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1 Introduction

A time scale T is an arbitrary nonempty closed subset of the real numbers. Thus, the
set R of all real numbers, the set N of all natural numbers, and the set Z of all integers are
examples of time scales. On a time scale T, the forward jump operator, the backward jump

operator, and the graininess function are defined as
o(t)=inf{seT:s>t}, pt)=sup{seT:s<t}, and pu(t)=0o(t) -t

respectively.
In this paper, we investigate the nonoscillation of the higher-order nonlinear delay dy-

namic equation

(@1 () (@na(®) (- (@2 (©) > ) ) + u(Dg(x(5(2))) = R()

for t € [tg, 00)T, (1.1)

where g € T, the time scale interval [£y,00)r ={t € T : t > to}, a; € C,q([£9, 00)T, (0, 00))
(1<i<n-1), u,R € Cy([to,00)T,R), 8 € Cra([to,00)T, T) is surjective with §(¢) < ¢ and
3(t) > oo ast — oo,and g € C([£y,00)1 X R, R). Our goal is to obtain sufficient conditions
for all solutions of (1.1) to be nonoscillatory.
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We define
NEY ifi=0,
Ri{tr(t)) = a(ORE (t,x(t) ifl<i<n-1. 12
Then (1.1) reduces to the equation
Ry (6,x(2)) + u(t)g(x(8(2))) = R(®). (1.3)

We can suppose the supT = oo since we are interested in the oscillatory behavior of
solutions near infinity. By a solution of (1.1) we mean a nontrivial real-valued function
x € Coy([Ty, )T, R), T} > to, such that R,_1(¢,x(¢)) € Cid([Tx, oo)t, R) and satisfies (1.1)
on [Ty, 00). Since we are working on a time scale, the notion of oscillation takes the form
of what is known as a generalized zero of a function. We say that x(¢) has a generalized
zero at a point T if x(T)x(o (T)) < 0. A function is said to be oscillatory if it has arbitrarily
large generalized zeros and nonoscillatory otherwise.

In order to create a theory that can unify discrete and continuous analysis, the theory
of time scale was initiated by Hilger’s landmark paper [1], which has received a lot of at-
tention. There exist a variety of interesting time scales, and they give rise to many appli-
cations (see [2]). We refer the reader to [3, 4] for further results on time-scale calculus.
In the thousands of papers in the literature, finding sufficient conditions for all solutions
of an equation to be oscillatory have been a major focus of study (see [5-28]), but finding
necessary and sufficient conditions for the existence of a nonoscillatory bounded solution
of an equation are more rare (see [29]).

Zhu and Wang [21] studied the existence of nonoscillatory solutions to neutral dynamic
equation

[x(8) + p(O)x(g(®)]" + £ (£ x(h(2))) = 0.

Karpuz and Ocalan [22] studied the asymptotic behavior of delay dynamic equations of
the form

[x() + A@©)x((0))]” + BOF (x(8(2))) - COG(x(y (2))) = (2).

Wu et al. [25] investigated the oscillation of the higher-order dynamic equation
[ @[(raa @) (- (n@Ox@*)> )2V + F(t, (1)) = 0.

Sun et al. [26] obtained some necessary and sufficient conditions for the existence of
nonoscillatory solution for the higher-order equation

{a®[(x) - pOx((8))*" "} + £ (£,2(51)) = 0.

2 Auxiliary results
We state the following conditions, which are needed in the sequel.

(H1) There exist constants «, 8 > 0 and y > 0 such that |g(u)| < «|u|” + B.

o0 Asy S1 Asp L. [(n2 Asy_1 Sn—1
(Hy) fto w60 Jto a2sy) o amtagy Ju o IR(sa)|Asy, < 00,
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(H) fOO Asy 1 Asp L [(n2 Asy,_1 Sn—1
3 Juy als)) Jio axlsd) to  an-1(sp-1) Jto

lu(s,)|As, < cc.
We shall employ the following lemma.
Lemma 2.1 Let R, = [0,00) and H = {(t,$1,82,...,84-1) 10 <8, 1 <8, 20 < --- <851 <t<

oo}. Suppose that r € C,y([ty, 00)T,R,), h € Coy(H,R,), and that p € C(R,,R,) is nonde-
creasing with p(r) > 0 for r > 0. If there exists a constant ¢ > 0 such that

t s 52 Sp-1
r(t) §c+/ A51/ A52/ / h(s1,2,...,$)p(r(s1)) A 2.1)
to to to to
then
t s 52 Sp-1
r(t)§P1<P(C)+/ ASI/ As2/ / h(sl,sz,...,sn)Asn>,
to to to to
where
W ds
P(w) :/ —, Wo,w>0,
wo p(s)

P is the inverse function of P, and

t S1 ) Sp—1
P(c)+/ A31/ ASz/ / h(s1,82,...,8,)Asy, eDom(P_l). (2.2)
to to to to

Proof Let z(t) denote the right side of inequality (2.1). Then z(¢) = ¢, r(£) < z(¢), and

t 52 Sp-1
Z2(8) = / AS2/ / h(t,sz,...,sn)p(r(s,,))Asn
to to to

t 52 Sp—1
§p(z(t))/ ASQ/ / h(t,s0,...,8,)Asy,.
to to to

Since z2(t) > 0 and p is nondecreasing, we obtain

A t 52 Sn-1
pz(z((;))) S/to Asy /to /;0 h(t,so,...,8,)As,,. (2.3)

Noting that

1 dh 0]
A _ A
PO =20) [ s <

we have
t 81 82 Sp—1
P(z(t)) §P(z(t0)) +/ Asl/ AS2/ / h(s1,82,...,8,)As,.
to to to to

Since P(w) is increasing, we have

t 51 52 Sp-1
z(t) SP_I(P(C)+/ Aslf AS2/ / h(sl,sz,...,sn)Asn>.
to to to to

The proof is complete. d
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Notice that taking p(v) = v¥ and £ > 1 in Lemma 2.1, we have

1
P(z(t)) - P(z(to)) = T [275 () - 25 (t)]-
So
Lty < -t zlf(t)+/tA /SIA /Sz fs"_lh( )A
—_— <— s s S1,82 .5 80) Sy,
l—é I_E 0 to ! to 2 to to v
that is,
t s1 52 Sp—1
zl’s(t)zzl’é(t0)+(l—é)/ A31/ Asz/ / h(s1,82,...,8,)AS,.
to to to to
We have
t 1 s2 Sn-1 g;_ll
r(t) < |:cl_5—(§—1)f A51/ ASQ/ / h(sl,sz,...,s,,)As,,:| ,
to to to to
provided that

t s1 52 Sp_1 -5
f As1/ AS2/ / h(s1,82,...,8,) A8, < ——. (2.4)
to to to to 5 -1

3 Main results

Now, we state and prove our main results.

Theorem 3.1 Assume that conditions (H1)-(Hs) hold and for some k > 0,

A 1A Sn-2 As, Sn-1
/ 51 f 52 / ﬁ/ |u(s,,)‘8ky(s,,)As,, < 0. (3.1)
w a1(s1) Jyy aa(sa) o An1(8am1) Jy

If () is an oscillatory solution of (1.1) such that

lx@®)| = O(¢), t— oo, (3.2)
then x(t) — 0 as t — oo.

Proof We will show limsup, , () = 0 and liminf; ., x(¢) = 0. Suppose that
limsup,_, . x(t) = L > 0. Then for any #; > ¢, there exists t; > ¢; such that x(¢;) > % In
view of conditions (H,), (H3), (3.1), and (3.2), there exist Ty > ¢, and K > 0 such that
lx(£)] < Kt* (¢t > Tp) and

/-oo Asy STAsy /S"”2 As,_1
To ai(s1) To as(sz) To An-1(Sn-1)

x /sn_1{|R(sn){ + |u(s)|[K? 8% (5,) + B]} Asy < L (3.3)
T 4

0
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Since x(t) is an oscillatory solution of (1.1), every R;(t, x(¢)) is oscillatory fori = 1,2,...,n—1.
Choose Ty < T} < Ty <--- < T,_; such that

Ryi(T3,x(T7))Ruei (0 (T1), 2(0 (T1))) <0, i=1,2,...,n-1, (3.4)
and
Rui(Tix(T)) <0, i=1,2,...,n-1 (3.5)

Integrating (1.1) from T; to t, i = 1,2,...,n — 1, successively n — 1 times with ¢ > T,,_;, we
obtain

(1) = ar (T )6 (o) + / " RTeaxlTr))

Ty a3(y—2)

/ b OAsy 72 Ry(Tyo3,x(Ty-3))
+ e —
Tyt as(Sy—2) Ty a3(sy—3)

Asn—S

+ -

/t Asy_o fs”‘z Asy_3 /32 Ry_1(T1,%(T1))
+ e Asy
Ty

ay(sy-2) Ty_o az(s,-3) Ty ay-1(s1)

t A e Sp—2 A e 81
+/Tn1 Sn-2 / Sn3 / [R(s)—u(s)g(x(S(s)))]As

a(sy-2) J1,_, a3(sy-3) 7

A [ s o
Choose T, > T,,_1 so that

x(T)x(o(T,)) <0 and x(T,) <O.
Take T),,1 > T, such that

L
x(Tn+1) = 5 and x(t) > 0: te (an Tn+1)-

Note that such 7, exists since limsup,_, ., x(¢) > £. Dividing (3.6) by a1 (¢) and integrating
once more from T, to T,.1, we have

L Tw1 Ag),_ Sl As,_ =2 Ag,_
Efx(TrHl)f/ nl / 12 13
T,

W a1(su-1) Typ1 a($n-2) Ty_o a3(s,-3)

.. /31 [R(s) - u(s)g(x(é(s)))]As. (3.7)

5

It follows from (H;) that

L Tn+1 Asn—l Sp—1 ASn_z
2 —/T /Tn / [|R(s)| + |uls)||g(x(8()))|]As

51
a1 (Sn-1) 1 as(Sy—2) Ty

</‘Tn+1 ASyq il A, o
1, @1(Sn-1) J1,, a2(Su-2)

Page 5 of 11
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.../T1{|R(s)| + |uts)|[a|x(5))|” + 8]} As
Tyl o .
S/ Asy-1 Asy o / {|R(S)| + |u(s)|[a](y5ky(s)+ﬁ]}AS'
T,

W a1(Sp-1) Tyt as(su—2) T;

In view of (3.3), we have a contradiction.
In a similar fashion, we can show that liminf;_ ., x(¢) = 0. The proofis complete. [

Theorem 3.2 Assume that conditions (Hy)-(Hs) hold with y > 1. Then every oscillatory
solution of (1.1) is bounded.

Proof Let x(£) be an oscillatory solution of (1.1), and d > 0 be a constant.
If y > 1, then it follows from conditions (H;) and (H3) that there exists T* > £, such that

® As 1 As =2 As,_ Sn-1
/ ! z .. / o [|R(sn)| + Blulsi)|]Asy < d (3.8)
e a1(s1) Jr as(so) Ap1(8um1) Jr

and

® As S As 2 As, Sn-1 dr
/ ! 2 / B Ol|u(S,,)|ASV, < . (3.9)
= a1(s1) J+ ax(s2) *  Ap1(8pm1) Jr 2(y -1)

We will show that eventually for any interval on which x(¢) is positive, we have that x(¢)
is bounded by a constant independent of x(t). Choose T* < T} < Tp < --- < T, ; < T,
so that (3.4)-(3.5) are satisfied, 8(¢) > T,,_1 for ¢t > T,, and x(8(T,))x(8(c (T,))) < 0 with
x(8(T,)) < 0. As in the proof of Theorem 3.1, using (3.8), we have

8 ASI 5 ASZ
*(5(0) < /
( ) Ty ai(s1) Ty as(sz)

[ [ s s fels(s6) + £]) s,

T An-1 (Sn—l) T

LORYN 1A 2 A Sn-1
- [ S [ A [ R+ pluts) s,
n ais) Jr, axso) 7 an-1(suc1) Jry

8(t) " "
+/. As; /Sl Asy ‘/S 2& ’ 1|u(sn)|ot|x(5(sn))|yASn

n als) Jry ao(sz) 7 an1(8p-1) Jy

0 As; [ As
§d+/ ! 2
Ty ai(s1) Ti as(s2)

. / T Asp /T SH|u(sn)|a|x(a(sn)){VAsn. (3.10)

T an-1(8n-1)

We can apply Lemma 2.1 with ¢ = d, h(s,s,...,8,) = (5] 52 & =y, and

ai(s1)az(s2)-an-1(sp-1
p(s) =s”. From condition (3.9) we have

80 Ag S As =2 As,_
dl‘V—(y—l)a/ 1 2 / -1
Ty ai(s1) Ty as(s2)

Y Ll
20y -1 2

Sn-1
— |u(sn)|As,
T 4n-1 (Sn-1) T)

>d —(y -1) >0.
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Thus, (2.4) holds. It follows from Lemma 2.1 that

x(é(t))

50 As 5L As =2 As, =
[ "y -1 / 1 2 / _ 21 |u(sn)|Asn}
7, a(s1) Jr, ax(s2) 7 An1(Sp-1)
2

1
-1

d

So x(58(¢)) is bounded. A similar argument holds for intervals where x(t) is negative.
If y =1, then choose T > to so that (3.8) holds with T* replaced by T and

o ASl 1 ASQ Sn-2 As 1
‘[ / o |M(Sn)|ASn
T

ai(s1) J1 aa(s2) T An-1(Sp-1) +1°

Choose T* < T{ < Ty < --- < T, | < T, so that R,_(T},x(T}))R,—i(o (T}),x(c (T}))) <0
with R,_;(T},x(T/)) > 0 for 1 <i<mand é(t) > T,_, for ¢ > T,. As in the proof of Theo-

rem 3.1, using (3.8), we have

x(8)) = —d -

50) s Sy
o [ B [ o) s

T ai(s1) T ax(s2) T Gn- 1(Sn-1)

Combining (3.10) with this inequality, we obtain

a(t) As; T Asy
8(8)| <d
|x( ( ))| - +/l~, ﬂ1(51) L 112(52)

Sn-2 A . Sn-1

/ e |u(sy,)|ot|x(8(sn))|Asn, (3.11)
L an1(50-1) Ji

where L = min{Tj, T|}. Denoting by z(¢) the right side of inequality (3.11), we see that

[x(8(8)] < 2(2), 2(5(¢)) < z(¢), and

50 A s1OA -2 Ag, Sn-1
2(t) =d+ / L 2 / 2L L) e (85i) | A
L ai(s1) Jp as(s2) L an1(se1) Jo

5 Ag S1Asg 2 Ag Sp-1
< d+/ ! 2 / ol |u(sn) |ez(s0) As,y
L ai(s) Jpo as(sy) L An-1(Sn-1) JL

< d+z(t)f8m Asi [ _As .../SH _ASpa S}H‘u(s )’aAs
- L ais) Joo aa(sy) L an-i(se-1) Jo ! !

which implies x(5(¢)) < d(« + 1). The proof is complete. d

After seeing the proof of Theorem 3.2, the proof of the following Theorem 3.3 becomes

obvious.

Theorem 3.3 Assume that conditions (Hy)-(Hs) hold with y > 1. If (3.1) holds, then every

oscillatory solution of (1.1) converges to zero as t — oo.
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In a similar fashion as before, we can show the following theorem.

Theorem 3.4 Assume that conditions (H1)-(Hs) hold with 0 < y < 1. If (3.1) holds, then
every oscillatory solution of (1.1) is bounded and converges to zero as t — 00.

Proof Notice that taking p(v) = v¥ and 0 < £ <1 in Lemma 2.1, we have

1
P(z(t)) - P(z(to)) = E[zl_g(t) - zl_g(to)].
So
1 1 t 1 ) Sp-1
s — )+ [ Aa | As [ o / (51,5351 A
1-¢ 1-¢ t t t to
that is,
4 s1 s2 Sn-1 ﬁ
o) < [zlé(m -9 [ an [ an [ f h(sl,sz,...,snmsn} .
to to to to
We have

[
| =
oo

t s 52 Sp-1
r(t)f[z”(tonu—s) f As, / Asy / / h(sl,sz,..‘,snmsn}
to to to to

Further, the proof is similar to that of Theorem 3.2, so we have

3 51
x(5(t))5|:d1y+(1—7/)a / ASI/ As

o a1(s1) Jyy aa(s2)

Sp—2 As,_ Sn-1 I-y
/ 7"1/ |u(s,,)|As,,:| .
to an—l(sn—l) to

So we can conclude that every oscillatory solution of (1.1) is bounded, and by Theorem 3.1

x(t) converges to zero as t — 0o. The proof is complete. O

Theorem 3.5 Assume that conditions (H;)-(Hs) hold with g(0) = 0. If there exists N > 0
such that for all large T, either

liminf / t[R(s) — Nlu(s)|]As>0 (3.12)
t—>00 T
or
lim sup /t[R(s) + N|u(s)|]As <0, (3.13)
t— 00 T

then all solutions of (1.1) are nonoscillatory.

Proof For contradiction, let x(¢) be an oscillatory solution of (1.1). By Theorem 3.3 and
Theorem 3.4, x(¢) converges to 0 as t — oo. Hence, there exists Tp > ¢, such that
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lg(x(8(8)))| < N for t > Ty. From (1.3) we have

R(t) = N|u(t)| < Ry (t,x(8)) < R(2) + N|u(?)|. (3.14)
If (3.12) holds, then we choose T > T, such that §(¢) > Ty fort > T,

Ry (T,%(T))Ry—z (o (T),x(c(T))) <0, Ru>(T,x(T)) = 0, (3.15)
and integrating the left inequality in (3.14) from T to ¢, we obtain

t
T

R,,_z(T,x(T)) + / [R(s) - N’u(s)’]As < Rn_z(t,x(t)).

This is a contradiction since if x(¢) is oscillatory, then R,_,(t, x(¢)) is also oscillatory.
If (3.13) holds, then we choose T so that the second inequality in (3.15) is reversed. This
completes the proof of the theorem. O

4 Example
In this section, we give an example to illustrate our main results.

Lemma 4.1 [23, 24] Assume that s,t € T and g € C,y(T x T,R). Then

t t t a(¢)
g, = , .
/[/ (0 c)A;}An /[/ ¢t g)An]A;

Example 4.1 Let T = {¢" : n € Z} U {0} with g > 1. Consider the higher-order dynamic

equation
1 1 t\ | t 1
(t(t(~--(t2+yxA)A"')A)A)A+ : x<_> Sgnx(_) = = (4.1)
t1+ky+7 q q t1+7
where £ € [¢,00)T, ¥ >0,k > 0,a1(¢) = t2+%,ai(t) =t(2<i<n-1),ut) = m,é(t) = é,
Y

R(t) = 11—1, and g(u) = |u|” sgn(u).
P
It is easy to verify that R(¢) and u(¢) satisfy the condition (3.12). We will use the following
inequality: if s > £ > ¢, then

51 qt 1 gt 1 q"t=s 1
/—At=/ —Ar+/ —A'C+---+/ —At
¢ T ¢ T @ T o T

qt—-t q*t—qt q't-q" 1t
= + + e +
t qt qt

=n(g-1)<q"' <q't=s.

Applying Lemma 4.1 and the last inequality, we have
* A S1OA Sn=2 AS§,_ Sp-1
f 51 / 2. / s / |u(si)| Asy
g @s1) g ax(sa)  Jg ana(sen) Jg

®© As T As Sn=2 As,_ Sn-1
5/ 1 / _2/ it |R(s,)| sy
¢ @) ), ax(s2) ¢ Ana(sn1) Jg
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* As; T ASy 2 As,.1 (71 1
= 2 T — ... - ﬁ ASVI
a JvJg 52 q Sn-1 Jq Ty

Sn

S1 ASZ Sn-3 ASVHZ Sn-2 Sn-1 1 1
. Asn—l I ? AS,,
q Sn-2 q q Sn-1 s ty

n

® As; [ As 513 As 2 B |
/ 1/ 2“/ e [ s
q q 2 Jq q Su-1 Ity

——
3

b
V—L”
—

Sn
/°° As1 /S‘ Asy /S"-3 AS,_o /S” -2 As, /”-2 1 As
= A _ 1
241 S S "
y 2 n-2 n-1
AR q q Sn s
- /\00 Asy /Sl Asy /s”_3 AS,_o / n-2 8, 2
< - —_—Z ... Y Sy
q s?? q %2 ¢  Sn2Jg o 7
_ * As; T ASy Sn-4 Ag, 3 A Sn=2 ] A
- 2+1 S S Sn-2 1+1 Sn
7 g 7 2 q n-3 Jyq PR
</00 As; /81 Asy /'Sn—4 Asn_3/ As /G(sn 2) A
= 1 e n-2 n
q sf+7 7 52 q Sn-3 q s,
o ASl 51 ASZ Sn—-4 Asn73 Sn-3 Sn=3 1
_ . As As
B 2+1 S S " 1+4 n-2
7 s v Jq 2 q n=3 Jq Sn Y
- ® As 51 ASy n=3 g, 3 A
=), =), W po
q 5 v Jq q S 14
o ASl 51 S1 o ASI ols1) 1
< T —TAs, < T Asy,
2+7 1 v 1+ 1 v
7 s 1 s, 7 s S
X As, [ 1
- 1+1 1+1 Asl
q Sn Y Jsu 5, 12
2
©As, [ 1 qg-1
< T — As; = 1 < 00.
1+7 1+7 y _1
7 s, 1 g qr —

Thus, conditions (H;)-(H3) and (3.1) hold. Then it follows from Theorem 3.5 that every
solution x(¢) of (4.1) is nonoscillatory.
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