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1 Introduction

Fixed point theory in CAT(0) spaces was first studied by Kirk [1, 2]. He showed that every
nonexpansive (single-valued) mapping defined on a bounded closed convex subset of a
complete CAT(0) space always has a fixed point. Since then, the fixed point theory for
single-valued and multivalued mappings in CAT(0) spaces has been rapidly developed,
and many papers have appeared; for example, one can see [3—-6] and related references.

Let (X, d) be a metric space. A geodesic path joining x € X to y € X (or, more briefly, a
geodesic from x to y) is a map ¢ from a closed interval [0,£] C R to X such that ¢(0) = x,
c(€) =y, and d(c(t),c(t')) = |t — ¢| for all t,¢ € [0,£]. In particular, c is an isometry and
d(x,y) = £. The image « of c is called a geodesic (or metric) segment joining x and y. When
it is unique, this geodesic is denoted by [, y]. The space (X, d) is said to be a geodesic space
if every two points of X are joined by a geodesic, and X is said to be uniquely geodesic if
there is exactly one geodesic joining x and y for each x,y € X. A subset Y C X is said to be
convex if Y includes every geodesic segment joining any two of its points.

A geodesic triangle A(x,%2,%3) in a geodesic space (X,d) consists of three points xy,
%y, and x3 in X (the vertices of A and a geodesic segment between each pair of vertices
(the edge of A)). A comparison triangle for geodesic triangle A(xj,x2,%3) in (X,d) is a
triangle A(xy,%2,%3) := A(%;, %, %3) in the Euclidean plane E; such that dg, (%, %;) = d(x;, %))
fori,j € {1,2,3}.

A geodesic space is said to be a CAT(0) space if all geodesic triangles of appropriate size
satisfy the following comparison axiom.

CAT(0): Let A be a geodesic triangle in X, and let A be a comparison triangle for A.
Then A is said to satisfy the CAT(0) inequality if for all x, y € A and all comparison points
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%y €A, dx,y) <dg,(x,7). It is well known that any complete, simply connected Rieman-
nian manifold having nonpositive sectional curvature is a CAT(0) space. Other examples
include pre-Hilbert spaces [7], R-trees [8], the complex Hilbert ball with a hyperbolic met-
ric [9], and many others.

If x, y1, y» are points in a CAT(0) space, and if y, is the midpoint of the segment [y1, y2],
then the CAT(0) inequality implies

1 1 1
d*(x,70) < Edz(x,yl) + Edz(x,yz) - Zdz()/hyz)-

This is the (CN) inequality of Bruhat and Tits [10]. In fact, a geodesic space is a CAT(0)
space if and only if it satisfies the (CN) inequality [7, p. 163].

In 2008, Dhompongsa and Panyanak [11] gave the following result, and the proofis sim-
ilar to the proof of the remark in [12, p. 374].

Lemma 1.1 [11] Let X be a CAT(0) space. Then
d((l -Hx Dy, z) <(1-8dx,z)+td(y,z)
forallx,y,z€ X and t € [0,1].

By the above lemma, we know that CAT(0) space is a convex metric space. Indeed, it is
a metric space X with a convex structure if there exists a mapping W: X x X x [0,1] - X
such that

d(W/(x,y, t),z) <td(x,z)+ 1 -t)d(y,z)

for all x,7,z € X and ¢ € [0,1] and this space X is called a convex metric space [13]. Fur-
thermore, Takahashi [13] has proved that

d(x,y) = td(x, W(x,y, t)) +(1- t)d(y, W(x,y, t))

for all x,7,z € X and ¢ € [0,1] when X is a convex metric space with a convex structure.
So, we also get the following result, and it is proved in [11].

Lemma 1.2 [11] Let X be a CAT(0) space and x,y € X. For each t € [0,1], there exists a
unique point z € [x,y] such that d(x,z) = td(x,y) and d(y,z) = (1 - t)d(x,y).

For convenience, from now on we will use the notation z = (1 — £)x @ ty. Therefore, we
have

z=(1-tlxdty < ze€xyl,
dx,z) =td(x,y), and d(y,z) =1 -1t)d(x,y).
Let C be a nonempty closed convex subset of a CAT(0) space X, and let T be a nonex-

pansive mapping on C, i.e., T : C — C such that d(Tx, Ty) < d(x,y) for all x,y € C. We use
F(T) to denote the set of fixed points of T, i.e., F(T) := {x € C: Tx = x}. Let N be the set of
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positive integers, R be the set of real numbers, and let R, be the set of nonnegative real
numbers.

A family {T'(¢) : £ > 0} of mappings is called a one-parameter continuous semigroup of
nonexpansive mappings on a nonempty closed convex subset C of a CAT(0) space X if the
following conditions hold:

(SG); foreachteR,, T(t)is a nonexpansive mapping on C;
(SG)y T(s+1t)=T(t)o T(s) forallt,s e R,;
(SG)s for each x € X, the mapping T'(-)x from R, into C is continuous.

A family {T'(¢) : ¢ > 0} of mappings is called a one-parameter strongly continuous semi-
group of nonexpansive mappings on a nonempty closed convex subset C of a CAT(0) space
X if conditions (SG);, i = 1,2,3, and the following condition are satisfied:

(SG)y T(O)x=xforallxeC.

Note that if C is a nonempty compact subset of a Banach space and {T'(¢) : ¢t > 0} is a semi-
group of nonexpansive mappings, then ﬂtzo F(T(t)) # ¥ [14]; see also [15—17] and others.
For the example of a one-parameter continuous semigroup of nonexpansive mappings,
one can see [18].

Construction of common fixed points of a nonexpansive semigroup is an important sub-
jectin the theory of nonexpansive semigroup mappings and its applications. Fox example,
one can refer to [19, 20]. In [21], Shioji and Takahashi introduced the implicit iteration

(A) u,=au+1- an)i Ot” T(s)u, ds, n >0,
where C is a nonempty closed convex subset of a real Hilbert space H, u € C, {«,} is a se-
quence in (0,1), {t,} is a sequence of positive real numbers divergent to oo. Under suitable
conditions, Shioji and Takahashi [21] proved strong convergence of {x,} to a member of
;>0 F(T'(£)). Note that their iterate x, at step # is constructed through the average of a
sen;igroup over the interval (0, 00).

In 2003, Suzuki [22] introduced the following implicit iteration process in a Hilbert
space:

B) xy =ayu+ 1A —a,)T(t)x, n>0
for a nonexpansive semigroup, where C is a nonempty closed convex subset of a real
Hilbert space H, u € C, {«,} is a sequence in (0, 1), {¢,} is a sequence of positive real num-
bers. Note that x, is constructed directly from the T'(¢,). So, Zegeye and Shahzad [23]
viewed Suzuki’s iteration process (B) as an extension of the implicit process (A) to nonex-
pansive semigroups.

In 2005, Suzuki [24] considered an iterative process {x,} for a one-parameter continu-
ous semigroup of nonexpansive mappings on C, where C is a nonempty compact convex
subset of a Banach space E, defined by

x1 € C  chosen arbitrary,

Xnsl i= )\T(tn)xn + (1 - )")xm

(1.1)

where A € (0,1) and {t,} C [0,00). Then Suzuki [24] proved that {x,} converges strongly
to a common fixed point of {T'(¢) : £ > 0} if

liminft, < limsupt,, and lim (¢, —¢,) =0.

n—00 11— 00 n—00
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In 2009, Dhompongsa et al. [25] gave the following important result for a strongly con-
tinuous semigroup of nonexpansive mappings.

Theorem 1.1 [25] Let C be a nonempty bounded closed convex subset of a complete CAT(0)
space X, and let {T(t) : t > 0} be a strongly continuous semigroup of nonexpansive map-
pings on C. Let {«,,} and {t,} be sequences of real numbers satisfying 0 < a,, <1, t, > 0, and
limy,_, o0 £, = lim,,_, o0 ‘:—: =0. Let xg € C, and let {x,} be a sequence in C with

Xp =00 ® (1 —a,)T(t,)x,, VneN.
Then ﬂtzo F(T(t)) # 9 and {x,} converges to the element Ofﬂtzo F(T(t)) nearest to xg.

In 2011, Cho et al. [26] gave the following result for a continuous semigroup of non-
expansive mappings on a nonempty compact convex subset C of a complete CAT(0)
space X.

Theorem 1.2 [26] Let C be a nonempty compact convex subset of a complete CAT(0) space
X, and {T(t) : t > 0} be a one-parameter continuous semigroup of nonexpansive mappings
on C. Let {t,} be a sequence in [0, 00) satisfying

liminf¢, < limsupt,, and lim (¢, —t,)=0.
n—00

n—00 11— 00

For any A € (0,1), define a sequence {x,} in C by

x1 € C  chosen arbitrary,

Knsl i= )\T(tn)xn @ (1 - )‘)xn

(1.2)

Then {x,} converges to a common fixed point of the semigroup {T(t) : t > 0}.

Remark 1.1 By Theorems 1.1 and 1.2, we know that
(a) if C is a nonempty bounded closed convex subset of a complete CAT(0) space X,
and {T'(¢) : t > 0} is a strongly continuous semigroup of nonexpansive mappings on
C, then ﬂtzo F(T(t)) #9;
(b) if C is a compact convex subset of a complete CAT(0) space X, and {T'(t):t > 0} isa
one-parameter continuous semigroup of nonexpansive mappings on C, then

Miao F(T(2) 9.

Motivated by the above works and related results, we study the following iteration pro-
cesses for some families of one-parameter continuous semigroups of nonexpansive map-
pings on a nonempty compact convex subset C of a complete CAT(0) space X.

Let {T'(t):t> 0} and {Q(q) : g > 0} be one-parameter continuous semigroups of nonex-
pansive mappings on a nonempty compact convex subset C of a complete CAT(0) space X.
We consider the following iteration processes (1.3), (1.4), and (1.5):

x1 € C chosen arbitrary,
Yn = (1 - ,Bn)xn @ ﬂrz T(tn)xn) (13)
Xn+l o= (1 - an)xn ® anQ(qn)ynr
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x1 € C  chosen arbitrary,
Vn = (1 - ,Bn)xn @D ﬁn T(tn)xnr (14)
K = (1 - Otn)yn D anQ(‘]n)ym

where {«,} and {8,} are sequences in (0,1), {t,} and {g,} are sequences in [0, 00). We
prove that the proposed sequences converge to a common fixed point of these families of
mappings. Note that our results generalize Theorem 1.1 (i.e., Theorem 3.5 in [26]).

Besides, Thong [27] considered an implicit iteration for nonexpansive semigroups
{T(t):t > 0} on a nonempty compact convex subset C of a real Banach space E as fol-
lows:

x1 € C  chosen arbitrary, (15)
X 1= 1%y + (L= 0y) T (8) %0,

where {«,} is a sequence in (0,1), and {¢,} is a sequence in [0, 00).
In this paper, motivated by [27], we also consider the following implicit iteration process
for some families of one-parameter continuous semigroups of nonexpansive mappings on

a nonempty compact convex subset C of a complete CAT(0) space X:

%1 € C chosen arbitrary,
Yn = (1 - ,Bn)xn ® ﬂn T(tn)xnr (16)

Xntl o= (1 - O5;'1+1)Q(qn+l)xn+l @ 1YV

where {«,} and {B,,} are sequences in (0,1), {¢,} and {g,} are sequences in [0, c0).

For a special case of the iteration process (1.6), we have the following types:

x1 € C chosen arbitrary,

(1.7)
K = (1 - ‘XVHI)Q(an)an @D Ap1%n,
x1 € C chosen arbitrary,

(1.8)
Xn+l = (1 - ﬁn)xn ] ,Bn T(tn)xn-

We prove the proposed sequences converge to a common fixed point of three families of
mappings. Our result for the iteration process (1.7) is similar to (1.5) on complete CAT(0)
spaces. Our results for the iteration processes (1.6) and (1.8) generalize Theorem 1.2. Note

that the iteration process (1.8) is also a special case of the iteration processes (1.3) and (1.4).

2 Preliminaries

In 2005, Suzuki [24] gave the following result, and it is an important tool in this paper.

Lemma 2.1 [24] Let {t,} be a real sequence and t be a real number satisfying
liminf, , o t, <t <limsup,_, ., t,. Suppose that either of the following holds:
(i) limsup,_, o (ts1 — ) <0 or

(ii) iminf,_ qo(tns1 —ta) > 0.
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Then t is a cluster point of {t,}. Moreover, for any € > 0 and k,m € N, there exists my > m
such that |tj — t| < & for all j € N with mo <j < mg + k.

Lemma 2.2 [11] Let X be a CAT(0) space. Then
d((1-t)x @ 1y,2)" < (1 - 0)d(x,2)* + td(y, 2)* — t(1 - D)d(x,)*
forallt€[0,1] and x,y,z € X.

Definition 2.1 Let {x,} be abounded sequence in a CAT(0) space X, and let C be a subset
of X. Now, we use the following notations:

(i) r(x {x,}) :=limsup,_, o, d(x,%,).

(ii) r({xn}) := infrex r(x, {x,}).
(i) rc({xn}) = infrec r(x, {x,}).
(iv) A({xn}) = {x € X : r(x, {x4}) = r({x D}

(V) Ac(fxn}) := {x € C:r(x, {xn}) = re({xn})}.

Note that x € X is called an asymptotic center of {x,} if x € A({x,}). It is known that in a
CAT(0) space, A({x,}) consists of exactly one point [28].

Definition 2.2 [6] Let (X,d) be a CAT(0) space. A sequence {x,} in X is said to be A-
convergent to x € X if x is the unique asymptotic center of {u,} for every subsequence
{u,} of {x,}. That is, A({u,}) = {x} for every subsequence {u,} of {x,}. In this case, we
write A-lim, x,, = x and call x the A-limit of {x,}.

Lemma 2.3 [6] Let (X,d) be a CAT(0) space. Then every bounded sequence in X has a
A-convergent subsequence.

Lemma 2.4 [29] Let C be a nonempty closed convex subset of a CAT(0) space X. If {x,} is
a bounded sequence in C, then the asymptotic center A({x,}) of {x,} is in C.

Lemma 2.5 [6] Let C be a nonempty closed convex subset of a complete CAT(0) space X,
and let T : C — C be a nonexpansive mapping. Let {x,} be a bounded sequence in C with
A-lim, x,, = x and lim,,_, o, d(x,, Tx,) = 0. Then x € C and Tx = x.

Lemma 2.6 [30] Let X be a CAT(0) space. Let {x,} and {y,} be two bounded sequences in
X with lim,,_, oo d(x,,, y,) = 0. If A-lim,, x,, = x, then A-lim, y, = x.

Next, we give the following results and these results show that the intersection of the
fixed point sets for a continuous semigroup of nonexpansive mappings is nonempty. Note
that Theorem 2.1 is different from Theorem 1.1.

A: Common fixed point for a strongly nonexpansive semigroup

Lemma 2.7 Let C be a nonempty bounded closed convex subset of a complete CAT(0) space
X.Let {T(t): t € R} be a continuous semigroup of nonexpansive mappings on C. Let {t,} be
a sequence in R,. Let {«,} be a sequence in (0,1), and let {x,} be defined as

xo € C chosen arbitrary,

Xn =Xy @ (1—0))T ()%, n>1
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Assume that lim,_ o t, = limn_mo‘;‘—;‘ = 0. Then (\soF(T(t) # ¥ if and only if
lim,,, oo d(T(0)x4,%,) = 0.

Proof Suppose that lim,,_, oo d(T(0)x,,x,) = 0. Since C is bounded, there exist a subse-
quence {u,} of {x,} and x € C such that A-lim,_, o u, = . By Lemma 2.5, T(0)x = x.
Take any £ > 0 and let ¢ be fixed. For n > 0 with [é] > 1, we have

d (%, T(0)%)

< d(x, T(0)x,) + d(T ((k + 1)6,) %, T (kt,)x,,)

AR

< d(xn TO),) + ti]d(T(tn)xn,xn) s d( @) + d(T(t - [Ht)x T(O)&)

n n

< (50, TO) + 2 (T (6 01) + Ao )

n

+ max{d(T(s)x, T(0)x) : 0 <s < t,}

mnM +d(x,, %) + max{d(T(s)Ec, T(O)a'c) :0<s< t,,}

< d(x,,, T(O)x,,) + .

for some M > 0 (note that C is bounded). Hence, we know that

limsupd(u,, T(£)%) < limsupd(u,, x)

n—00 n—00

for each t > 0. Since A-lim,_u, = % T(t)x = ¥ for each t > 0. Therefore,
¥ €0 F(TQ@) #9.

Conversely, suppose that (7., F(T'(¢)) # @. Now, take any w € ()., F(T(¢)), and let w
be fixed. Then we have

d(x,, w)?
=< and(xn—lr W)2 + (1 - an)d(T(tn)xm W)2 - an(l - an)d(xn—lx T(tn)xn)
=< Olnd(xn—lr W)2 + (1 - an)d(xnr W)2 - an(l - an)d(xn—l: T(tn)xn)

< aud(xp1,w)* + (1= ), )2
And this implies that d(x,,, w) < d(x,_1, w) and lim,_, o, d(x,, w) exists. Hence,
A(%n-1, T(tn)n) < d(Xy1, W) = d(@, W) + et (%1, T(6n)%).
By assumption, lim,,_, oo d(x;,_1, T(£,)x,) = 0. Next, we get

d(xm xn—l) = d(anxn—l @ (1 - an)T(tn)xm xn—l) = (1 - an)d(T(tn)xn: xn—l)~
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This implies that lim,,_ d(x;,%,41) = 0 and lim,,_,  d(x,, T (£,)x,) = 0. Furthermore, it
follows that

lim sup d(T(O)xn, xn)

n—00

< limsup(d(T(0)x, T(0 + t,)x,) + d(T (t)%n, %))

n—00

<limsup(d(T(0)x,, T(0) o T(tn)%n) + d(T (£0)%n 1))

n—00

< limsup Zd(xn, T(t,,)x,,) =0.

n—0o0

Therefore, the proof is completed. d
By Lemma 2.7, we get the following theorem, and it is different from Theorem 1.1.

Theorem 2.1 Let C be a nonempty bounded closed convex subset of a complete CAT(0)
space X. Let {T(t) : t € R} be a strongly continuous semigroup of nonexpansive mappings
on C. Let {t,} be a sequence in R,, and {«,} be a sequence in (0,1) with lim,_,«t, =
lim, _, 5 ‘Z—: =0. Let {x,} be defined as

x9 € C chosen arbitrary,

X = Xy @ (L— ) T(tn)xy, n>1

Then ﬂtzo F(T(t)) # 9. Furthermore, if C is a compact set, then lim,_, o d(x,,%) = 0 for
some x € Q2.

Proof Since {T(t) : t € R} is a strongly continuous semigroup of nonexpansive mappings
on C, it is easy to see that lim,,—, oo d(T(0)x,, x,) = 0. By Lemma 2.7, ﬂtzo F(T(t)) # @, and
the proof is completed. O

B: Common fixed point for a nonexpansive semigroup

Lemma 2.8 Let C be a nonempty bounded closed convex subset of a complete CAT(0) space
X, and {T(t) : t > 0} be a one-parameter continuous semigroup of nonexpansive mappings
on C. Let {t,} be a sequence in [0, 00) satisfying

liminf¢, < limsupt,, and lim (¢, —t,)=0.
n— 00 —> 00 n—00

For any A € (0,1), define a sequence {x,} in C by

x1 € C  chosen arbitrary,

Knsl i= )\T(tn)xn @ (1 - )‘)xn
Then mtzo F(T(t)) #9 if and only iflim,_, o d(x,, T(0)x,) = 0.
Proof Suppose that lim,_, d(x,, T(0)x,) = 0. Following the same argument as in the

proof of Theorem 4 in [24], we get ﬂ:zo F(T(t)) # 9. Conversely, if ﬂtzo F(T(t)) #9, it
is easy to see that lim,_, o, d(x,, T(0)x,) = 0. (]
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By Lemma 2.8, we get the following theorem. Notice also that it is a consequence of
Theorem 1.2.

Theorem 2.2 Let C be a nonempty compact convex subset of a complete CAT(0) space
X, and {T(t) : t > 0} be a one-parameter continuous semigroup of nonexpansive mappings

on C. Let {t,} be a sequence in [0, 00) satisfying

liminf¢, < limsupt,, and lim (¢,,; -t,)=0.
n—00 100 n—00

For any A € (0,1), define a sequence {x,} in C by

x1 € C chosen arbitrary,

X1 = AT ()%, @ (1 — A)x,.
Then ﬂtzo F(T () #9.

Proof Following the same argument as in the proof of Theorem 3.5 in [26], we can prove
that lim,, ., oo d(x,, T(0)x,) = 0. By Lemma 2.8, (., F(T'(£)) #¥. O

3 Main results

Theorem 3.1 Let C be a nonempty compact convex subset of a complete CAT(0) space X.
Let {T(¢):t e R} and {Q(q) : g € R, } be continuous semigroups of nonexpansive mappings
on C. Let {t,} and {q,} be sequences in R,. Let {«,} and {B,} be sequences in [0,1]. Suppose
that

Q= <ﬂF(T(t))) N <ﬂ F(Q(q))> #9.

t>0 q>0

Let {x,} be defined as

x1 € C chosen arbitrary,
Vn = (1 - ﬁn)xn ) ﬂn T(tn)xnr
Xne1 := (1= a)x, @ 0, Q)Y

Assume that
(i) 0<a<a, <b<1,liminf, . B,1-B,) >0;
(i) max{liminf,, &, liminf,_ ~ g,} < min{limsup,,_, ., £, imsup,_, .. gu};
(iii) either limsup,_, o (£41 — ) < 0 or liminf,_, oo (£ — ) = 0 holds;
(iv) either limsup,,_, ..(gns1 — qn) < 0 or liminf,_, oo (gn1 — qn) = 0 holds.
Then lim,,_, o x,, = X for some x € Q2.

Proof Take any w € ©, and let w be fixed. Then for each # € N,

d(yn,w)*
= d((l - lgn)xn ® Bu T (t)%n, W)2

Page 9 of 18
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< (1= B @ ) + Bud (T (6% W) = Bu(l = B (%, T(t1)%)°
< (1~ Bu)d(xy, W)2 + Bud (%, W)z - Bu(1~ ,Bn)d(xnr T(tn)xn)2

S d(er W)2;
and

A1, W)
= d((1 - @)%, ® 0, Q@)ym W)’
< (1= o) (0, W) + 0 Q)Y W) — (L~ )l (% QUg)y)”
< (1= o) (w0, W) + 0 d Q) yr W)
< (1= ) (6, W)? + (30, W)

< d(xn,w)*.

(3.1)

(3.2)

Hence, lim,,_, o, d(x,, w) exists, and {x,,} and {y,} are bounded sequences. By (3.2), we get

A1, w)* = d(x, W)

d(x,, w)? +
a
2 2
< d(x,,,w)z + A1, W)* — d(x,, w)
oy,
A, W) = (- a)d(x, W)
= o
< d(Q(gn)ymw)’
<d(y,w)?
< d(xn,w)*.

And this implies that
lim d(x,,w) = lim d(y,,w) = lim d(Q(qn)yn,w).
n—00 n—00 n—00
By (3.1) and (3.4), we have
lim B,(1 - B)d (% T(ts)x,)" = 0.
By assumption and (3.5),
lim d(x,, T(£,)x,) = 0.
n— o0

By (3.2), we also have
an(l - Oln)d(xm Q(qn)yn)2 S d(xm W)2 - d(anrlr W)Z’

and this inequality and assumption imply that

nll>nc}o d(xn: Q(qn)yn) =0.

(3.3)

(3.4)

(3.5)

(3.6)
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By (3.6), we have

limsup d(x,,y,) = limsup d((l — Bu)x, D Bn T(tn)x,,,x,,)

n—00 n—00

< limsup d(x,,, T(£,)x,) = 0. (3.8)

n—00

By (3.7), it is easy to see that
lim d(x,41,%,) = 0. (3.9)
n—0oQ

By (3.7), (3.8), and (3.9), it is easy to see that

lim d(yn) Q(qn)yn) = lim d(anrlr Q(Qn)yn) =0. (310)
n—00 n—00
Furthermore, by (3.6), it follows that

lim sup d(T(0)x,, )

n— 00

< limsup(d(T(0)x,, T(0 + t)%n) + d(T ()% %1))

n—00

<lim sup(d(T(O)x,,, T(0) o T(t,,)x,,) + d(T(t,,)x,,,x,,))

n—00

< limsup 2d(x,,, T(ty,)xn) =0. (3.11)

n—00

By (3.10), it follows that

lim sup d(Q(O)yy,,y,,) =0. (3.12)

n—o0

Next, fix 7,8 € R with

max{liminft,,, lim infq,,} <T<KT+8< min{lim sup £, lim sup q,,}.

n—00 n—00 n—00 n—00

Following the same argument as in the proof of Theorem 4 in [24], we choose a subse-
quence {n;} of {n} such that

. d(T(trli)xni)xni) . d(Q(qm)ynyym)
lim ——————** = lim ————*+

n—00 t"i -7 n—00 qn, — T

= O’

(3.13)
lim ¢, = lim g, = 7.
11— 00 11— 00

For completeness, we give the following proof. By (3.6) and (3.10), there exists m; € N such
that

1 1
d(xn, T(t,,)x,,) <3 and d(y,,,Q(qn)yn) <3

for all # > m;. By Lemma 2.1, we note that t + % is a cluster point of {t,} and {g,}. Hence,
there exists 11 > m; such that

1)
r+§<ty,1,q,,l<r+8.
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By (3.6) and (3.10) again, there exists m, > n; such that

1 1
d(xn’ T(tn)xn) < Er and d(ym Q(qn)yn) < E

for all n > mj,. By Lemma 2.1 again, we note that 7 + % is a cluster point of {t,} and {g,}.

Hence, there exists 15 > m, such that

8 8
r+1<t,,2,q,,2<t+§.

Continuing this argument, we can define a subsequence {#;} of {n} satisfying

1
max{d(xnp T(tni)xn,v)r d(yni» Q(QHi)yni)} < mr and
T+ ——= <lyyqn, <T+-
i+2 i
for all i € N. Then it is obvious that v < min{t,,, gy} forall i e N,
lim ¢,, = lim g, = 7,
I—> 00 11— 00

and

1im d(T(ty,)%;, %) = lim d(Q(gn,)Yn»¥n;) = O-

I—> 00

We also have

A(T (t, )% %X, ) 1/( + 2)?
0 < limsup AL Enln m) o W+ 2
i—00 by, — T isoo O/(i+2)

= limsup

— -0
i—00 8(1 + 2)
Similarly,

im A(Q(Gn) Vi Yn;)

i—00 q"i -7

=0.

Since {x,} is a bounded sequence, there exist a subsequence {x,,ik} of {x,,} and x € C

such that A-limy_, o Xny, = x. Let uy = Xniy» Vk = Yy » Ak = t”ik ,and by = Sniy - Then we get

limsup d(ux, T(7)X)

k— o0

<lim sup(d(uk, T(ak)uk) + d(T(ak)uk, T(ak)a_c) + d(T(ak)a'c, T(r)a'c))

k— 00

< limsupd (ug, T(ar)uy) +limsup d(ug, %) + lim sup d(T (ax — 7)%, T(0)X)

k— o0 k— o0 k—o00

< lim sup d(u, %),
k— 00
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and

lim sup d(vk, Q(t)a_c)

k— o0

< limsup(d(vi, Qbi)vi) + d(Q(br)vi, Qbr)%) + d(Q(br)x, Q(7)x))

k— o0
< limsup d(vk, Q(bk)vk) + lim sup d(vg,x) + limsup d(Q(bk —17)%, Q(O)x)
k— 00 k— k—o00

< limsup d(vi, X).

k— 00

Since A-limy_, o ux = %, we know that T(7)x = x. By (3.8), A-limy_, oc ux = X, and Lem-
ma 2.6, we know that A-limy_, , vx =%, and this implies that Q(7)x = x. Also, we have

T(0)x = T(0) o T(v)% = T(t + 0)& = T(t)X = X.

Similarly, Q(0)x = x.
Take any ¢ > 0, and let ¢ be fixed. Then for k € N with a; — 7 < ¢, we have

(e T()5)
= d(uk, T(¢) o T(r)1 = T)]x)
=d(ue, T([t/(ar - 1)]7 + £)%)

[t/(ag-1)]-1
d(uk, T(O)uk) + Z d(T((m + l)ak) Uy, T(mak)uk)

=0
+d(T([thax - 0)]a) e, T([thax - )]ac)7)
+d(T ([t/(ax - ©)]ax)% T([t/(ax - T)]T + £)x)

< d(u, TO)wr) + [thai - 7)] - A(T (@) ) + s, %
+d(T (¢ - [t/(ar - 7)](ar - 7))%, T(0)x)

t - d(T (ax)ur, ur)
ar—T

<d(uwi, T(0)ui) + + d(ug, %)

+ max{d(T(s)x, T(0)x) : 0 <s <ax —}.
By (3.11) and (3.13), we get

limsup d (ux, T(2)x) < limsup d(u, X).
k— 00 k— 00
Since A-limg_, oo ux = x, we get T(£)x = x for each ¢ > 0. Therefore, x is a common fixed
point of {T'(¢) : t > 0}. Furthermore, we know that x € Q by following the same argument.
In fact, since C is a compact set, we may assume that limy_, o d(x,,ik,o_c) =0.So,xisa
cluster point of {x,} and liminf,_, o, d(x,, %) = 0. Since lim,,_, o d(x,,, w) exists for each w €

Q, lim,,_, o, d(x,,, %) = 0. Therefore, the proof is completed. O

Remark 3.1 Theorem 3.1 generalizes Theorem 1.2.

Page 13 0f 18


http://www.fixedpointtheoryandapplications.com/content/2012/1/155

Lin et al. Fixed Point Theory and Applications 2012, 2012:155
http://www.fixedpointtheoryandapplications.com/content/2012/1/155

Theorem 3.2 Let C be a nonempty compact convex subset of a complete CAT(0) space X.
Let {T(¢):t e R,} and {Q(q) : g € R, } be continuous semigroups of nonexpansive mappings
on C. Let {t,} and {q,} be sequences in R,. Let {«,} and {B,} be sequences in [0,1]. Suppose

that
Q:= (ﬂ F(T(t))) n (ﬂ F(Q(q))) #0.
t>0 q>0
Let {x,} be defined as

x1 € C  chosen arbitrary,
Yn = (1 - ,Bn)xn ® ﬂnT(tn)xnr
Kntl = (1 - an)yn ® Oan(CIn)}’n'

Assume that
(i) liminf,_, o o, (1 —a,) >0, liminf,_, o B,(1 - B,) > 0;
(i) max{liminf,_,  t,,liminf,_ g,} < min{limsup,,_, . t,, limsup,_, . g.};
(iii) either limsup,,_, o (t1 — £4) < 0 or liminf,— oo (£441 — £,) > 0 holds;
(iv) either limsup,_, o (gu+1 — qn) < 0 or liminf,_, oo (gni1 — gu) = O holds.
Then lim,,_, o, x,, = X for some x € Q2.

Proof Take any w € 2, and let w be fixed. Then for each # € N,

Ay w)’
= d((1 = B)xn @ B T(t)%0 W)
= (1= Ba)d(n W) + Bad(T(t)xm W) = Bu(l = B}l (s T (t))*
< (1= Ba)d(ns W) + B (X W) = Bu(L = B)d (% T(t1)%)°
<d(x,w)?, (3.14)

and

A1, W)
= d((1 - 0)y ® s Q@)Y W)’
= (1~ o)A (s W) + et d( Q@)Y W) — (1 = )l (¥ Q) y)”
< A, W)* — (1~ 0n)d (Y QGn)Yn)”
< (0, W)? = (1 = ) (9 Qn)yn) (3.15)

Hence, lim,,_, o, d(x,, w) exists, lim,,_, o d(x,, w) = lim,,_, oo d(y,, W), and {x,,} and {y,} are
bounded sequences. By (3.14) and lim,,_, o d(x,,, w) = lim,,_, oo d(y,,, w), we have

lim B,(1 = B)d (% T(tn)%,)" = 0. (3.16)
n— o0
By assumption and (3.16),

lim d (%, T(£4)x,) = 0. (3.17)

n—00
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By (3.15) and lim,,—, o d(x,, W) exists,

Tim d(y, Q(qn)yn) = 0. (3.18)

By (3.17), we have

lim sup d (%, y,) = limsup d (%, (1 = B)%n ® BuT (1))

n— 00 n—00

< limsupd (%, T(£4)x,) = 0. (3.19)

n— 00

Next, following the same argument as in the proof of Theorem 3.1, we get the proof of
Theorem 3.2. O

Remark 3.2 Theorem 1.2 is also a special case of Theorem 3.2.

Theorem 3.3 Let C be a nonempty compact convex subset of a complete CAT(0) space X.
Let {T(¢) : t € R} and {Q(q) : g € R} be continuous semigroups of nonexpansive mappings
on C. Let {t,} and {q,} be sequences in R,. Let {«,} and {B,} be sequences in [0,1] with 0 <

o, <1, liminf, . B,(1 = B,) > 0. Suppose that Q := (-, F(T(#))) N (quo F(Q(g))) # 9.
Let {x,} be defined as

x1 € C chosen arbitrary,
Yn = (1 - /3")96” ® lgnT(tn)xm

K1 = (1 - an+1)Q(Qn+l)xn+1 @D oy Y-

Assume that
(i) liminf,, ¢, <limsup,_, . tu;
(ii) either limsup,,_, o (ts1 — tx) <0 or liminf,_, o (¢,41 — £,) = 0 holds;
(iti) 1im,,— o0 g, = lim,_ oo Z—: =0.

Then lim,,_, oo X, = X for some % € Q.

Proof Take any w €  and let w be fixed. Then for each n € N,

Ay w)?
= d((1 = B)xn @ B T(t)%0 W)
< (= Bu)d (s ) + Bad (T (6)%, w)” = Bu(L = B)ed (%0, T(t) %)
< (1= Ba)d(ns W) + B (X W) = Bl = B)d (% T(t)%)°
< d(x,, w)?, (3.20)

and

d(xn+1y W)z

= d((l - an+1)Q(qn+l)xn+1 @D Ayi1Yns W)2
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<(1- an+1)d(Q(qn+l)xn+l; W)2 + 1 d (Y, W)2 —aa(l- an+1)d(Q(qn+l)xn+l»yn)2
< (1 -ap)dxpi, W)2 + Otn+1d()'m W)2~ (3.21)

By (3.20) and (3.21),
d(xn+1» W) S d()’n; W) f d(xm W)- (322)

Hence, lim,_, o d(x,, w) exists, lim,_, o d(x,, w) = lim,— o d(y,, W), {x,} and {y,} are
bounded sequences. By (3.20) and assumptions,

lim d(x,,, T(tn)xn) =0. (3.23)

n—00

By (3.21) and assumptions,

lim d(Q(qul)xnﬂ’yn) =0. (3.24)

n—00

By (3.23) and (3.24), we have

lim d(x,,y,) =0 and  lim d(Q(qns1)%ns1,%n1) = 0. (3.25)
Furthermore, by (3.23) and (3.25), it follows that

nlingo d(T(O)x,,,x,,) =0 and nlingo d(Q(O)xn,xn) =0. (3.26)

Following the same argument as in the proof of Theorem 3.1, there exist a subsequence
{u,} of {x,} and x € C such that lim,_, ., d(u,, %) = 0, and x is a common fixed point of
{T(¢):t > 0}. Hence, liminf,_, o, d(x,,x) = 0.
For g = 0, by (3.26), we get lim,,_, oo d(Q(0)u,,, u,,) = 0, and it is easy to see that Q(0)x = X.
Next, for each g > 0,

d(xnr Q(Q)ﬁ_c)
(11
d x,,, Z d(Q k + 1)) %0, Q(kq,,)x,,)

+d<Q([i]%)W([%]%)%)+d(Q([%]%>ﬂ’QW)
d (%, QO)x,) + [q%]d(e(qn)xn,xn) +d(x, %) + d(Q(q— [ﬂq)x Q(O)ic)

qn
n

q%n

qn

< d(x, Q(0)x,,) +

(Q(qn)xn:yn) +d(xy, %) + max{ (Q(S)xr Q(O)x) =s= q;'z}

= d(xnr Q(O)xn) +

M +d(x,,%) + max{ (Q(s)a’c, Q(O)a_c) :0<s< q,,}

for some M > 0.

By assumptions and (3.26), we know that

limsup d(u,, Q(q)%) = 0

n—0o0


http://www.fixedpointtheoryandapplications.com/content/2012/1/155

Lin et al. Fixed Point Theory and Applications 2012, 2012:155 Page 17 of 18
http://www.fixedpointtheoryandapplications.com/content/2012/1/155

for each g > 0, and this implies that x is also a common fixed point of {Q(g) : ¢ > 0}. Now,
x € Q and this implies that lim,,_, o, d(x,,, x) exists. Since liminf,_, o, d(x,, %) = 0, we know
that lim,,_, o, d(x,,,X) = 0, and the proof is completed. O

Remark 3.3 Theorem 3.3 is also a generalization of Theorem 1.2.
The following result is similar to Theorem 2.3 in [27].

Corollary 3.1 Let C be a nonempty compact convex subset of a complete CAT(0) space X.
Let {Q(q) : q € R} be a continuous semigroup of nonexpansive mappings on C. Let {q,} be
a sequence in R,. Let {«,} be a sequence in [0,1] with 0 < o, <1. Let {x,} be defined as

x1 € C  chosen arbitrary,

Xn+l = (1 - O5;/1+1)Q(qn+1)xr1+1 &® 1%y,

&1 = 0. Then lim,_, o x, = X for some X € Q.

Assume that lim,_, o q, = lim,_, o o

Proof For each t > 0, let T(t) : C — C be defined by T(¢)x := x for each x € C. Clearly,
{T(t): ¢t = 0} is a continuous semigroup of nonexpansive mappings on C. Since C is a
compact set, €2 := quo F(Q(g)) # 9. By Theorem 3.3, we get the conclusion. (I
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