopf
bifurcation are obtained. Some explicit formulas determining the direction and stability
of periodic solutions bifurcating from Hopf bifurcations are demonstrated by applying the
normal form method and center manifold theory in Section 3. In Section 4, we consider
the global existence of the bifurcating periodic solutions. A brief discussion is given in the

last section.

2 Stability of the positive equilibrium and local Hopf bifurcations
In this section, we first study the existence and local stability of the positive equilibrium,
and then we investigate the effect of delay and the conditions for the existence of Hopf

bifurcations.
aplan-a) |
mi2as1 :
E* = (%}, %%, %) is a unique positive equilibrium point if and only if the following condi-

E = (x1,%;,0) is a nonnegative equilibrium if a» —ay > 0, a; —
tions are true:

(Hi) asz > as,

az3
ds — (ﬂz + (az — 43)) >0,
azp a3

ara az3
a, — an—\az+ (azy—a3z) || >0,
a2 azpms3

where

1 aa(an — as) . ax—dax.
1=—|la1————m|» Xy = ——X1,
my2dn daxmi

. 1 a ass
X = —a— ayn —(ax+ (a2 —as3) ) |,
an mizds my3aszp

X 1 [a (a + 423 (azp —as) | |xf
2= _ 21 — 2 32 —d3 1
g lag + 2303 azams3

m23a433

aszy —as

asmys

Let E = (x10, %20, %30) be the arbitrary equilibrium, and let u; (¢) = x1(£) — x10, u2(£) = x2(¢) —

%20, Us(t) = x3(t) — x30, then the linearized system of the corresponding equations at E is
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as follows:
1(t) = Bu(t) + Cu(t — 1) + Du(t — 13), (2.1)
where

u(t) = (w1 (2), ua(8), us(t)) ! B = (bij)3x3, C = (ci)3x3» D = (dj)3x3,

2 2
a1pmMinXxy, a12%70

b = ay — 2anxy — by = -

—1 41
(m12%20 + %10)? (m12%20 + %10)?
2
bos = —a + 421%10 a23M23%30
2 X0 + % (m +%90)%
12%20 10 23X30 + X20
2
a3%Xy a32%20
b23=—72, b3 = —az + ——,
(maszx30 + X20) my3X30 + X20
2
a1mM12X5 a21M112X10%20
621:72, 622:_721
(12520 + %10) (12520 + %10)
2
a3aMmn3xsg a32M3X20%X30
d3) dsz =

= -_——,
(mazx30 + %20)? ' (ma3x30 + %20)?

all the other ay;, by, and c;; are 0.

The characteristic equation for system (2.1) is

—AT]

A3 +p2)»2 +piA+po+ (qzkz + Q1A+ qo)e

+ (A% + rh +10) e ™ + (A + mg)e M) = ) (2.2)
where

p2= —(bu1 + bay + b33), 1= bubay + byybsz + by b33, Po = —bubaybss,

q2 = —C22, q1 = bszcan + buicys — biacon, qo = biacanbss — bubssca,
ry = —ds3, 11 = byybsz — bazdsy + biidss, 1o = biibyzdsy — b1ibyodss,
my = Cyodss, mo = biacydss — bucydss.

The characteristic equation of system (2.1) at E3 reduces to
(A — bs3)[A* = buk + €™ (—cpo) + biicay — biacy)] = 0.

We can easily see that Ej3 is unstable if b33 = azy — a3 > 0.
In the following, we study local stability of the positive equilibrium E* by analyzing the
distribution of the roots of equation (2.2). We consider four cases.

Case(a) 11=17,=0.

The associated characteristic equation of system (1.4) is

A3+(p2+q2+r2)k2+(p1+q1+r1+m1)k+(p0+qo+r0+m0)=0. (2.3)
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Let

Hy) pa+qa+12>0, B2+ g2+ 1)1+ q1 + 1+ 1) — (po + qo + 7o + M) >0,

Po +qo +71o+mg>0.
By the Routh-Hurwitz criterion, we have the following.

Theorem 1 Assume that (H), (Hy) hold, then when t, = 15 = 0, the positive equilibrium
E*(x, x5, x%) of system (1.4) is locally asymptotically stable.

Case (b) 11=0, 175 >0.

The associated characteristic equation of system (1.4) is
)Lg + (pz + qz))nz + (pl + 611))» + (po + 610) + [I’z)&z + (7'1 + ml)k + (7‘0 + I’}’l())]e_)Lr2 =0. (24)

We want to determine if the real part of some root increases to reach zero and eventually
becomes positive as 1, varies. Let A = iw (» > 0) be a root of equation (2.4), then we have

—iw® — (P2 + g2)0* + i(p1 + @) + (Po + qo)

+ [—r2w2 + (r1 + my)wi + (ro + mo)](cos wTy —isinwTy) = 0.
Separating the real and imaginary parts, we have

@ — (p1 + q1)w = [w? — (ry + my)] sinwt, + (1] + m1)wcos Ty,

2.5
—(p2 + g2)? + (po + qo) = [ra@? — (ro + M) cos wTy — (r + My)wsinwt,. 25)

It follows that
@® + mpo* + my® + mpg =0, (2.6)

where m15 = (p2 + q2)* = 2(p1 + q1) — 13, 11 = (p1+ @1)* = 2(P2 + 2)(Po + qo) + 2(ro + o)1 —
(r1 + my)?, myg = (po + q0)* — (ro + mo)>.
Denote z = w?, (2.6) becomes

22 + Mz + mpz + myg = 0. (2.7)
Let
h(2) = 2% + mpz® + mpz + m. (2.8)

By (2.8), we have

dh(2)

=322+ 2my2z + myy.
dz

If myo = (po + qo)* — (ro + mg)? < 0, then h1(0) < 0, lim,_, .o /1,(z) = +00. We can know

that equation (2.7) has at least one positive root.
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If mio = (Po +q0)* — (ro + mp)* > 0, we see that when A; = m3, —3my; < 0, equation (2.7)
has no positive root for z € [0, +00). On the other hand, when A; = m?, — 3my; > 0, the

equation

32 + 2mypz+my =0

has two real roots: zj; = —m123+~/A_1, Ziy = —m123—\/A_1' Because of /1] (z})) = 24/21 > 0, K (2},) =
-2/ <0, 7j; and zf, are the local minimum and the local maximum of /,(z), respec-
tively. By the above analysis, we immediately obtain the following.

Lemma 1
(1) If mio > 0 and Ay = m?, — 3myy < 0, equation (2.7) has no positive roots for
z € [0, +00).
(2) If myo >0 and Ay = m2, — 3my > 0, equation (2.7) has at least one positive root if
and only if 2§, = M >0 and h(z};) <O0.

(3) If my <0, equation (2.7) has at least one positive root.

Without loss of generality, we assume that (2.7) has three positive roots, defined by zj;,
Z12, 213, respectively. Then (2.6) has three positive roots

w11 = 4/Z11, W12 = 4/Z12, w13 = +/Z13-

From (2.5) we have

[(r1 + 1) = r2(pa + g2)]wfy,
[rawh, = (ro + mo)1? + (r1 + my)?wi,

COS W1k Ty, =

N [(p2 + q2)(ro + mo) + r2(po + qo) — (q1 + p1)(r1 + ml)]wfk
[Vzwfk —(ro+ mo)]? + (ri+ Wll)zwlzk

_ (qo + po)(ro + myg)
(oo — (ro + mo))? + (r1 + my)?wi

Thus, if we denote

. {arccos( [(r1 + i) = r2(p2 + q2)] iy

0 -
2T g (oo} — (ro + mo)]? + (r1 + m)?wi,

s [(p2 + g2)(ro + mo) + r2(po + qo) — (q1 + p1) (11 + )]}y,
[Vzwlzk —(ro+mo)1> + (r + m1)2a)fk

(q0 + po)(ro + mo) ‘
" Tra — (ro + mo) P+ (ry + ml)zw%) o } 2.9)

where k=1,2,3;j=0,1,2,..., then Fiw is a pair of purely imaginary roots of (2.4) cor-
responding to T2(]1 )k Define
(0)

T2 = 7:Zlko - kr:},lfs{%k }’ @10 = Wiky-

Let A(12) = a(12) + iw(13) be the root of equation (2.4) near 7, = rz(]l)k satisfying

a(tz(i)]() =0, a)(rz(i) ) = ou.
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Substituting A(t,) into (2.4) and taking the derivative with respect to 7,, we have

{3A2 +2(p2 + qo)A + (1 + q1) + [Zrz)» +(rm + ml)]e’MZ
di

—ATy

—T[r2A? + (r1 + M)A + (ro + mo)Je
d‘L’z

= k[rgkz +(r +mp)h + (ro + mo)]e_“z.

Therefore,

[ d) r _ 302 4202 + @) + (p1 + @))€

d_t2 AraA2 + (1 + m) A + (ro + mg)]
2ryA + (r1 + T
" rah + (s + ) -z (2.10)
AlroA2 + (m + m)A + (rg + mg)] A
When 1 = 700, At ) = iy (k =1,2,3)
21k’ 20k 1k 14 90)s
{A[r2k2 + (r +mp)h + (ro + mo)]}|f2=r2(,~) =—(r + ml)a)f,( + i[(ro + mo)wyi — rza)lsk],
1k
{[3X* +2(p2 + @2)A + (p1 + q1) €™} |t2=r2(j>
1k

= {[=30k + -+ 0] cos(onet]) 2002 + gonesin(ouh)

+i{2(p2 + @2) ok cos(wlkrz(?k) +[-3wi + (1 + q1)] sin(wlkrz(i)k)},

{2r2A +(r + ml)} |TZ:TZ(,~) = (r) + my) + 2rywik.
1k

According to (2.10), we have

Red(M(r2) ]
|: dl'z ]

(9] =T21k

R [32% +2(p2 + 2)A + (1 + q1)] €™
=Re
MraA? + (re + mu)d + (ro + mo)] 1,0

2ryh + (ry + 1)
+Re
)L[I"z)uz + (I"l + ml))» + (7‘0 + Wl())] f2=r(j)
1 _ ,
= {—[—3wfk +(p1 + ql)]wlk[[rza)fk —(ro + mo)] smwlkrz(’l)k
1

+ () + my)wix cOS wlkrz(?k]
-2(py + qz)wfk[[’?“’fk —(ro + mo)] cos a)lkré’fk — (r1 + M) wy sin wlkrg)k]
—(n+ ml)zwfk + 2w1k1 [(ro + my)wi — rzwio’k]}

- Ail{gwfk +2[(p2 + ) — 21 + 1) - 2],

+ [(P1 +q1)* = 2(p2 + 42)(po + 90)

+2(ro + mo)ry — (11 + m1)2]a)fk}
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1
= A_ {Zlk (SZ%k + 2”’112Z1k + Wln)}
1

1
= —zih (zix),
A, 1(z16)

where A; = (r1 + m)?wpy + [(ro + mo)wix — raw3,]* > 0. Notice that Aj > 0, zi¢ > 0,

Re d(A(r2)) . [[Red(i()]™
of ], el

then we have the following lemma.

Lemma 2 Suppose that zi; = a)fk and hi(zik) # 0, where hi(2) is defined by (2.8), then
dRer(r)) )

pes has the same sign with h}(zix).

Here we also need the following lemma [17].

Lemma 3 Counsider the exponential polynomial

P(e™m, e ™) = 24 p Otk g0 p
[P g a pP]e T

[P e pi e,

where 1, > 0, i = 1,2,...,m, and p](-i) (i=0,1,...,m; j=1,2,...,n) are constants. As
(T1, T2s -+ > Tw) vary, the sum of the orders of the zeros of P(A,e™%,...,e7*™) in the open

right half plane can change only if a zero appears on or crosses the imaginary axis.
From Lemmas 1, 2, 3, and Theorem 1, we can easily obtain the following theorem.

Theorem 2 For vy =0, 13 > 0, suppose that (Hy), (Hy) hold, then:
(i) If myo > 0 and Ay = m3, — 3my <0, then all roots of equation (2.4) have negative
real parts for all T, > 0, and the positive equilibrium E* is locally asymptotically
stable for all T, > 0.

(ii) If either mig < 0 or myg > 0, Ay = m3y —3my > 0, z§; > 0 and hi(z};) <0, then hi(z)
has at least one positive roots, and all roots of equation (2.4) have negative real
parts for Ty € [0, Ta,,), and the positive equilibrium E* is locally asymptotically
stable for Ty € [0, Ta,).

(iif) If (ii) holds and hj(zix) # 0, then system (1.4) undergoes Hopf bifurcations at the
positive equilibrium E* for T = 72(]1)k (k=1,2,3;j=0,1,2,...).

Case (c) 171>0,1,=0.

The associated characteristic equation of system (1.4) is

A3+ (py + m)A% + (o1 + )X + (o + 7o)

+[@22% + (q1 + M)A + (qo + mo)]e™*™ = 0. (2.11)
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We want to determine if the real part of some root increases to reach zero and eventually
becomes positive as 7; varies. Let A = iw (w > 0) be a root of equation (2.11), then we have

—iw® - (po + 7'2)6()2 +i(p1 +r)w + (po + 19)

+ [—qzwz + (qn + m)wi + (qo + mo)](cos ot —isinwt) = 0.

Separating the real and imaginary parts, we have

®® — (p1 + 1) = [qo? — (qo + mp)] sinwty + (g1 + m1)w cos wTy, (2.12)
—(p2 + r2)@* + (po + 1) = [q2? = (qo + mo)] cOs Ty — (q1 + My)wsinwT. '
It follows that
@° + My w* + my@* + myo = 0, (2.13)

where 1135 = (P2 +12)* = 2(p1 +11) — g3, Moy = (p1+11)* = 2(P2 + 12) (Po + 70) + 2(qo + Mo) g2 —

(qr + 71’11)2» My = (po + Fo)z —(qo0 + m0)2~

Denote z = ?, (2.13) becomes

23 + Wl22Z2 + Mz + Mo = 0. (214-)
Let
hy(2) = 25 + mye2® + Moz + M. (2.15)

By (2.15), we have

dhy(2)

=322+ 2mM92Z + Moy
dz

If mao = (po + 10)? = (go + Mo)? < 0, then /,(0) < 0, lim,_, . F3(2) = +00. We can know
that equation (2.14) has at least one positive root.

If ma0 = (po + 10)> — (qo + Mo)? > 0, we see that when A, = m%z - 3myp <0, equation
(2.14) has no positive roots for z € [0, +00). On the other hand, when A, = m3, —3my; > 0,
the equation

32 + 2myrz + my =0

has two real roots: z}; = —mzz;\/Fz’ Z5, = _m”;‘/rz. Because of 1} (z5,) = 24/A; > 0, Ky (23,) =
-2/A; <0, 23, and z}, are the local minimum and the local maximum of /,(z), respec-
tively. By the above analysis, we immediately obtain the following.

Lemma 4
(1) If may >0 and Ay = m%z —3my <0, equation (2.14) has no positive root for
z € [0, +00).
(2) If myo > 0 and Ny = m3, — 3my; > 0, equation (2.14) has at least one positive root if
and only if ) = M >0 and hy(z4;) < 0.

(3) If myo <0, equation (2.14) has at least one positive root.
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Without loss of generality, we assume that (2.14) has three positive roots, defined by z;,
22, 223, respectively. Then (2.13) has three positive roots,

W21 = A/221, W22 = /222, W23 = A/223.
From (2.12) we have

(g1 + m) — @2 (pa + 12) |0y
[q203; — (qo + m0)1* + (g1 + 1) w3y

COS wak T12k =

+ [(p2 + r2)(qo +m0) + g2(po + ro) = (r1 + p1) (s + )]y
(203, — (qo + m0)1? + (q1 + )3,
_ (ro + po)(qo + my)
[q20%, = (qo + M) + (1 + m1)2w3,

Thus, if we denote

¢ _ 1 {arccos({ [(q1 + 1) — q2(p2 + r2)]w§k
q

) = —
% Wy 23 = (qo + mo)]* + (q1 + m)? w3

. (P2 + 72)(qo + m0) + g2(po + ro) — (r1 + p1)(q1 + mm1) @l
[q203; — (qo + m0)]* + (g1 + 1) > w3

(ro + po)(qo + mo) ,
) [q203 — (qo + mo)]? + (q1 + Wl1)2a)§k> toym }’ (2.16)

where k =1,2,3;j=0,1,2,..., then tiwy is a pair of purely imaginary roots of (2.11) cor-
responding to rl(;)k. Define
(0) : (0)
o =Ty, = min(my ) 0 = ok

Let A(11) = a(71) + iw(71) be the root of equation (2.11) near 7; = Tl(?k satisfying

a(tl(;) )=0, a)(rg) ) = wak.

Substituting A(7;) into (2.11) and taking the derivative with respect to 71, we have

{312 +2(pa +r)A+ (pr +11) + [Zqzk +(qp + ml)]e‘Arl

d
-7 [qzkz + (g1 + m)r + (qo + mo)]e_Ml } T
1

= A[@22% + (qu + my)A + (qo + mo) e ™.

Therefore,

|: d j|1 _ [BA2+2(p2 + A + (pr + )]
dn Mg + (g + my)A + (qo + mo)]
2q2) + (q1 + my) 7

’ )~[612?»2 + (q1 + m)A + (qo + my)] - x (2.17)
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When 17 = tl(?k, )L(rg)k) =iwy (k=1,2,3),

{)»[qgkz + (g1 +m)a+ (g0 + mO)]}|r1=r1(j) =—(q1 + I’m)w%k + i[(‘]o + mo)wok — ‘bwgk],
2%
{[3)‘2 +2(py + )X+ (p1 + rl)]eln}hl:r](]_)
2%
={[-3wi + (p1 +11)] cos(w2krl(£)k) —2(pa + 1)k Sin(wzﬂl(? )l

+ i{2(p2 + 7)ok cos(a)gkr&) + [—Sa)%k +(py + rl)] sin(wy(rl(fk)},

{2g2% + (q1 + ml)}|f1=r1(j) = (q1 + my) + 2qaw.
2k

According to (2.17), we have

Red(i(m) ™
|: dl’l :|

= r1(12)k

_ e[ [332 +2(pa + 1)\ + (1 + 7’1)]€Mli|
M2 + (qu + m)A + (qo + mo)] |-,

)
22k

N Re[ 2q2)n + (611 + ml) i|
AMqar? + (q1 + m1)A + (qo + mo)] —

1 4
"0 {~[-3wii + (o1 + 1) |war[[q203 — (g0 + m0)] sin wzkrl(;)k

+ (q1 + M) woy cos a)zj(tl(;)k]
~2(pa + 1) [[d20% — (o + mo)| cos et — (g1 + my)wy sinwyery) |

—(q1 + m) s, + 2w2k612[(% + mo)wak — %‘ng]}
1
- {303 +2[(p2 +12)* = 2(p1 + 1) — @3 |wsy + [(1 + 71)* = 2(p2 + 12) (po + 70)
2
+2(qo + mo)qa — (q1 + my)* |3y}

1
= A_2 {sz (3Z%k + 2myzZok + m21)}

1
= — 2z M, (zo1),
Azzzk 5 (Zok)

where A, = (q1 + m)*wy; + [(qo + Mo)wak — g3 ]* > 0. Notice that A > 0, zy > 0,

Re d(%(1)) . [[Red(r(z) ]
of ] el ]

then we have the following lemma.

Lemma 5 Suppose that zy; = a)gk and W, (zx) # 0, where hy(z) is defined by (2.15), then

0
dRer(ry))) :
—i &= has the same sign as Iy (z).

From Lemmas 3, 4, 5 and Theorem 1, we can easily obtain the following theorem.
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Theorem 3 For 1) >0, 7y = 0, suppose that (Hy), (Hy) hold, then:

(i) If mao >0 and Ay = m3, — 3myy < 0, then all roots of equation (2.11) have negative
real parts for all Ty > 0, and the positive equilibrium E* is locally asymptotically
stable for all v > 0.

(ii) Ifeither myy < 0 or myy > 0, Ay = m3, —3ma >0, 25, > 0 and hy(z5,) < 0, then hy(z)
has at least one positive roots, and all roots of equation (2.11) have negative real
parts for 1y € [0, T1,,), and the positive equilibrium E* is locally asymptotically
stable for t; € [0, T1,,).

(iii) If (ii) holds and h)(zak) # 0, then system (1.4) undergoes Hopf bifurcations at the
positive equilibrium E* for 1 = rl(;)k (k=1,2,3;j=0,1,2,...).

Case(d) 11>0,7,>0, 71 #15.

The associated characteristic equation of system (1.4) is

—-AT]

A+ pad® + pid+ po + (A% + ik + qo)e
+ (1A + rid +79) e ™ + (myk + mg)e 1) = 0. (2.18)

We consider (2.18) with 1, = 75 in its stable interval [0, 75,,). Regard 7; as a parameter.

Let A = iw (w > 0) be a root of equation (2.18), then we have

—i® - pro” +ip1w + po + (-q20° + i1 + qo) (cos wTy — isinwT))
+ (=r@® + 1o + inw) (cos wty — isinwry)
+ (imw + mo)(cos (11 +75) —isinw(r + 75)) = 0.
Separating the real and imaginary parts, we have
03 - p1ow — N cos wty + (—rw* + ro) sinwty

= qiwcos wT, — (—q2w? + qo) sinwT

+mwcosw(t + ) — mo sinw(t; + 75),

2 2 * : * (219)
Paw” — po — (—-r@” + 1) coswty — nwsinwt,
= (—q20* + qo) cos wT] + L sin Ty
* . *
+mpcosw(t + 7)) + mywsinw(t; + 7).
It follows that
@° + M3aw* + M3z + M3y + M3 COS Ty + msg sinwty =0, (2.20)
where
2 2, .2 2 2 2 2
M3 =Py —2P1 —q5 + 13, M3z = py — 2popa + 1y — 2raro — 4y + 24240 — My,

m3y = po + 1y — M — g,
mz1 = =2(r1 + rapa)@* + 2(rip1 — pora — paro — qum + gamo)®* + 2(poro — qomo),

M3y = —2r0° + 2(p11a + 1o — Pary + qor)@° + 2(=rop1 + pory — Qi — qo)w.
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Denote F(w) = 0® + mzaow* + mzw? + mzy + mz cosw(ty + T5) + myg sinw(ty + t3). If

(po + 10)? — (mo + qo)? < 0, then
F(0) <0, lim F(w) = +00.
w—>+00

We can see that (2.20) has at most six positive roots wy,ws,...,ws. For every fixed wy,
k=1,2,...,6, there exists a sequence {tl(;() lj=0,1,2,3,...}, such that (2.19) holds.
Let

1o =min{t?lk=12,...,6;j=0,1,2,3,...}. (2.21)

When 11 = 11(2, equation (2.18) has a pair of purely imaginary roots j:iwgz for T} € [0, 79,).

In the following, we assume that

dRe())

(Hs) o

0.
A—:tiw(j) 7-/
- 1k

Then we have the following result on the stability and Hopf bifurcation in system (1.4).

Theorem 4 For 1, >0, 7y >0, 71 # 1o, sSuppose that (Hy)-(Hs) are satisfied. If po + ro — qo —
my < 0 and t5 € [0, 12,1, then the positive equilibrium E* is locally asymptotically stable
for 7 € [0, 110). System (1.4) undergoes Hopf bifurcations at the positive equilibrium E* for
7= 71(£~
3 Direction and stability of the Hopf bifurcation
In Section 2, we obtain the conditions under which system (1.4) undergoes the Hopf bi-
furcation at the positive equilibrium E*. In this section, we consider direction and stability
of the Hopf bifurcation with 7, = 7}’ € [0, 79,,) regarding 7; as a parameter. We will derive
the explicit formulas determining the direction, stability, and period of these periodic so-
lutions bifurcating from equilibrium E* at the critical values 7, by using the normal form
and the center manifold theory developed by Hassard et al. [18]. Without loss of generality,
denote any one of these critical values 7; = 11(113 (k=1,2,...,6;j=0,1,2,...) by 7y, at which
equation (2.18) has a pair of purely imaginary roots +iw and system (1.4) undergoes Hopf
bifurcation from E*.

Throughout this section, we always assume that 7, < 7j0. Let u; = %1 — &7, up = %1 — %3,
us =xy —x3, t=mtand u =1 — 7, u € R. Then pu = 0 is the Hopf bifurcation value of

system (1.4) may be written as a functional differential equation in C([-1, 0], R3),

M(t) = Lu(ut) +f(M’ ut)» (31)

where u = (41, U9, u3)T € R3, and

$1(0) $i(-1) m—%)
Lu(@)= @+ 0B | $:(0) | + (B + 1)C | @a(-D) | + B+ 0D | ga(-2) |, (3.2)
¢3(0) ¢3(-1) $3(=2)
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!
f(/‘*r ¢) Tl + l’L f2 ) (33)
f3
where ¢ = (¢1,¢2,¢3)" € C([-1,0], R?), and
bu b 0 0O 0 O 0 0 0
B= 0 bzz b23 ’ C= Cy1  C22 0f, D=1{0 0 0 )
0 0 b33 0 0 0 0 dz ds3

fi = (~an + 1)$7(0) — Ld1(0)$2(0) + L¢3 (0) + - -,
o= ~lag7 (1) + 53 (-1) + lspr (1) o (~1) + L1 (=1)¢h2(0) — Isp2(~1)h2(0)
+ 1997 (0) — L1o¢1(0)2(0) + 13 (0) + - -,

fs=—haos <—T—> +h3¢3 <—T_) +hat <——)¢3(0) +his5¢ (——>¢3( 2 >
T T 1

- he3 (—2—2)%(0) oo,

I = Arampxy? , Iy - a2 Xix; ’ Lo ampx;? ’
(m1pxs +x7)3 (m1oxh +x7)3 (m1xs + x7)3
A mxy? Ay mi,xixs ; A M1 XX — Ay miyxs?
(s + &0  (mxs + x0)3 6 (M5 + x7)3 ’
% * *2
I = annipxy ’ g = anniipxy , ) = aA3M3%3 ,
(maxs + xf)z (777129@ + xf)z (ma3x; + x§)3
_ 2a33m3%5%3 . A3 M3y Lo A3 M3
 (mysxg +x3)3 17 sy + w3 27 (myss + a3)%
113 _ a32m§3x§x§ ’ 114 _ a32m23x§ ,
(ma3x; +x35)3 (ma3x3 + x3)*
6132"’12396;96; - a32m§3x§2 ﬂ32m23x;
hs = ) he =

(ma3xl + &%) (ma3xl +x5)%

Obviously, L, (¢) is a continuous linear function mapping C([-1,0],R?) into R>. By the
Riesz representation theorem, there exists a 3 x 3 matrix function n(0,u) (-1 <6 <0),
whose elements are of bounded variation such that

0
Lu(¢) = / N0, w)6(O), forg € C(1-1,0LR’). (3.4)

In fact, we can choose

dn@,u) = (1, + M)[B(S(O) +C8(0 +1) + D§ (9 + TT—Z*>], (3.5)
1

where § is the Dirac delta function. For ¢ € C([-1, 0], R?), define

ol 6 € [-1,0),

A
e {f dn(s, 1e(s), =0
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and

Rwe=1" °
) e, 6

€ [_17 0);
=0.

Then when 6 = 0, system (3.1) is equivalent to
Xp = A()xe + R()xy, (3.6)

where x;(0) = x(¢ + 0), 6 € [-1,0]. For ¢ € C'([0,1], (R?)*), define

* _dIZS(S)’ s€ (0:1];
A =1 0"
f,l d’? (t’ 0)¢(_t)1 s=0,

and a bilinear inner product

(1), 9(6)) = (0 [ Mws 6) dn(6)¢ (&) d, (3.7)

where 17(6) = n(0,0).Let A = A(0), then A and A* are adjoint operators. By the discussion in
Section 2, we know that +iw7; are eigenvalues of A. Thus, they are also eigenvalues of A*.
We first need to compute the eigenvector of A and A* corresponding to iwt; and —iwt,
respectively. Suppose that g(0) = (1, )7 e“% is the eigenvector of A corresponding to
ioT,. Then Ag(0) = iwT1q(f). From the definition of A, L, (¢) and (6, i), we can easily
obtain g(0) = (1, «, 8)Te??*%, where

. . —7 *
iw— by dsy(iw — byy)e™™ %2

o= ’ - . —iwtX\’
blZ b12 (zw - b33 - d33€ 2 )

and ¢(0) = (L, B)7. Similarly, let g*(s) = D(1, o*, *)e*“™ be the eigenvector of A* corre-
sponding to —iwT;. By the definition of A*, we can compute
. —lw-by " bys(—iw — b1)
o0 =—7- ﬂ =

) A ¥ . o~
cyren co1(—iw — b3z — d33e'™ )ein

From (3.7), we have
{a*(s),9(0))
= b{l +aa* + BB+ T (62151* + czza&*)e‘”‘”l + 1) (dszag* + d%ﬁlg*)e-iwg }
Thus, we can choose
D={l+ad@" +Bp" + fi(cn@" +cona@*)e ™ + 1} (dspa f* + dsz pB*)e ™™™ }‘1,

such that (g*(s),q(0)) = 1, (g*(s),q(0)) =

Page 15 of 27
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In the remainder of this section, we follow the ideas in Hassard et al. [18] using the same
notations as there to compute the coordinates describing the center manifold Cy at i = 0.
Let x; be the solution of equation (3.1) when u = 0. Define

2(t) =(q* %),  W(50) =x,(0) - 2Re{z(t)g(0)}. (3.8)

On the center manifold Cj, we have
2 ) 3

W(t,0) = W (2(t),2(2), 0) = WZO(G)% + Wi(0)2z + WOZ(G)% + Wgo(e)% ron,

where z and 7z are local coordinates for center manifold Cj in the direction of g and g. Note
that W is real if x; is real. We consider only real solutions. For the solution x; € Cy of (3.1),

since u = 0, we have

z =itz +(q*(0),f(0, W(z(2),2(£),0) + 2Re{2()q(6)}))

= ioTiz + 7*(0)f (0, W (2(2),2(£),0) + 2Re{z(£)q(0)})

= intiz + 7 (0)fo(2,2) £ iwtiz + g(2,2), (3.9)
where
o _ z2 _ z? 2’z
2(z,2) = 4" (0)fo(z,2) =g205 + 812z +g023 +g217 e (3.10)

By (3.8), we have x;(0) = (x1:(8),%2:(8),x3:(8))T = W (t,0) + zq(0) + zg(0). It follows from
this, together with (3.3), that

g(Z, 2) = é*(O)fo(Z, 2)
- D5 (1,37 (ORR)
= Dfl{[(—ﬂu + 1)1 (0) — b1 (0)p2(0) + 133 (0) + - - |

+&@*[~Lap7 (-1) + I3 (1)
+ L1 (1) pa(=1) + Ly (~1)2(0) — g o (~1)¢h2(0)
+lop7(0) — Liogh1(0)¢p2(0) + lnp3(0) + - - - |

_ T T T
+ ﬁ* |:—112¢§ (_TZ) + 113(7’3% <—T2> + 114¢2 <—T2>¢3(0)
1 1 1
¥ ¥ ¥
+his¢ (—72)4’3 (_.._2) —leos (‘TZ)¢3(O) e ] }
51 1 71
Comparing the coeflicients with (3.10), we have

&0 = Dfl { [2(—&11 + ll) - 2[20[ + 2130[2] +a* [—2146_2@%1 + 2150626_2&07?l + 2160[6_2iwf1
+ 2bae N 2L’ 4 20y — oo + 2111012] + B* [—2112(12@’2"“”2*

¥ 2113132672@5* + 2114051364@5* + 2115()1,36’2"“2* _ 2116,32‘346”2*] }’

Page 16 of 27
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gu =Da{[2(-an + h) - hla + &) + 2alsaa] + @*[ -2l + 2ls0& + lo(a + @)
+1; (6{3”"”fl + aei‘”fl) — g (o:o‘ze”“"fl + a&ei“’fl) + 20y — lo(o + @) + 2[110107]
+ B*[-2lpa@ + 203 BB + ha(afe ™7 + pae ™)
+ hs(@f +ap) - heBP(% + e %))},

g2 = DT{[2(=an + L) - 2ba + 2136°] + &*[-204€*™ + 20sa>* ™ + 2Usae”™
+2bae ™t - 20g@%e N + 2y - 2hod + 2m&2 ] + B¥[-2ha@3e¥ % + 205 B2 MO
+ 204 fe” + 2hsape e — 24 f2e ),

g = D7y { [(—an + h)(2W4g (0) + 4W(0))

— L (2aW(0) + @Wig (0) + Wig (0) + 2W7(0))

+13(4a WP (0) + 2a Wig (0))] + @* [a (4 W3y (-D)e ™ + 230 (-1)e™™)
+15(2a Wi (-1)e“T + da WP (-1)e ™@0) + [ (2 W (~1)e T + Wig) (—1)e R
+ AW (~1)eD + 2a WP (~1)e %) + L (22 W, (<1) + @ Wig (-1)

+ Wag (0™ + 2W7(0)e™™ ™) — I (20 WA (-1) + & Wig (-1) + & Wiig (0)e™™
+ 20 WP (0)e ™0 + Iy (4 W (0) + 2Wig (0)) — Lo (2W,(0) + W3 (0)

+ AW (0) + 22 W, (0)) + (4 WP (0) + 2a W3 (0)) ]
_ * S~ T* P
+ B [—112 <4a w? (— f—2> e 4+ 2a WD) (— %)e“”z )
15 T1
23T\ or G T\ i
+ 113 2/3W20 ——= |2 +4ﬂWn ——= |e"™
151 T
By amiot o =@ avsiort , au@( T2 o &
+ha| 20W37(0)e™2 + a Wy (0)e ™2 + BWog | == | +2BW | —=
1 1
T - N\ o s
+hs <2a Wl(lg) (—Tz)e"wfz +a Wz(?)) (—i—2>e“‘”2
1 1
2@ T\ ors @f T\ iow
+ W | —= )e“2 +28W )| —= JeT™"2
Tl 15
e e - 29 T
y (25 W (0)e ™% + BWD(0)e™ + BWS) (—TZ) +28W) (——2)>] }
1 T
where

Wi () = lg—%oq(o)eiwﬁe + _lgo% g(0)e @1 1 Ee*n,
wTy 36()1'1

Wi (0) = - B 4(0)e@n? + B z(0)e w70 4 E,,
[OX5]

a)fl
and
., -1
2iw — bu —b12 0 Ml
El =2 —Czle_zwrl 2iw — b22 - 6226_2iwf1 —b23 . M2 »

- . -
0 —d32€72m}r2 2iw — bzz — d3ze 2iwry Ms
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-bn —byy 0 N
Ey=2|—-cy —by—cxn —by3 N; |,
0 ~d3) —b3z —ds3 N3

where

My =2(-an + 1) - 2ha + 20502,
My = =207 290 4 2?7200 4 2 qe™ @0 4 2oqe™ N — 2g e T
+ 20y — 2o + 20102,
Ms = —2l,02e7 2% 4+ 2013827297 + 2y afe”™™ + 2isafe % — 2o ple T,
Ny =2(-an + h) = (o + @) + 2laa,
Ny = =2l + 2z + I + @) + &7 (o_ze’i“’fl + aei“’fl) — g (oc&e”"”fl + ozo_cei“’fl)
+2ly — ho(a + @) + 2l
Nj = —2lpad + 2038 + ha(afe™™™ + Bae®™) + Lis(af +ap)
—LeBB (ei"”f + e"""r;).

Thus, we can determine W5 (¢) and W1;(6). Furthermore, we can determine each g; by
the parameters and delay in (1.3). Thus, we can compute the following values:

1 1 Re{a (0
c(0) = 207 (gzogu -2|gul* - §|g02|2> T s 2= _%,
T2 _ _Im{Cl(O)} +w,l;12 Im{}\’(fl)} ) 132 — ZRQ{CI(O)},

which determine the quantities of bifurcating periodic solutions in the center manifold
at the critical value 7;. Suppose Re{}'(71)} > 0. o determines the directions of the Hopf
bifurcation: if uy > 0 (< 0), then the Hopf bifurcation is supercritical (subcritical) and the
bifurcation exist for t > 7 (< 71); B, determines the stability of the bifurcation periodic
solutions: the bifurcating periodic solutions are stable (unstable) if 8, < 0 (> 0); and T de-
termines the period of the bifurcating periodic solutions: the period increases (decreases)
if T, >0 (<0).

4 Global continuation of local Hopf bifurcations

In this section, we study the global continuation of periodic solutions bifurcating from
the positive equilibrium. Throughout this section, we follow closely the notations in [19]
and assume that 7, = 75 € [0, 13,,) regarding 7, as a parameter. For simplification of nota-
tions, setting z;(£) = (%1, %2z, %3;) T, we may rewrite system (1.4) as the following functional
differential equation:

Z(t) = F(Zt’ TI:P): (41)

where z,(0) = (%1,(0),%0:(8), %3, (0)T = (x1(t + 0), 2t + 0),%x3(¢ + 6))T for t > 0 and @ €
[-71,0]. Since x;(2), x2(¢), and x3(¢) denote the densities of the prey, the first predator, and
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the second predator, respectively, the positive solution of system (1.4) is of interest and its
periodic solutions only arise in the first quadrant. Thus, we consider system (1.4) only in
the domain R® = {(x1,%2,%3) € R®, %1 > 0,5 > 0,x3 > 0}. It is obvious that (4.1) has a unique
positive equilibrium E*(x}, 3, 4%) in R2 under the assumption (H;). Following the work of
[19], we define

X =C([-11,0L,R),
= Cl{(z, 71,p) € X x R x R*;z is a p-periodic solution of system (4.1)},
N ={& 7,p);F 71,p) = 0}.

Let K(E* 0) 21 denote the connected component passing through (E*, rlk, 2’5 )in T,
(/)

where le is deﬁned by (2.20). We know that Z - (, ) through (E%, ‘L’lk, 2(/) ) is nonempty.

lk

Lemma 6 If the conditions (Hy) hold, then all nontrivial periodic solutions of system (4.1)
with initial conditions

x1(0) = @(8) > 0, x%20)=¥(6) =0, x30)=¢0) >0, tel[-11,0);
»(0) >0, ¥(0) >0, #(0)>0

are uniformly bounded.

Proof Suppose that (x;(£), x2(£), x3(¢)) are nonconstant periodic solutions of system (1.4)
and define

x1(61) = min{xl(t)}, x1(m) = max{xl(t)}r
%3(&2) = min{x,(2)}, %2(m2) = max{x(t)}, (4.2)

x3(£3) = min{xs(2)}, x3(n3) = max{xs(t)}.

It follows from system (1.4) that

x1(¢) :xl(O)eXp{/O [m —anxi(s) - %} ds},

%5(2) =x2(0)exp{/t|:—ﬂ2 + _onnls—n) — da¥a(s) — %?)(S))] ds},
0

my +x1(s —11) my + Xo (s

x3(t) = xs(O)eXp{ /0 t[—as + oml5) assxa(S)] dS},

My + %5(s — 7))

which implies that the solutions of system (1.4) cannot cross the ;-axis (i = 1,2, 3). Thus,
the nonconstant periodic orbits must be located in the interior of each quadrant. It follows
from the initial data of system (1.4) that x;(¢) > 0, x,(¢) > 0, x3(¢) > 0 for ¢ > 0.

From the first equation of system (1.4), we can get

aip%2 ()
0=a - 6111961(771) — Y <a1— 6111%1(771),
mixa (1) +x1(m)
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thus, we have

a
x(m) < —. (4.3)
an

From the second equation of system (1.4), we obtain

anxi(n2 — ) _ ag3x3(n2)
mypxa(n2 — 1) +x1(n2 — 11)  mazxz(n2) +x2(12)
aznxi(n2 — )
mypxy(n2 — ) +x1 (02 — '51),

0=-ay+

< -ajp+

therefore, one gets

ai(ay — az)

xX(mp—1) < .
axdimin

From the second equation of system (1.4), we obtain
%(£) < (az1 — a2)x>(t),

when £ > 71, % () < 2y (t — 77)e@21-%2)71,

Then we have

a(an —a)) elan-a)u -
a2411M12

Q. (4.4)

x2(n2) <

Applying the third equation of system (1.4), we know

ﬂszxz(ns - 12*)
Ma3x3(n3 — 7)) + %2 (3 — T5)
a3 Q

myxs(ns —75) + Q

0=-as+

<-as+

It follows that

x3(1n3) < @~ 0;)Q as)Qe(ﬂ32_“3m~ (4.5)
T asmos

This shows that the nontrivial periodic solution of system (1.4) is uniformly bounded and

the proof is complete. O

Lemma 7 Ifthe conditions (H;) and

anms3 ain 1 "
(Ha) ay — — | — =azanmyst, >0,
a3 mya 2

a23 1 * 1 2 *
an + —— +az | — -azant, — -dz;mpT, >0,
ma3 2 2

hold, then system (1.4) has no nontrivial ty-periodic solution.
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Proof Suppose for a contradiction that system (1.4) has nontrivial periodic solution with
period 7;. Then the system (4.6) has nontrivial periodic solution:

d.

“E=x)]ar — anxi(t) - #ﬁ@m],

dxy _ a x1(t) az3x3(t)

d_tz =x2(t)[-as + mlzxzzl(t;ﬂl(t) - mzsxs(t)+x2(t)]’ (4-6)
dxs azpxy (t-15)

ar X3 (t) [_d3 + m23x3(t—r;)+x2(t—rj)]’

which has the same equilibria to system (1.4), i.e.,
E=(§,%,0),  E*=(x},a5x3).

Note that the x;-axis (i = 1,2, 3), the invariable manifold of system (4.6), and the orbits of
system (4.6) do not intersect each other. Thus, there are no solutions crossing the coordi-
nate axes. On the other hand, note the fact that if system (4.6) has a periodic solution, then
there must be the equilibrium in its interior, and that E are located on the coordinate axis.
Thus, we conclude that the periodic orbit of system (4.6) must lie in the first quadrant. If
(Ha) holds, it is well known that the positive equilibrium E* is global asymptotically stable
in the first quadrant (see [7, 8]). Thus, there is no periodic orbit in the first quadrant. The
above discussion means that (4.6) has no nontrivial periodic solution. It is a contradiction.
Therefore, Lemma 7 is confirmed. g

Theorem 5 Suppose the conditions of Theorem 4 and (Ha) hold, let wy and 11(1,3 be defined
in Section 2, then when v, > t&),j =1,2,3,...,system (1.4) has at least j—1 periodic solutions.

Proof It is sufficient to prove that the projection of £ (e 21
. Tk g

each j>1, where 7; < rl(’k). :
In the following we prove that the hypotheses (A1l)-(A4) in [19] hold.

(1) From system (1.4) we easily see that the following conditions hold:

onto 7 -space is [Ty, +00) for

T 2(P3 T_ 3
(Al) Fe C*(R; X Ry x R+),whereF—F|RixR+XR+ — R
(A3) F(¢,n,p) is differential with respect to ¢.
(2) It follows from system (1.4) that
D.F(z,1,p)
2 2
aiaminxsy a12%]
a) - 2anx, — ———22 e 0
1 UXL ™ Gy v )2 (myaxp+x1)?
2 2 ") 2
_ anmys gy e L . . (4.7)
(mgxa+x1) (m12x2+x1) ) (ma3x3+x2) (m23x3+xz)2
aspmy3xy _ azpxy
0 (ma3x3+%7)? B Gngzazran)?
Then under the assumption (H;)-(H3), we have
2
_ * alzxi‘xz ﬂlzxf
anxy + (maxy+x5)? (mgxy +x5)? 0
2 * , ok K ook *2
B * _ ag minx; apx3x;  anmipXixy  ax3a;
detD-F(z"mop) =det| ol P~ mage])? s o
0 azymo3xy azymo3ny Ay
(ma3x}+x%)? (m3xh+x3)?
*2 k2 ok
a11a21mM12X7 " Xy" X
=— 17273 <0. (4.8)

(X + x7)2 (ma3a + x5)?
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From (4.8), we know that the hypothesis (A2) in [19] is satisfied.
(3) The characteristic matrix of equation (4.1) at a stationary solution (z, 7o, po), where
z=(z",z?,z9) e R®, takes the following form:

AZ,11,p)(A) = Mld — DyF(z, 71, p) (e']), (4.9)
that is,
Az, 7, p) (1)
A—ay +2anzV + (;;;;;;f;ff)z (mlfﬁz%(i;n)z 0
_ anmz®?  _q 93732

— A e A+as+ Gy T | (4.10)

7(3)2 *
a3pm3z —AT.
0 —We 2 A+ as + G2
where
G =- anz? Ar3my3z? 3 anzV? e
(m122? +20) * (m32® +22)2 (112 +zV)? ’
Gz _ 6{322(2) ﬂgzé(z)z _ark

— e
mz32(3) + 2(2) (m232(3) + 2(2))2

A stationary solution (z, 7j,p) of (4.1) is called a center if F(z,7;,p) = 0 and det A(z,
T, [9)(%) = 0. A center (z,71,p) is said to isolated if it is the only center in some neigh-
borhood of (z, 7, p).

From (4.10), we have

det(A(E*, tl,p)(k)) =23+ oA+ pid+po + (q2k2 + @+ qo)e_Ml

+ (rgkz + A+ ro)e’M2 + (M + mg)e M), (4.11)

Note that the above equation is the same as (2.18), from the discussion in Section 2 about
the local Hopf bifurcation, it is easy to verify that (E*, tl(f, 21y is an isolated center, and

Wk
there exist € > 0,8 > 0 and asmooth curve A : (Tl(f() -4, Tl(f() +68) — C such that det(A(A(11))) =
0, |AM(11) —wi| <€ forall; € [71(;() -4, rf’k) + 8] and

dRe A(11)
_ > 0.
dn )

=7

)‘(11(;3) = il

Let

2
Q.2 =1(n,p)0<n<e |p——
T wje [0)%

<e}.
G

It is easy to verify that on [11(113 -39, 71/3 +6] X 092 2r,
o

2
det(A(E*, Tw,p) (n + —nz)> =0 ifand only if
p
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i 27
n=0, mw=1l, p="= k=1,23;j=0,12,...
o

Therefore, the hypothesis (A4) in [19] is satisfied.
If we define

) 2 ; 2
H* (E*,rl(’k), w—”>(n,p) = det(A(E*,rl(’k) +4,p) (n + 7”1’)),

k

then we have the crossing number of the isolated center (E*, 11(1,3 , Z}—’;) as follows:

G 27 - o 27

Thus, we have

Z J/(E, fl’ﬁ) < 0,

z,71,p)€C i
(z,71,0) <E*'Tl(/k>’c277()

where (z, 71, p) has all or parts of the form (E*, 1(;(), i—”) (j=0,1,...). It follows from The-

k
orem 3.3 in [19] that the connected component Z(E* 0 2 through (E*,TI(Q, i—’;) is un-
ik o

bounded for each center (z*,71,p) (j = 0,1,...). From the discussion in Section 2, one can
get i—’; < r&) forj>1.

0)

Now we prove that the projection ofﬁ( onto 7;-space is [T}, +00), where 7] < rur(.

E*,rl(’k),z,—Z)

Clearly, it follows from the proof of Lemma 7 that system (1.4) with 7; = 0 has no nontrivial

periodic solution. Hence, the projection of £ , onto 7-space is away from zero.

+ 0 2
(& ’rlk’wk
For a contradiction, we suppose that the projection of K(E*T(;) o

Tk
onto 1;-space is included in an inter-

onto t;-space is
bounded, this means that the projection of ¢ (e 21
. Tk g
val (0, 7*). Noticing i—’; < 7/, and applying Lemma 6 we have p < t* for (z(¢), 71, p) belonging
to/ (

2 This implies that the projection of £ ( onto p-space is bounded. Then

Ex V) Ex 0 2m )
’le’wk ’le’wk
applying Lemma 6 we see that the connected component £ (e 21 is bounded. This con-
Tk g
tradiction completes the proof. g

5 Numerical simulations
In this section, we present some numerical results of system (1.1) to verify the analytical
predictions obtained in the previous section. As an example, we consider the following

system:

G =02 -050() - JEE],

dt x2(6)+x1(2)
dxy _ 0.3x1 (£—11) 0.1x3(¢)
d_tz =x2(0)[-0.15 + xZ(t*'fl)l*xlé*Tl) - xa(t)+x2(t)]’ (5.1)

dx3 _ 0.25x9 (t-13)
ar = xg(t)[—OZ + m]
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Figure 1 The trajectories of system (5.1) with 7, =0, 7, = 1.1 < 72, , = 31.1328. The positive equilibrium
E* is asymptotically stable. The initial value is (4,3.2,1).
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Figure 2 The trajectories of system (5.1) with 7, =0, 7, =30 < 72,, = 31.1328. The positive equilibrium
E* is asymptotically stable. The initial value is (4,3.2,1).

From the coefficients of system (5.1), we can easily see that

a3y —asz = 0.0500,

a3
azn — <ﬂg + —((132 - 613)) =0.1300>0,
asamis3

a a
a, — i [ﬂ21 — (612 + i(ﬂgz - a3)>] = 19133 > O,
an min as3pimy3

P2+ qa+1ry=19619 >0,
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Figure 3 The trajectories of system (5.1) with 7, =0, 7, =31.14 > 73, = 31.1328. A Hopf bifurcation
occurs from the positive equilibrium £*. The initial value is (4,3.2,1).
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Figure 4 The trajectories of system (5.1) with 71 = 15, T = 1.1. The positive equilibrium £ is
asymptotically stable. The initial value is (4,3.2,1).

P2+ qa+r)pL+qL+1+my)—(po +qo + 7o +mg) =0.3657 >0,

Po +qo +1o+mp=0.0056>0.

Then the conditions (H;)-(Hy) are satisfied. E* = (3.8267,2.9263,0.7316) is a unique pos-
itive equilibrium of system (5.1).

When 71 = 0, by some computations by means of Matlab 7.0, we have mo =
-3.1789e-005 < 0, wyp = 0.0470, 19, = 31.1328. From Theorem 2, we know that the

positive equilibrium E* is asymptotically stable for 75 < 19, = 31.1328 and unstable for
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Figure 5 System (5.1) undergoes a Hopf bifurcation when t; = 20, 7, = 1.1. A Hopf bifurcation occurs
from the positive equilibrium £*. The initial value is (4,3.2,1).

3.

©

3.

~

3.6
0

1
t—x plane

2

1
t-z plane

2

x 10

x 10

y(t)

0 1 2 3
t-y plane x 10

3.8

y(t) 0 36 X(t)

Figure 6 System (5.1) undergoes a Hopf bifurcation when 7; = 80, 7 = 1.1. The initial value is (4,3.2,1).

Ty > Ty, = 31.1328, which is shown in Figures 1-3. When 7, = 31.14, system (5.1) under-

goes a Hopf bifurcation at the positive equilibrium E*.

Let 7, = 1.1 € (0,31.1328) and choose 1; as a parameter. Theorem 5 is satisfied. By the

computer simulations, we have 139 & 20. Then the positive equilibrium E* is asymptot-

ically stable when 7; € [0,20). A Hopf bifurcation occurs from positive equilibrium E*

when 7; = 20. The top predator is in danger of extinction when 7; = 80. These numerical

simulations, mentioned above, are shown in Figures 4-6.
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6 Conclusion

In this paper, we devoted our attention to the stability and bifurcation analysis of a de-
layed two predator-one prey system. We obtained some conditions for local stability and
Hopf bifurcation occurring. Specially, when ©; # 75, we derived the explicit formulas to
determine the properties of periodic solutions by the normal form method and center
manifold theorem. In addition, the global existence results of periodic solutions bifurcat-
ing from Hopf bifurcations were established by using a global Hopf bifurcation result due

to [19]. Finally, a numerical example supporting our theoretical predications was given.
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