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Abstract
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1 Introduction

Let Q = [0, +00[ xX2¢, 20 be an open subset of R” (1 > 2). Let x = (X0, X1, - -+ » Xy Xyt 15 - - -5
%) = (%9,%,%") € Q, where we set &' = (x1,...,%,) € Q and ¥’ = (X,41,...,%,) € Q", Q'
is the projection of €y on the hyperplane x” = 0 and Q" is the projection of Q¢ on the
hyperplane ' = 0. Let us consider the following class of hyperbolic second order operators

with double characteristics in the presence of a transition:
P=D? —Divy(A(¥,2")Dy) = (%0 + » —a(¥))’ Diver (B(x")Dw) + y(x), inQ, (1)

with C* coeflicients, where Dy, = %8xj, j=0,1,....,n, Dy = %Vx/ = (Dys...,Dy,,), Dy =
%Vx// = (Dxm+1,...,

For s = (SO»SI"'-7$m”§m+1:~-7§}1) = (§0y5/»§”)» where we set %-/ = (Sl!“-rsm)r SH =
(Ems1, . --,&4) and have fixed A, let us denote by

D,,), Divy = % div,, Div,r = %divxw and A is a positive parameter.

P(X, &)= —5;'02 + Zai;(x/,x”)fféj/ + Z axhaij(x/’x//)g}/l
h=1

ij=1

+ (%0 + A —()t(x/))2 Z bj(x”)éi”éj”

ij=m+1

+ (%0 + A —a(x))’ Z 3, by (") &), + v (%)

h=m+1
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the symbol of P, by ¥ the characteristic set
T={p=x&eT " Q:p(p)=0,Vp(p) =0},

where T*Q = Q x (R” \ {0}) is the cotangent bundle related to €2, and by F, the funda-
mental matrix of P at p, namely

1 (pi(o)  ple(o)
E,(p) = = , Vpex.
=3 (—pééx(p) —Pi(o)y Pe

The spectrum of F(p), which we denote by Spec(F(p)), has a remarkable importance for
the study of the well-posedness of the Cauchy-Dirichlet problem for P.
Let us note that (see [1])

zeSpec(F(p)) & -zZ € Spec(F(p)).

It is well known that F(p) has only pure imaginary eigenvalues with a possible exception
of a pair of non-zero real eigenvalues £ (see [1, 2]). If F(p) has a pair of non-zero real
eigenvalues, we say that P is effectively hyperbolic at p. If F(p) has only pure imaginary
eigenvalues and, moreover, if in the Jordan normal form of F(p) corresponding to the
eigenvalue 0, there are only Jordan blocks of dimension 2, i.e., Ker F(p)? N Im F(p)? = {0},
we say that P is non-effectively hyperbolic of type 1 at p. Instead, if F(p) has only pure imag-
inary eigenvalues and, moreover, if in the Jordan normal form of F(p) corresponding to
the eigenvalue 0, there is only a Jordan block of dimension 4 and no block of dimension 3,
i.e., Ker F(p)?> N ImF(p)? is 2-dimensional, we say that P is non-effectively hyperbolic of
type 2 at p. Besides let us set

%, = {p € ¥ : Pis effectively hyperbolic at p},
¥_={p € X : Pis non-effectively hyperbolic of type 1 at p},

%o = {p € ¥ : P is non-effectively hyperbolic of type 2 at p}.
It is easy to verify
=Y_UXoUX,

Finally we say that we have a transition exactly when at least two among the above sets are
nonempty.

The Cauchy problem for hyperbolic operators with double characteristics has been
widely studied by many authors either in the case in which F,(p) has two real nonzero
eigenvalues Vp € ¥ or in the case in which all the nonzero eigenvalues of F,(p) are purely
imaginary numbers, Vp € X (see for instance [1, 3—9]). Recently, another class of hyper-
bolic second order operators with double characteristics has been considered in [2]. For
this class the C* well-posedness of the Cauchy problem is studied. Moreover, Carleman
estimates are obtained for non-effectively hyperbolic operators. In [10], for a different class
of hyperbolic second order operators some energy estimates are established and the C*
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well-posedness of the Cauchy problem for non-effectively hyperbolic operators is studied.
We emphasize that in [2] and [10] the authors obtain a priori estimates when X = X_ LI X.
Instead we get a priori estimateswhen ¥ =X_U¥yuU X, or ¥ =¥ _UXjor ¥ =XoU X,
or ¥ =3_or X = %,. In fact, in the class of operators (1), studied also in [11, 12] and
[13], both in the case in which F,(p) has two distinct real eigenvalues and in the case in
which all the eigenvalues are purely imaginary numbers can occur. Namely, on the vari-
ety characteristic a transition from a case to another one can be considered. More pre-

cisely, if p(x, &) = &2 - Z;Zl 5/2 + (%0 + A — a(x))? Z;l:mu sz, setting B(x) = xg + A — a(x'),

if |[Vya(x')]<land Bx) =0 (§g =& =---=§,=0, Z;l:mu Ejz = 1), then F,(p) has two
distinct nonzero real eigenvalues. As a consequence, P is effectively hyperbolic. Instead
if |[Vya(@)|>1land B(x) =0 (&g =& =---=§,=0, Z,V';mu Ejz =1), F,(p) has two nonzero

imaginary eigenvalues, then P is non-effectively hyperbolic. Therefore X, is the set of
points of ¥ for which |V a(x)| <1, X_ is the set of points of X for which |Vya(x)| > 1 and
3 is the set of points of ¥ in which |Vya(x)| = 1. Hence, even if we consider the particular
class of operators (1), we have a transition from effectively hyperbolic to non-effectively
hyperbolic.

In [11], an a priori estimate for solutions of a class of hyperbolic equations depending on
a parameter (=37 + 97 + (xo + A — a(x1))*92 )u = f related to a Cauchy-Dirichlet problem
is proved. Then in [14] energy estimates and existence and uniqueness results are estab-
lished. For the Cauchy problem related to the same class of hyperbolic operators, a global
existence and uniqueness theorem is obtained in [12, 13] and energy estimates for solu-
tions are established in [15]. In this paper, we study the general class of hyperbolic second
order operators with double characteristics in the presence of a transition (1). Under suit-
able assumptions on the coefficients that allow the transition on the variety characteristic,
we obtain, first of all, a priori local estimate near the boundary and, then, distant from it.
Such estimates allow us to prove existence theorems for the following Cauchy problem in
the set Q:

Pu=f, in¢Q,

u(0,x',x") =0, 0y, u(0,%',x") = 0,

(2)

see Section 6.
Let us assume that:
(i) all the coefficients a;;(x",x"), i =1,...,m, and b;(x"), j = m +1,..., n of the operator
(1) belong to C*(£2p) N L*>(2p) and C5°(2”) N L*®(R"), respectively, for every k > 0;
a(x')
div, a(x')
and h(x') =1 —divy g(x1), g, h € C°, h(x') € [y, hp], V&' € @', with 0 < Iy < hip < 4;
(ili) there exists A > 0 such that |g(x')| < A, V&' € €;
(iv) setting C(x/,x") = divy A(x/, x")g(x') + 2[A(¥,x") divy g(x') — A(x,x")], for every

(ii) setting g(x') = , where a(x') is a vector with m components equal to «(x'),

(@, 2") € Qo, where A(x',x”) is a matrix with m columns equal to A(x',x”)Vyg(x'),
the matrices A and B are positive definite and C is positive semidefinite, namely

3L, > m:A(X,x")E'E = L&

, V& eR™,

2

AL, > 0:B(x")&"E" > L, ||€"|", VE" eR™™,

C(x,x")g'e’ =0, V& eR™
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It is worth remarking that in the study of hyperbolic operators considered in this note,
the major difficulties in order to establish a priori estimates regard to the case in which
the function B(x, 1) = xo + A — a(x’) assumes positive and negative values in Q. Let us
observe that if m = 1, setting A(x’,x”) = (a(x',x")), as a result C(x',x”) = divy a(x’,x”)g(x').
Moreover, if a(x’,x”) is a constant function, then C(x’,x”) = 0. Therefore, if m = 1 and

A(x,x") is a constant function, assumption (iv) naturally occurs.

X3
Example 1.1 Let a(x;) = e3* be a function defined in R and let P = Dfm - qu — (xo +

1 2x
A —a(x1))’D;,. It is easy to verify that g(x;) = ——— and h(x) = 271 +1inR. Let us
x+1 (7 +1)2
remark that 1 — Ssﬁ <h(x) <1+ %, Vx; € R. Moreover, the assumption (iii) is satisfied if
we choose A > 1. Therefore, we have ¥ = ¥_ LI ¥ U X,, namely we have a transition from

effectively hyperbolic to non-effectively hyperbolic.

Example 1.2 Let us consider the function «/(x;,x;) = e™1+b%2 i R2 where a + b #0, and

the operator

P=D?% — (3D% + D2, +4D2) — (wo + A — a(1,2)) D2, — (%o + 1 — (w1, x2))° D2,

X1X2

in [0, +oo[ xR*. We observe that g(x;,x,) = alﬁ and /(x1,%,) =1 in R?. Let us remark that

3 1 10 0 0
A=, 2], B= , C= .
14 0 1 0 0

As a consequence, A + C = A. The matrices A and B are defined positive with constants

1

. Therefore,
|a+b|

L = g and L, = 1, respectively. Moreover, assumption (iii) holds if A >
Y =X_ U XU X,, then we have transition.

Example 1.3 Let us consider the function a(xi,%,,%3) = (%1 + %2 + x3)? in |-k, k[3, with

k > 0 and the operator

1 1 1
P=D} - (4D§1 +4D} +4D. + D  + =D}  +-D: )

2 X1X2 2 X1%3 2 X2X3

2
— (%0 + A — (1, %0, %3)) ch4

in [0, +oo[ x ]—k, k[>xR. It is easy to verify that g(x;,x,,%3) = %(xl + %9 + x3) and h(xq, %o,

x3) = % in |-k, k[3. Moreover, as a result

1 1 5 5 5

4 A 2 T4 g

=11 1 - -1 5 _5
A 1 4 il B (1), C . 3 )
1 1 5 5 5

4 4 4 T4 T2 2

The matrices A and B are positive definite with constants L; = % and L, =1, respectively,
and C is positive semidefinite. Finally, assumption (iii) is ensured when A > %k‘ For k large
enough, ¥ = ¥_ LI ¥ U ¥, results, namely we have transition from effectively hyperbolic

to non-effectively hyperbolic.

Page 4 of 26
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The paper is organized as follows. In Section 2 some preliminary notations are given.
In Section 3 a priori estimates are proved. In Section 4, estimates in Sobolev spaces with
s < 0 by means of the pseudodifferential operator theory are obtained. Section 5 deals with
a local existence theorem near the boundary. Then a regularity result for the solution u to
the Cauchy problem (2) is shown. At last a global existence result is proved in Section 6.

2 Notations and preliminaries
Let a = (g, a’,a”) € Ng*l. We denote by 9 the derivative of order |«|, while Bg, means,
as usually, the derivative of order / with respect to x; and 3;;,@ denotes the derivative of
order & with respect to x; and x,.

Let us denote by (-,-), || - ||, || - |~ (r € Ng) the L?-scalar product, the L2-norm and the
H"-norm, respectively.

C5°(Q) is the space of the restrictions to Q of functions ¢ belonging to C3°(R™*!) such
that ¢ vanishes with all the derivatives in [0, +oo[ x3€2,.

Let s € R, let us denote by || - ||o0,s the norm given by

1 oo / 1712\8 |~ ;e |2 Vi
ol 0055 = W./(; dxg /Rm dx /Rn_m(u &"17) [0, ', €") | dE”,

Yu e C(Q),

where the Fourier transform is done only with respect to the variable x,. Moreover, let us
denote by A; the pseudodifferential operator, given by

B 1
- (2m)n-m

Asu / ¢ (14 [€7]7) P (o, 41, £7) dE,  Vu e CP(Q). (3)
RYI*I’VI

Let us recall that A; : C3°(2) — C>(Q). For every g(x”) € C°(R"™™), the operator pA;u

extends as a linear continuous operator from Hgo'?;l’p.(ﬁ) to Hl%g"_s(ﬁ), where r,s € R (see

[16]). Moreover, denoted by U, the projection of suppu on the hyperplane x” = 0, if

suppu € R"™"\U,», then pA,u is regularizing with respect to the variable x”, namely as

a result

lpAsulloor < cllull o005

Vr,r e R,ue C®(Q) :suppu C [0, +00[x Q' x Q" \ supp ¢.

Let us remark that the norms ||| 005 and [|Asu|;2(q) are equivalent.
Finally, let s,p € R, let us denote by || - || zs» the norm given by

oo / 1 " 2 - J 4 2 "
Nl sy = D /0 dxo A dx /R o Gy L [ETY [0 (o, £7)
|hl<p

Yu € C3°(2).

3 Apriori estimates
Lemma 3.1 Let Qi = [0, k[ xS, for every k >0, let u € C3° (Q), as a result

llotll 22 () < 2K 110 1l (4)
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||l/l(0,x,,x//) ||iZ(QO) = 4k||ax0u||21 (5)

”I’lHEZ(Qk) + HM(O,?C,,JC”) ||i2(90) S 4(1(2 + k)”axOMHEZ(Qk)' (6)

Proof Let u € C°(2). We have

0= /Q Oxp (xouz (x)) dx

:/uz(x)dx+2/xou(x)axou(x)dx,
Q

Q

and therefore
f u? (x)dx =-2 / Ko () 0y, u(x) dx.
Q Q
In particular, in Q4 we obtain
llaell> < 2Kkl 2] [| 9o 2,

which implies (4). Analogously, by using the following equality:

/ o U (%) dox = —/ u? (O,x',x”) dx' dx”,
Q

Q0

we obtain (5). Finally, collecting (4) and (5), we have (6). O
Now, we are able to prove the following a priori estimate.

Theorem 3.1 Let Qi = [0, k[ x 20 be a subset of 2, where k > 0. Let us suppose that g, h

satisfy (i), (i), and (iii). Then there exists a constant ¢ > 0 such that

I9sell + Y Nl + > || (%0 + 2 — (') de]| < c(1Pull + 1],
j=1 Jj=m+1
Vu e CP (). @)

Proof Let us integrate by parts in the inner product

2((x0 + 1) u(x), Put) = (7 k/ (8x0u(0,x’,x”))2dx' dx”
Q0
- 2/ A(¥, &) Vyu(x) - (o + M) Vi Oy, u(x) dx
Q
- Zf (w0 + 2 — a(x/))zB(x”)wau(x) < (%0 + A) Vi Oy (%) dix
Q

- / Y ()u?(x) dx
Q

- / By ¥ (¥) (0 + M) (x) dix
Q
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- A/ v (0,4, %" )u* (0, %, ") dx’ dx”
Q0
= |9 ]| +x/ (9 u(0, %/, x”)) dx' dx"
Q0
+ / A, 2" ) Vyu(x) - Vyu(x)dx
Q
+ Af A, ") Vou(0,4,x") - Vou(0,x',x") dx’ dx”
Qo
+ 2/ (w0 + A —a(x'))B(x") Varu(x) - (o + 1) Vi u(x) dox
Q
+ / (0 + 4 — a(x’))ZB(x”) Vou(x) - Vyru(x) dx
Q
A / (1 — () B(") V(0,4 5"
Qo
Veu(0,x,x") dx' dx”
- [ vneedr- [ o0,y ods
Q Q
) / y (0,2, %) (0,5, 5") dx’ dx’". ®)
Qo
On the other hand, by integrating by parts in the inner product, we obtain

2(g () div,y (), Pur) = ~2(g (') divy Tx), 32 u()
+ 2(g () divy (), divys A (¥, #") V()
+ 2(g () divy 760, (0 + 4 — () divi B(') V()
(*) divy u(x), y ()u(x)). ©9)

/

+2(g(x
Let us compute separately every inner product:

-2(g(x) divy u(), 8f0u(x)) = 2(g(x') divy 0y, (%), 0y u(x) )

42 /Q 0y 4(0, ', ") (i) divy (0, ") ' d”
0
- - /Q divy (') (duou(x))” dax
+2 /Q Oy (0,4, ") g (") divy (0,4, x") dx’ dx”. (10)
o
For the second one, we have
2(g (') divy (), divy A(x, ") Vyu(x))

=-2 Z/ ¥, // Vo u(x) og(x’)vx/ Ox,, u(x) dx

_22 / x,x) ) - 0y, (%) Vg («') do. (11)
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Moreover, as a result
_22 / * &) Vyu(x) - g (') Ve B, () dc
_22/ &)V 8, u(x) - g(+) Voo () dix
+2Z/ e, A, x") Vouu(x) - g(x') Vi u(x) dx
+2Z / ") V() - 8,8 (¥') Vi () dix,
and that implies
_22 / x, ") Vyu - g(x') Vi 8, u(x) d
Z / O, A (%, 2") Vru(x) - g () Voo () dc
+Z / K, 2"\ Vu(x) - 3,8 (%) Vi u(x) dx.

Substituting (12) in (11), we obtain
2(g (") divye w(x), divy (A(x', 8”) Vi u(x)))

Z/ 0y A x x /u(x)-g(x’)Vx/u(x)dx
+ Z/ #, ) Vart3) O 8 (¥) Vi)
-2 Z/ X, ” Vo u(x) - Bxhu(x)Vx/g(x/) dx.

‘We compute

28 A(¥, &) Vu(x) +i14 %) ) - B, g (%) Vi ()

h=1

—dlvxrA(x’ x”) Vo u(x) ~g( ) /u(x)+A( / ”) xru(x)~divx/§(x/)vxru(x)

= (divy A(x,2")g () + A(x, ") dive g(x')) Vo u(x) - Vou(x).

Moreover, as a result

D AW Vyu- 3y, uVg(x) = AW x) Vo) - Vo),
h=1

Page 8 of 26

12)

(13)

(14)
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where A(x',x”) is a matrix with m columns equal to A(x’,x”)V,g(x’). Taking into account
(13), (14), and (15), we obtain

2(g (") divye w(x), divye A(x',x”) Vi rs(x))
- fg [dive A(x,x")g (i) + 24 (") divy g(x) — 24 (2| V() - Vypa(e) dix
. /Q A, ") divy §(<) Vi - Vrudx
= /Q C(«', ") Vyulx) - Vyulx) dx - / A, x")Vyu - Vyudx

Q

+/ h(x/)A(x/,x”)eru-erudx, (16)
Q

where we have set C(x/,x”) = divy A(x, x”)g(x') + 2[A(x', &) divy g(x') — A(x',x")], for every
(«,x") € Q.

Let us consider
2(g (") divie w(x), (x0 + A — oz(x/))2 div, (B(x") Vyru(x)))

=-2 Z/ (xo +A— a(x/))zB(x”)quu(x) -g(x/)qu Oy, u(x) dx
h=1 Y€
=2 Z/ (0 + A — a(x/))zB(x”)Vx// Oy, u(x) - g(x') Viru(x) dx
h=1 Y%
—4 Z/ (xo +A— a(x’))axha(x’)B(x”) Voru(x) -g(x/)Vxnu(x) dx
h=1 Y%
+2 Z/ (w0 + A - oz(x/))zB(x”) Vo th(%) - 3,8 (x) Vr () dix, 17)
n=1 V%
from which it follows that
-2 Z/ (xo +A— oc(x/))zB(x”)Vxnu ~g(x/)qu Oy, U dx
he1 V8
=-2 Z/ (xo +A— a(x/))axha(x/)B(x”) A\ -g(x’)qu Oy, U dx
h=1 V&
£y / (0 + % — a(¥'))*B(x") Vorus(x) - B, ¢ (x') Vi a(x) . 18)
h=1 Y%

Substituting (18) in (17) and using assumption (ii), we have
-2(g(x") divye w(x), (%0 + A — (x’))2 div,r B(x") Vo u(x))

=-2 Z/ (xo +A— a(x/))8xha(x/)B(x”)wau(x) - g(%)Vyru(x) dx
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+ Z/ (%0 + A — oe(x’))ZB(x”)quu(x) - 0, & () Vir () dx
n=1 V8

) /Q (50 + 1 — () B(x") Vi) - () V() dx

+ /Q (0 + 1 — (%))’ B(x") Veru(x) - dive (x') Viorta(x) dix
=-2 /Q (w0 + A —a(x))B(x") Virtu(x) - (%) Vier u(x) dx

: /Q (50 + % — () B(") Varus(x) - V()

- / (xo +A— a(x’))zB(x”) Voru(x) - h(x/)Vxnu(x) dx. (19)
Q
Finally, we have

2(g(x’) div,y u(x), y(x)u(x)) =— | divy V(x)g(x') u®(x) dx

y(x)divy g (x’) u?(x) dx

divy y(x)g (x’) u®(x) dx

v (%)u®(x) dx

S— 5 5— 5

¥ fQ y () (%) dx. (20)
By adding (10), (16), (19), and (20), we have
2((x0 + A)0xo 1 + g(x') divyr i, Pu)
— 3sgul® + /Q (4= h(x')) (50 + 1 — (') B() Vra(x) - Vorue(w) dx
: /Q (L (00,5, 57))” + A, 2" V(0,2 5" - V(0,25
'
+ 20, (0,4, ") g(x) divy (0,4, x”) } dx’ dx”
+ /Q (h(¥)A(,2") + C(x")) Vi - Vyuds
. /Q (2h(x') - 3)y () (x) dx
- /Q(xo + k)&xoy(x)uz(x) dx
Y /o V(0 (0, d

- / divx/gf(x’)uz(x)dx.
Q
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Making use of assumptions (i), (ii), (iii), and (iv), we obtain

((vo + 1) 0o + g(x') divy u(x), Pus)

m
> Iy |9 ull® + Lihy Y || 0>

j=1
n-m
+Ly(4 - hy) Z“ (xo +A- oz(x/))axjwunz + 4(k2 + k)c||u||2, Yu € C° (%),
j=1
where Q = [0, k[ x Qq, with k > 0, from which (7) follows. O

As a consequence, we have the following corollary.

Corollary 3.1 Under the same assumptions of Theorem 3.1 and for k small enough, there
exists a constant ¢ > 0 such that

lsgiell + > Nl + > [ (o0 + & — ()| + el < Pl
j=1

Jj=m+1

Yu e Cgo(ﬁk) (21)

Proof Taking into account (4) and (7) and choosing a positive number k small enough, we
obtain (21). O

4 Estimates in Sobolev spaces with s < 0 by means of pseudodifferential
operator theory
Let us, first, prove some preliminary results.

Lemma 4.1 Let u € C°(Q), with Q = [0, +00[ xQ' x R"™, and let ¢ € C°(R"™"), with
suppp C R \U,. As a result

Cqyr.s
L4

lpAsull 2@ < lullgoorey, VseRreZ ,g>s+r,

where L is the distance between supp ¢ and Uy, supposed to be greater than 1.

Proof Let us consider

1
(2n)n—m

! (" -y")-§" /" n2\3 ron ) el
o fo N ) )

_ i2p / ei(x”—y”)f” (p(x//)u(xo,x/,y//)
(2m)ym=" JR2m-m) | — y" |2

(PASM =

N 1 o ,
/Vl—m elx ¢ gD(xl/)(l + ’E”|2)?M(x07x :E )df

(Aé://(l+ ‘5”’2)%)Ln]dy”d$”

i

N RN

%=y Yy
Sl Y gl W(—)‘/’(x )
> / PSR M(xo,x/,y”) ”L_ as dy”,
RA-m %" = y" 1%

where m € Nand ¢ € C*°(R) such that ¥ (t) =1if |[t] > 1, ¥ (r) =0 if [t| < %
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This implies

Y
P 3

(") n2\ 5 i 7] "
A= Gy Rnfm(ﬁs”(“@ [%)2) (o, ") = "”( >|x”|2p "

where the convolution is done with respect to x”, and also

Page 12 of 26

205(n"
¢(n")

]:x// (@Asu) = o7

7|12\ 5\ [P ;oo |x//| eix”-é” ”
Af” 1+ ‘%‘ ’ ) ) (xo,x,n )]:x” vf 12 |x”|217 df ) (22)
where
|x”| eix//‘é// N |x//| 1 1

]:x// (w< L |x”|217 - n-m € w L |x”|217 dx '

It results

o |x//| eix”-é”
(1+ ‘5//_77//‘ r)]:x“(W( I ) |x”|217>

/" [rl
oy [ e (oo (E1) 2 :
e / <Ax ((T)wm))
and then
/7 ix" E" 2p—n+m+1
fx// '(p m ¢ < Cr,p - l .
L |x//|2p (1+ |%-//_n//|2r) L

Making use of (22) and (23), we obtain

”]:x”(‘pAsu) ”
= llpAsul

1 -~
< G 120 Lo

712y 3\ [Pl ~ ;oo |x//| eix”f” ”
1Lttty ()5

|2 % pl~ ;o x//| elx”‘s”
SC/RM (B L+ |81 %) " atwo, ', ") eV 1 ) Lo

__Cw (Der(1+[E"1%)2) P (o, ', 1)
— [2p-n+m+l RA-m (1 + |%.,, _ n,,|2r/)

12(Q)

dé//

L2(Q)

dg”.

L2()

(23)

Taking into account the previous inequality and the Peetre inequality (see [16], p. 17), it

follows that
2p+n—m
" Crps 1A+ 1871232 ailwo, &, ")l 20 ) e
lle u”L2 sz A f o m A+ —n"*) £

(24)
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Ifp> %, setting g =2p —n+m+1in (24), r = 2r, results in

Cqrs

La

lpAsullr29) < ll2£ll 0.0 (g2)»
where the constant ¢, is independent on L. O

Taking into account Lemma 4.1, it is easy to show the following.

Lemma 4.2 Let ¢ € C3°(R"™) such that ¢(|t"]) =0 if |t”| < 1. For every e >0, r € Z~,
s € R and for every u € Cgo(ﬁ), with Q = [0, +o0[ xQ' x R"™ there exists L > 0 such that

W
A,
H“’( L)

Furthermore, we are able to prove the following.

< ellull goor(g)-
12(Q)

Lemma 4.3 Let ¢ € C°(R"™™) such that ¢(|t"|) =1 if |t”| <1. For every e >0, r € Z",
s € R and for every u € CF(Q), with Q = [0, +00[ x Q' x R"™, there exists L > 0 such that

(o))

Proof In order to establish this result we can proceed as Lemma 4.1, but in (22) we need

< ellul| goor(q)-
12(Q)

to consider the Fourier transform of the function ¥ (Jx"]) =1 - go(leJ) instead of ¢(n”) and
keep in mind that

Vg=V+g=Qns-§)*g=21g-9*% VgeSR),
where §'(R) is the space of tempered distributions defined in R. d

Next, we prove a result concerning estimates near the boundary.

Lemma 4.4 Let Q2 =]0,+00[xQ, where Qg is an open subset of R". For every ¢ and §
positive, there exists k > 0 such that if

Irs = {xeﬁ:xo <k,

xo + A —a(¥)|> 8},

as a result

m n
I9xgell + Y ol + > [[ (@0 + A — ()| + lluell < el Pl
j=1

Jj=m+1

Yu € C3°(Q) : suppu C Iis. (25)

Proof Integrating by parts and proceeding as in the first part of Theorem 3.1, we have

z(erxo 8x0bl(x),Pu) -7 ”e%rxo 3x0u||2 + / (axou(o’x/’x//))Z do dx"
Q

0

+ / e A(x', x") Viru(x) - Voou(x) dx
Q
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. /Q AW, %) V(0,42 - (0,2, 5") d’ dx”
:
42 /Q €70 (x + 1 — () ) B(x") V() - Vigru()
i /Q € (x0 + - o () B(¥') Virtax) - Vyru()
A /Q (1 —a () BE) Varu(0,2,2") - Vyrsa(0, ") i’ d”
:
- '/Q ™0y (x)u? (x) dx — /;z e”‘)uz(x)ony(x)dx

—/ y(O «, %" )u (0 x, x”) dx' dx”. (26)
Qo

This implies

m n
T (Hei”“’ 8x0u||2 +1 ZHe%”" 8x,u”2 +L, Z [ (%0 + A —a(x’))eirxoaxju‘f)

j=1 Jj=m+1
— / 2
<c Me%”o%u +t||e%”‘°|)/(x)|%u(x)||2
ol (ko + 4 —a(x')2
+ ||e%”°|8x0y(x)|% H +/ v (0,",2")|u* (0,4, ") dx’ dx”

+ (ce™ Pu, 3y u)

- 1 1 1
< g Z He%fxo(xo +)L—O[(x’))axjuH2 +C<§ + ;>”ax0u”2 4 5”6%”60])””2

Jj=m+1

b S eboa,ul

Choosing xg < %, it follows that

||ax0u||2+Znax,u||2 ZH xo + A —a(x'))dy )

j=m+1
P 1 1 c
1 2
== Z 270 (a0 + 2 — et (x')) By e || + = (| Pu||* + - 118 24112 27)
Jj=m+1
For 7 large enough, making use of (27) and (4) we obtain the claim. O

As a consequence, we establish the following result.

Lemma 4.5 For every ¢ and § positive, there exists k > 0 such that if

Iis = {

~aly)] >4},
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foreverys <0, as a result

m n
199 4l 0050y + Y I1ullgoosiey + D | (%0 + 2 = (&) Oy 4| o5 + N2l 1005()
j=1 j=m+1
< ellPullgoosq)y, Yue CP(Q) :suppu S Iis. (28)

Proof Let ¢ € CP(R), set vs = p(|x”|)Asu, as a result supp vy € Irs and ¢(|x”]) = 1 in Uy,
Therefore we can rewrite (25) with v, namely

1B vsll + i 19;vs | + Z (0 + & — e (&) By | + lvsl < ellPws]. (29)
j=1 jem+l
Let us compute

10 Vsll = 118y Astall = | (0 — 1) 3y Aste|

= 0g Ase]l  [|Ru]], (30)

where (¢ — 1)d,,A; = R is a regularizing operator. In the same way,

195vsll = clAsdyell = |Rull,  Vj=1,...,m. 31)
Similarly, we obtain

[ (0 + 2 — (&) B vs | = || (w0 + 2 — () D0 Asu|

= [ As(xo + A —er(x)) B + (0 — DA (0 + A — ax(x')) By

+ (%0 + A — a(x’))[axj,ga](Asu)H

> ||A5(x0 +A— a(x/))axju” —c||Ru||, (32)

where we take into account that (¢ — l)Asax/. and [Bx]., @]A; are regularizing operators. Fi-
nally, we have
llvsll = ”Asu +(p - l)Asu”
> || Asull — l|Rull, (33)

(¢ —1)A; being a regularizing operator.
Making use of (30), (31), (32), and (33), it follows that

m n
19 vell + Y 13 vsll + D || (0 + 2 — (') By | + vl
j=1

Jj=m+l

m n
> ”aX()M”HO'O'S(Qk) + C(Z ” axiu||H0’0’S(Qk) + Z || (x() +A - a(x/))axju“HOvas(Qk)>

j=1 Jj=m+1

+ ”u”HOvas(Qk) —c||Ru|.
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Since [|[Rul| < cllulloos(q,) < cklldxyull o.05(g,), choosing k small enough, as a result

||ax0vs||+2||ax,vsn+zn xo+ 4 =)y v + vl

Jj=m+1

m n
> c<||ax0u||Ho,o,S(Qk) + 3 Ny ulloosigy + > [0 + 1 = a(¥)) 2] 000 @

j=1 jem+1
+ IIMIIHo.o.s(Qk))- (34)
On the other hand, we have
Pyy = o(|x")AsPu + o(|x"|) [P, A () + [o(|%"]), P](Asw).
As a consequence, we obtain

I1Pvsll = || (|x"])AsPu + ¢ (|"])B (35)

where we set [P, A;] = Bs,1, this being a pseudodifferential operator endowed with the sym-
bol with respect to the variable x” of order s + 1. Such a symbol has the following principal

part:

1 <& s
(58) =2 Y (o 1 h-ale))” 3 g0, (1 s [ )

p=m+1 ij=m+1

Therefore the symbol b(x,&”) can be written as
b(x,6") =c(x,&") +d(x,&"),

where d(x,£”) is a symbol of order s and we set
B, = Csq + Dy,

Moreover, we set R = [¢(|x”|), P]A;, which is a regularizing operator.

At last, we remark that
Conut = Cy(xo + 1 — (%)) Z Oy
i=m+1
and the symbol c; of C; is given by

1 s
C;(x,é//) Z—; Z (xo +)»—C( Z “ g//asp( |§”i2)2.

p=m+1 j=m+l
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By such insights and by (35), as a result

n
| Pvs|| < c(||ASPu|| + Z | Cl(o + A — ()| + IDuel] + ||Ru||>

Jj=m+1
< c(||Pu|| w00s@) + Y || (%0 + A= (%)) 0yt 005 gy + 141 Ho,o,s(9)>. (36)
Jj=m+1
By using (29), (34), (36), and for & small enough, the claim follows. a

Now, we are able to prove the following theorem.

Theorem 4.1 Let Qi = [0, k[ xQq, with k such that (21) holds, let Qo = Q' x R"™™, let Q'
be an open set of R"™" and let B(x") be a constant. Under assumptions (i) and (ii), for every
s € 7~ there exists ¢ > 0 such that

m n
[0 2| 0052 + Z |9 24| 0.0 () + Z (%0 + 2 — a(x’))ax,bl”Ho,o,s(Q) + [l go.os (@)
j=1 j=m+1

< c||Pullpoos(q,, Yue Cgo(ﬁ) :suppu C Q. (37)

Proof Let ¢ € C°(R) and ¢(z') =1if |[t'| <1 and Uy < [-L,L]"™. Setting v, = go(‘xT”‘)Asu
in (21), as a result

m n
19Vl + Y 13 vsll + D || (0 + 2 — (%)) s | + Ivsll < el Pwsll. (38)
j=1

Jj=m+1

Furthermore, we have

105 vsll = ” OxgAstt + (¢ — l)aons””

> (| Asdg el = || (@ — 1)Asdg ]
Taking into account Lemma 4.3, for L large enough, it follows that
|9 Vs Il = cllAgDg 24 (39)
Making use of the same technique, we have
9 vsll = cllAsOxull,  Vj=1,...,m, (40)

and similarly

As(xo + 4 — oc(x/))ax/.u +(p - DAs(x0 + A — a(x/))axju

50+~ a(w)) o] - |

. [axj,go("‘Ll)]As(xo h—a())u

> c||As(xo + A —a(x/))axju” - %HAs(xo +h—o(x))u

» (41)
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where L is large enough. Finally, we have

(5o

>(1- S)HMHHOrO'S(Q)r (42)

vsll = [l Aszll +

having used Lemma 4.2.
On the other hand we have the result

P, = (p< |xL//| )AsPu + [(p( |xL”| ),P] (Asu). (43)

Let us observe that

lAsPu|| = [|Pue| pro.0.5(0)s (44)

from the continuity property of the pseudodifferential operators (see [16], Theorem 2.1)
and making use of Lemma 4.2

oA )]

By using (43), (44), and (45), we have

|x//| |x//| |x//|
I1Pvsll < ||@ I APu| + || 7 Byu o\ P |(Asu)

< cllPullgoos(q) + €llull oos(q)- (46)

< &||ull goosg).- (45)

+

Making use of (38), (39), (40), (41), and (42), choosing ¢ small enough and taking into
account Lemma 3.1, as a result

m n
1004l r00s() + Y I8yl p00s(y + 3 [ (%0 + & = (&) B2t 1000 + 1l s1005
j=1 j=m+l

< cl|Pullgoos(q) + € llull goosg)

< cl|Pu| o0 + € 10x 4l 10050 (47)
and for & small enough the claim is established. 0
Now, we prove an estimate in Sobolev spaces with s < 0.

Theorem 4.2 Under assumptions (i), (ii), (iii), and (iv), for every s € Ry there exists ¢ > 0
such that

m n
1959 41l 0050y + Y I1sllg00si@y + D | (%0 + 2 = 0 (x')) Oyt o5 + N2l 1005()
j=1 j=m+1

< cllPullpoosigy,  Yu € C3°(R) : suppu S % = [0,k[x Q. (48)
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Proof Let ¢ € C3°(R) such that ¢(|x”|) =1 on U, and let k such that (21) holds.
Then, for every u € C3°(S2) such that suppu C €, as a result

||ax0vs||+2||ax,vsn+zu %o+ A —a(x))dgvs || + Ilvell < cll Pyl

Jj=m+1
where v = o(|x”|)Asu.

Proceeding as in the proof of (34) (see from (29) to (34)), we obtain

||ax0vs||+Z||ax,vs||+Zn w0+ A —a(x))dg v + vl

Jj=m+1

m n
> c(naxounHo,o,smk) + ) dgullroosioy + D (%0 + 2 —a(®)dyul 00sq,)

j=1 j=m+1
+ ||M||H0,0,S(Qk)> .

On the other hand, we have

Py, = o(|x"|)AsPu + [o(|a']), P](Asu) + o (|%'|) [P, Au = o (| |)AsPu + Ru + Byu,

where R = [p(|«'|), P]A; is a regularizing operator and B;,; = [P, A] is a pseudodifferential
operator with respect to the variables x” of order s + 1 endowed with symbol b(x, §”) with
principal part equal to

n

1 s
C( ’s//):_; Z (X()+)\. Ol Z X' S”é/la (1+‘§//| )2‘

p=m+1 ij=m+1

Hence,
b(x,&") =c(x,&") +d(x,E"),
where c¢(x, ") is the symbol of order s. Therefore, we have
B = Csq + Dy,
Then as a result
[P, A (1) = Cy11t + Dyua. (49)

Taking into account (41), (42), (43), and (49), we obtain

| //| |x//| |x”|
Pyg|| < AP B, P |(As
[ VII_pr( T U o\ (Asu)
lx”| "]
< cllPullyoosioy + | @\ = ) Contt| + o\ = | Dou

[«
< c(|1Pull o0 + llullo0s(y) + &llell yoosqy + %0( i3 Csniu|.

+

+ + ellull goosg)

(50)
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We remember that C,; is a pseudodifferential operator endowed with the symbol

n

1 1
C( ,S/) :_; Z (x0+)» Ol Z // S//E//aép(1+ |%.//| )2.

p=m+l ij=m+1

Therefore, we have

1 I/ 4
_ - ix"-& N\ !l 7
Cylh = oy /n_me c(x,f )u(xo,x,i—‘ )d“g‘

! =4 " " ”
- G [ X8 el Vi,

' (27r§n—m /R e (1= x(8"]))el. 8 ")a(xo, o £7) 5,

where x € C§°(R) such that x(¢) =1 for |¢| < 1. Therefore, we have

Cs1t = Ru

+ ﬁ '/Rnim ez’x”-&”(l _ x(|§”|))c(x,f;‘”)ii(xo,x’,é”) dg”,

where R is a regularizing operator. On the other hand, we have
/ o*' € (1 —x (|$”|))c(x,é”)ﬁ(xo,x/,é”) de"
]Rn—m
S 3 [ o+ ) Pl

j=m+1

(1= x(I&"D)e(x,E")
(%0 + A —a(x)?|E"]?
quence, it follows that

where c¢'(x,£") = (& +--- +&,) is a symbol of order s. As a conse-

Contt = Ru + Z Cs’(xo +A— ot(x'))zaxiu
j=1
=Ru + Z (w0 + 4 — “(x))23x,X(M37_MM)u
Jj=m+1

+ 2”: Cl(xo+ 14— a(x/))zax, [1 - <Mﬂ>:|u

Jj=m+1

Then, taking into account Lemma 4.5,

n
ICull < |Rull +c Y

Jj=m+1

(r0 42— ()8, [1_)((@)};’

(% + 2 —a(x))? (Ixo+k—a(x/)|)
Sx Oy U
8 8 7

H0,0,5(2)

n
rey

j=m+1

HO,O,s (Q)
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n
< llutll 005 + €8 Z || (xo +A-— oc(x/))Bx,.uHHo,o,s(Q)

Jj=m+1

Ao

n
< Nlull goosq) + €8 Z [l (%0 + A — a(x’))axjullHo,o,S(Q) + ce| Pul| 005
Jj=m+1

(2250

n
< llutll005() + €8 Z || (0 + A — oz(x/))axjuHHo_o_s(m

Jj=m+1

+C&

+ce

HO,O,S(Q)

m
+ce <||Pu||Ho,o,S(Q) + 10y el o052y + ) ||3xju||Ho,0,x(Q)). (51)
j=1

Making use of (50), (51), and Lemma 3.1, we have

IPvsll < c(IIPull o0s(y) + Kll g 2]l 005y )

m
+ce <||Pu||H0'0v3(Qk) + (| 0xg 2l o052y ) + Z ||8xju||H0’0:5(Qk))
j=1

+c8 Z (%0 + 2 — a(x/))ax].u||Hoyoys(Qk). (52)

j=m+1

Finally, by (52), (38), (39), (40), and (41), for § and ¢ small enough and, hence, k small
enough, as a result

m n
Nl B 21l 00,5200 + Z 1182411 70052 + Z (%0 + A - a(x’))ax/.uHHo_o_s(Qk)
j=1 j=m+l

+ |l o0y < clPullo0s(,), Vu € CP(RQ) : suppu S Q. O
5 Alocal existence theorem near the boundary and a regularity result

Let Q4 = [0, k[ x 20, with k > 0; the following local existence theorem near the boundary
holds.

Theorem 5.1 Letf € HO*%(Q), with s > 0. Then there exists w € H*%5(Qy) such that
(w,"Pu) = (f,u), Vue C(Q):suppu C .

Proof Let S be the space
S={y € C(Q%) : ¥ ="Pu,Yu € CF(Q) : suppu S .

Let T be the linear functional defined as

T(y)=T("Pu) = (f,u), Yy €S.
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Making use of Theorems 4.1 and 4.2, we have

\T()| = |(f,w)|

A

< W looscey lull ooy

IA

clf 005y || P MHHO'O"S(QIJ

Yl oo-sy YV €S,

where ¢’ = c||f || yo0s(q). Hence T is continuous on S and can be extended to a linear con-
tinuous functional in H%%~*(2;). Making use of the representation theorems, there exists
w e H%05(Q,) such that

T(y) = (w,¢)
= (w,"Pu)

=(f,u), YueC(RQ):suppu < Q. O
Now, let us study the regularity of the solution w. To this aim, we set
L =D} -Divy(A(x,x")Dy)
and, for every x” € ", we consider the Cauchy problem

Lv=h, in]0,k[x/,
v(0,x') =0, Vi (0,%') = 0.

Since L is a strictly hyperbolic operator, it is well known that if # € H® then the solution
v € H**1. As a consequence, since Pw = f in the sense of distributions, Lw = h, with & =
[+ (%0 + A—a(x)? Div, (B(x")D,r)w—y (x)w. Moreover, having f € H*2"9, with0 <s <r
and r > 2, it follows that

w e H" D (). (53)
Let us proceed by induction. We prove

we HW2r0(Q) = weH”?9(Q), 2<s<r
Hence, we compute

as—l,Z(r—s+l)Lw _ as—l,2(r—s+l)h

from which we have

Las—1,2(r—s+1)w — 85—1,2(V—s+1)h _ [as—1,2(r—s+1) L]W

e ) (xo tA—« (x/))2 Div, (B(x”)Dxu)85’1'2(””1)14/
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+ [(xo +A- ot(x/))2 Div, (B(x")Dy), 35_1’2("”1)]w

_ [as—l,Z(r—sﬂ)’ L]w.
This implies
w e H2(Qp) € HP 20 ().
Since s <r—1, as a result
w e H ().
Therefore, we proved that if w is solution to the equation:
(w.'Pg) = (f,9), Vo € CF(Q), (54)

then the distribution w € H™*(€;) (r > 2). Integrating by part the left-hand side of (54),
as a result, for every ¢ € C5°(Q) with suppp C €,

(PW, §0) = (f;¢)7
and that implies
Pw=f, ae. in Q. (55)

Moreover, integrating by parts the left-hand side of (54), for every ¢ € C°(Q) with
¢(0,«,x") = 0, we have

(Pw, @) — w(O,x’,x”)goxO (O,x’,x”) dx' dx" = (f, ),
Q0

and combining with (55), it follows that
w(O,x/,x”) =0.

Finally, integrating by part the left-hand side of (54), for every ¢ € C5°(S2) with ¢y, (0,%/,
x") = 0, we obtain

(Pw, @) — Wao (O,x/,x”)w(O,x’,x”) dx' dx" = (f, ),
Q0

and making use of (55), as a result
Wi, (0,%,27) = 0.
Hence, we proved that w € H"(€) (r > 2) is a solution to the problem

Pw=f, iny,

w(0,,x") =0, Wi (0,%/,%") = 0,

for k small enough.
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6 A global existence result
Let Xo > 0 and let Qz, = [Xo, +00[ x 29, by means of the change of variables xy = yy + X0,

the problem

Pw=f, inQg,

w(xo,x’,x") =0, Wy (X0,%,4") =0,
becomes

Pv=f, inQ,

v(0,2,x7) =0, 1,(0,4,%") =0,

where v(yg,x',x”) = v(xo — %o, %', x”) = w(xg,x',x").
According to the results of Section 5, for k small enough, there exists a solution v €
H" (), r > 2, verifying the problem

Pv=f, inQ,

v(0,x,x") =0, Vyo(0,5,%") = 0.

Hence, there exists a solution w € H"(Qz,x), where Qz, x = [X0,%o + k[ X2 verifying the
problem

Pw=f, inQz i
4 ok (56)
W(?_Co»x/,x”) =0, Wy (J_CO:x/;x”) =0.

Now, if B(x”) is constant and ¢ = Q' x R", k does not depend on s. Then we can proceed
in the following way. From the existence of a solution w € H"(Q25,) to problem (56), it
follows that also the problem

Pw :f, in onyk, (57)

w(xo,x',x") = g1 (¢, x”), Wi, (%0, %, %) = g2 (¥, ),

where f € C®(Q2), g1 € C®(R), g2 € C*(R), admits a solution w € C°°(§,—Coyk). In fact,
let /1(xp, %', x”) be a function belonging to C*°(25, «) such that /(xy,x’,x”) = g(x',x”) and
hyy (%o, %', x") = go(x', "), the solution to (57) is w = /1 + W, where W is solution to

Pw=f+Ph, inQsz

W(Q_‘:O»x/;x”) =0, on (J_CO:x/;x”) =0.
Set Qj = [0, h[ x 2o, with & > 0, by means of compactness theorems and the arbitrariness
of %y, we can decompose € in the union of a finite number of compacts Q; = [k;_1, k;] x

Qq, for i =1,...,p, where ky = 0, and such that there exists a solution w; € C*°(£2;) to the
problem

PW,‘ :f, in Ql',

Wi(kbx/,x”) = Wi—l(kirx,;x”); ax()wi(ki’x/rx”) = axo Wi—l(ki»x/;x”),
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where i =1,...,p — 1, wo(0,%",x”) = 0 and 9,,w,(0,%’,x") = 0. By construction, it follows
that the function
p
w(xg,x',x") = Z wi (o0, %', ") xi (0,4, ),

i=0

where

1 in [k;, k] X Qo,
Xi(xo,x/;x//) _ ir Ri+l 0
0 otherwise,

is a solution to the problem

Pw=f, in%y,

w(0,%,x”) =0, Wy (0,27,%7) =0,

with f € C*(R) and w € C*°(;,). For the arbitrariness of 4, we have proved that under
assumptions (i), (ii), (iii), and (iv), if Q¢ = Q' x R"™ and B(x”) is a constant, then the

problem
Pu=f, inQ,
u(0,x,x") =0, Uy, (0,x/,x") = 0,

with f € C*°(R2), admits a solution # € C*®(S).

If B(x”) is not constant, since ¢ depends on s in (37), we proceed as follows. For every
h > 0 and for every x, € [0, /[, we set Qz, x = [¥0,% + k[ X20. By means of a change of
variables x¢ = yo + %o, we show, as done before, (37) for every u € C§° (5;0,/() and k small
enough. Then it is possible to divide 2 in a finite number of subsets Q¢ = [0, ko[ x 2o,
Q1 = [k, ko[ X0, ..., Qp = [k, [ xQo, With ki < k; < kj, for every i =0,...,p, kyy1 = h

and j > i + 2, such that (48) holds in every €;, namely (37) holds for every u € C3°(2;),
i=0,...,p. Now, for every u € C*(2) with suppu C £, as a result

2] 0.0 [k i [ 20) = NBY 0.0 1k, ki1 [x 20)
= cllPut || .05 (i ki [ 20)

< c||Pul| poos(gy,)

(1B 2l 1005 (kg ka1 20) + NI 005 (ks i1 20) ) (58)

where ¥ € C*([0,A[), ¥ =1 on [k;, ki2] and supp ¢ C [k;, kis1], for every i odd with i =
-1,...,p -2,k =0and k,,3 > ky.1. By (58) it follows that

2l 0,05 (s 2 [x20) = NP 005025

from which, adding with respect to i, with i odd and i = -1,...,p — 2, as a result

]l 005,y < cllPullo0s(ey)-
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Making using of the previous inequality and proceeding as in Section 5, we see that there
exists w € H*%5(2;,) such that

(w,"Pu) = (f,u), Yue C(Q), (59)

and w € H"(R;,) N H9(;,), with 0 < s < r, r > 2. Integrating by parts in (59) (see
Section 5), for the arbitrariness of /, we can prove that for every / > 0 the problem

Pw=f, inQy,

w(0,x,%") =0, Wy (0,2/,%7) =0,

withf € H*20=9(Q), for every 0 < s < r,r < 2, admits a solution w € H"(2;,) NH""($2;,),

with0<s<r,r>2.
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