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are investigated based on a viscosity iterative process. Strong convergence theorems
are established in a real g-uniformly Banach space.
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1 Introduction

Fixed point problems of nonlinear mappings as an important branch of nonlinear analysis
theory have been applied in many disciplines, including economics, optimization, image
recovery, mechanics, quantum physics, transportation and control theory; for more de-
tails, see [1-31] and the references therein.

Strictly pseudocontractive mappings, which act as a link between nonexpansive map-
pings and pseudocontractive mappings, have been extensively studied by many authors;
see [20-31] and the references therein. The computation of fixed points is important in
the study of many real world problems, including inverse problems; for instance, it is not
hard to show that the split feasibility problem and the convex feasibility problem in signal
processing and image reconstruction can both be formulated as a problem of finding fixed
points of certain operators, respectively.

Recently, many authors studied the following convex feasibility problem (CFP): x €
ﬂf\il Q;, where N > 1 is an integer, and each Q; is assumed to be the fixed point set of
a nonlinear mapping 7;,i=1,2,...,N. There is a considerable investigation on CFP in the
setting of Hilbert spaces which captures applications in various disciplines such as im-
age restoration [32], computer tomography [33] and radiation therapy treatment planning
[34].

In this paper, we investigate the problem of finding a common fixed point of a finite
family of strictly pseudocontractive mappings based on a viscosity approximation iterative
process. Strong convergence theorems of common fixed points are established in a real
g-uniformly Banach space.
©2013 Qin et al, licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
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2 Preliminaries
Throughout this paper, we always assume that E is a real Banach space. Let E* be the dual
space of E. Let J, (7 > 1) denote the generalized duality mapping from E into 2£" given by

Jo&) = {f* € E*: {x,f*) = I|x]|7,

| = 1x17), vxeE,

where (-, -) denotes the generalized duality pairing. In particular, /; is called the normalized
duality mapping, which is usually denoted by /. In this paper, we use j to denote the single-
valued normalized duality mapping. It is known that J,(x) = ||x[|7%*/(x) if x #0. If E is a
Hilbert space, then J = I, the identity mapping. Further, we have the following properties
of the generalized duality mapping J:

1) J,(tx) = £97Y,(x) for all x € E and ¢ € [0, 00);

(2) Jg(=x) = —J4(x) forallx € E.

A Banach space E is said to be smooth if the limit

. X+ tyl| —||x
i 1+ 271 = D]
t—0 t

exists for allx, y € Ug. Itis also said to be uniformly smooth if the limit is attained uniformly
for all x,y € Ug. The norm of E is said to be Fréchet differentiable if, for any x € U, the
above limit is attained uniformly for all y € Ur. The modulus of smoothness of E is the
function pg : [0, 00) — [0, 00) defined by

1
pe(T) = sup{i(llx 0+ llx=yll) =1 flxll < 1, lIyll < t}, VT >0.

The Banach space E is uniformly smooth if and only if lim;_, L@ — 0, Let ¢ > 1. The

T
Banach space E is said to be g-uniformly smooth if there exists a constant ¢ > 0 such that

pe(t) < ct?. Indeed, there is no Banach space which is g-uniformly smooth with g > 2.
Hilbert spaces, L? (or /) spaces and Sobolev spaces WZ , where p > 2, are 2-uniformly
smooth.

Let C be a nonempty closed convex subset of E and T': C — C be a mapping. In this pa-
per, we use F(T') to denote the fixed point set of 7. A mapping T is said to be « -contractive
iff there exists a constant x € (01) such that

ITx - Tyl <«llx—-yl, VxyeC.
A mapping T is said to be nonexpansive iff
I Tx - Tyl < Ik —yll, VayeC.

A mapping T is said to be «-strictly pseudocontractive iff there exist a constant « € (0,1)
and j,(x — y) € J;(x — ) such that

(Tx— Ty,jy = y)) < llx =y = & | (1 = T)c = (I = T)y||"

, Vx,yeC. (2.1)
It is clear that (2.1) is equivalent to the following:

(U-Tx-U-T)yjyx-p)=k|I-T)x-UI-T)y|?, VxyeC. (2.2)
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The class of «k-strictly pseudocontractive mappings was first introduced by Browder and
Petryshyn [35] in Hilbert spaces.

One classical way to study nonexpansive mappings is to use contractions to approximate
a nonexpansive mapping. More precisely, take ¢ € (0,1) and define a contraction 7; : C —
C by

Tix=tu+(1-1t)Tx, VxeC, (2.3)

where u € C is a fixed point. Banach’s contraction mapping principle guarantees that 7
has a unique fixed point x; in C. In the case of T having a fixed point, Browder [36] proved
that x; converges strongly to a fixed point of T in the framework of Hilbert spaces. Reich
[37] extended Browder’s result to the setting of Banach spaces and proved that if E is a
uniformly smooth Banach space, then x; converges strongly to a fixed point of 7, and
the limit defines the (unique) sunny nonexpansive retraction from C onto F(T); for more
details, see [37] and the reference therein.

Recently, Xu [38] investigated the viscosity approximation process in a smooth Banach
space. Let f : C — C be a contraction. Take ¢ € (0,1) and define a mapping 7; : C — C by

Tx=tf(x)+(1-t)Tx, VYxeC. (2.4)

Itis not hard to see that T; also enjoys a unique fixed point. Xu proved that {z;} converges to
afixed point of T as t — 0, and Q(f) = s—lim;_, ¢ z; defines the unique sunny nonexpansive
retraction from C onto F(T).

Recently, construction of fixed points for nonexpansive mappings via the normal Mann
iterative process has been extensively investigated by many authors. The normal Mann
iterative process generates a sequence {x,} in the following manner:

x1 € C  chosen arbitrarily,
(2.5)
Xnil = (1 - an)xn + oy Txnr Yn=>1,

where the sequence {«,} is in the interval (0, 1).

In an infinite-dimensional Hilbert space, the normal Mann iteration algorithm has only
weak convergence. In many disciplines, including economics, image recovery and control
theory, problems arise in infinite dimension spaces. In such problems, strong convergence
is often much more desirable than weak convergence, for it translates the physically tan-
gible property that the energy ||x, — x|| of the error between the iterate x, and the solution
x eventually becomes arbitrarily small. We also remark here that many authors have been
instigating the problem of modifying the normal Mann iteration process to have strong
convergence for «-strictly pseudocontractive mappings; see [24—27] and the references
therein.

Let D be a nonempty subset of C. Let Q : C — D. Q is said to be a contraction iff Q% = Q;
sunny iff for each x € C and ¢ € (0,1), we have Q(¢x + (1 — £)Qx) = Qx; sunny nonexpansive
retraction iff Q is sunny, nonexpansive and a contraction. K is said to be a nonexpansive
retract of C if there exists a nonexpansive retraction from C onto D. The following re-
sult, which was established in [39], describes a characterization of sunny nonexpansive
retractions on a smooth Banach space.
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Let Q: E — C be a retraction, and let j be the normalized duality mapping on E. Then
the following are equivalent:

(1) Qissunny and nonexpansive;

(2) 1Qx~QyI? = (x~2,/(Qx~ Qy)), Yx,y € E;

(3) (x—Qu,jly—Qx)) <0,Vx€E,yeC.

In this paper, we investigate the problem of modifying the normal Mann iteration pro-
cess for a family of « -strictly pseudocontractive mappings. Strong convergence of the pur-
posed iterative process is obtained in a real g-uniformly Banach space. In order to prove
our main results, we need the following tools.

Lemma 2.1 [27] Let C be a nonempty subset of a real q-uniformly smooth Banach space E,
andlet T : C — C be a k-strict pseudocontraction. For a € (0,1), we define Tox = (1 —a)x +
aTx foreveryx € C. Then, as « € (0, u], where (v = min{1, {% }a1}, T, is nonexpansive such
that F(T,) = F(T).

Lemma 2.2 [40] Let E be a real q-uniformly smooth Banach space. Then the following
inequality holds:

lloe + ¥l < 117 + gy, Jgx) + Dllyll?,  Vx,y €E,
where D is some fixed positive constant.

Lemma 2.3 [41] Assume that {a,} is a sequence of nonnegative real numbers such that
sl = (1 - tn)an + bn + O(tn):

where {b,} and {t,} satisfy the following restrictions:
(i) £ — 0, 02 ty = 00;
(il) D02y byl < oo

Then lim,,—, o a,, = 0.

Lemma 2.4 [42] Let {x,} and {y,} be bounded sequences in a Banach space X, and let {8,,}
be a sequence in [0,1] with

0 <liminf B, <limsup B, < 1.

n—00 n—00

Suppose x,.1 = (1= B,)yn + Buxy for all integers n > 0 and

1im Sup (191 = Yol = %1 = 2all) < 0.

n—00

Then lim,,_, o ||y, — %4l = 0.

Lemma 2.5 [25] Let E be a smooth Banach space, and let C be a nonempty convex sub-
set of E. Given an integer N > 1, assume that {T;}Y, : C — C is a finite family of k;-strict
pseudocontractions such that ﬂf\il F(T;) # 9. Assume that {\;}_, is a positive sequence such
that YN ;= 1. Then F(YN, F(Ty)) = Y, E(Ty).
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Lemma 2.6 [43] Let g > 1. Then the following inequality holds:

(q 1)biT
q

ab <

for arbitrary positive real numbers a and b.

3 Main results

Theorem 3.1 Let C be a nonempty closed convex subset of a real q-uniformly smooth Ba-
nach space E, and let N be some positive integer. Let T; : C — C be a k;-strictly pseudocon-
tractive mapping for each 1 <i < N. Assume that ﬂf\il F(T;) #9. Let f be an a-contractive
mapping. Let {x,} be a sequence generated in the following process:

xo9 € C arbitrarily chosen,
Yn = (1 - (Sn)xn + (Sn Zf\il )‘iTixn:
X1 = uf () + BuXn + YnY» 1 =0,
where {a,}, {Bn} and {);} are real number sequences in [0, 1] satisfying the following restric-
tions:
@ an+PBut+vn=1
(b) > 0o oy =00, lim, 00ty = 0
() 0<liminf, o By <limsup,_, . Bu <1;
1
(d) limy— o0 18,41 — 84ll =0, 8 <6, < min{l, %}F b
e) Z{\il )\i = 1,
where & > 0 is some real number, and « := min{k; : 1 <i < N}. Then {x,} converges strongly
as n — oo to some point in ﬂf\ilF(E), which is the unique solution in ﬂf\ilF(Ti) to the
following variational inequality:

(f(2) —z,jsz-=p)) = 0, VpemF

Proof First, we show that {x,} and {y,} are bounded. Putting T := 3"~ A,T;, we see that T
is a k-strictly pseudocontractive mapping. Indeed, we have the following:
(T~ Ty, j(x - y)
= (Tix = T1y,j(x = ) + Ao Tox — Toy, j(x = ) + - - - + An(Twx — Ty, jlx — 9))
<n(le-ylI? - | - Tx— (- Ti)y|*)
+ha(Ilx = yI% = ko (I = To)x — (I = To)y|)?) +
(e =12 — kx| = Tw)x — U = Ty [)
< =1 ic(ma | - Ty — (1 - Ty
Fa (= To)x— U =Ty + -+ an || (= Tl — (I - Ta)y|)?)

<lx=yl2 - k| - Dx - (1 - Ty,

Page 5 of 10
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This proves that T is a « -strictly pseudocontractive mapping. Fix p € ﬂfil F(T;) and put
Ts,x=(1-68,)x + 8,Tx, Vx € C. It follows from Lemma 2.1 that T}, is nonexpansive. This
in turn implies that

s =PIl < I%: = plI. 3.1

It follows that

%1 = pll = n (f (@) = ) + Bu(xn = P) + ¥y = D)
< au|f@) = f D) + an|p = @) + Bulln =PIl + Vallyn - Pl
<oz, —pll +au|p =@ + Bullxn = pll + vullyn - pll
< (1-au(1=))lxs = pll +an[p - f @)

smax{nxn p, L2 ”}
This in turn implies that
lp-f @)
||xn—1ﬂ||§max{||xo ~p, 2SO

which gives that the sequence {x,} is bounded, so is {y,}. Notice that

”yn+1 _yn” = ” T5n+1xn+1 - Ténxn”
< W Ts, %m0 = Ty ®ull + 11 T, %0 — Ts, %l
= ”‘xn+1 —Xn ” + ||5}’l+1x}’l + (1 - 5n+1)Txn - Snxn - (1 - (Sn)Txn ||

= ”xn+1 _xn” + |8n+1 - 8n| ”xn - Txn” (32)

Putting ¢, = ’%, we see that

X1 = (1 - lgn)tn + BuXn. (3.3)
Now, we compute ¢, — ¢,. Noticing that

_ an+1f(xn+1) + Vn+1Yn+1 anf(xn) + Vu)n

a7 1- B T 1o,
=1 f;:ﬂf(xnﬂ) + - fn:ifj;?mly"” 1 i“rjgnf(x”) 1P _1’3_"';?1%3;”
= T () =) + T O = 50) + Y =
we have
s =t £ 15 o) 3]+ 1% bS] sl G0

Page 6 of 10
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Substituting (3.2) into (3.4), we arrive at

oy

1_,3}1

[ =f G|

Opil
”tn+l - tn” - ”xn+1 _xn” S AL |If(xn+l) _yn+1 || +
1- :Bn+1

+ 841 — Sulllen — Tyl
It follows from the restrictions (b) and (c) that
lim ||tn+l - tn” - ||xn+1 - xn+l|| <0.
n— 00

In view of Lemma 2.4, we obtain that lim,,_, o, ||, — %, || = 0. This implies from the restric-
tion (c) that

lim {11 — %[l = 0. 3.5)
n— 00

Notice that
Xntl —Xp = Uy (f(xn) _xn) + Vu(n — %)

It follows that lim,,_, o ||, — %, || = 0. On the other hand, we have y, — x,, = §,,(Tx,, — x,,). It
follows that lim,,—,« || 7%, — %, || = 0. This in turn implies that

lim | Tpxn — x4l =0, (3.6)
H—>00

1
where 1 = min{1, {%-}97}. Next, we show that

limsup(z - f(2),j(z = %4)) < 0, (3.7)

n—00

where z = Qf (z), where Q is a sunny nonexpansive retraction from C onto (Y, F(T}), is
the strong limit of the sequence z; defined by

ze=tf(z)) + A -t)Tyz,, Vte(0,1).
It follows that

z— x5 = (1= t)(Tpze — %) + £(f(z:) —%4), VE€(0,1).
For any ¢ € (0,1), we see that

llze — %7 = t(f(zt) — % jq(2e —xn)> +(1- t)(T/l.Zt — % Jq (2 —xn)>

< Hf(20) = % jig(ze = %)) + (1 = Ollze = %17 + M T i — x4,

where M = sup{||x, — z:||"! : t € (0,1),n > 0}. It follows that

. M
(f(zt) _xt’]q(xn - Zt)> S 7 ” Tptxn _xn||~
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Fixing ¢ and letting n — oo yields that

lim suplf (z,) — %,/ (%, — z,)) < 0.

n—00

Since E is g-uniformly smooth, J, : E — E* is uniformly continuous on any bounded sets
of E, which ensures that limsup,,_, ., and limsup,_, , are interchangeable, hence

limsup(z - f(2),j(z = %4)) < 0.

n—00

Finally, we show that %, — z as  — 00. In view of Lemma 2.6, we see that

%41 = 2017 = ulf () = 2, jg (a1 — 2)) + Bul®n — 2,jg (K1 — 2))
+ YulVn = 2,jq (i1 — 2))
< oulf (%n) = 2,jq(Fns1 = 2)) + Bulloen — 2l %1 — 2|77
+ Vullyn — 2l %1 — 2|77
< otuhn + (L= )60 — 2 lns1 — 2|77
lx, —2ll7 gq-1

< aphp+ (1 —%«)T + Tllxm -z|4,

where A, = max{{f(x,) — z,j;(x4.1 — 2)),0}. This implies that
a1 — 2|7 < qotphy + (I -a)llx, -zl

In view of Lemma 2.3, we find the desired conclusion immediately. This completes the
proof. O

Remark 3.2 Theorem 3.1 mainly improves the corresponding results in Yuan et al. [22]
from 2-uniformly smooth Banach spaces to g-uniformly smooth Banach spaces. Theo-
rem 3.1 is applicable to the spaces /¥ and L? for all g > 1.

From Theorem 3.1, we have the following result immediately.

Corollary 3.3 Let C be a nonempty closed convex subset of a real q-uniformly smooth
Banach space E, and let N be some positive integer. Let T; : C — C be a k;-strictly pseudo-
contractive mapping for each 1 < i < N. Assume that ﬂf\il F(T;) # 0. Let {x,} be a sequence
generated in the following process:

xo € C arbitrarily chosen,
Yn = (1 - én)xn + (Sn Zi\il )\iTixm

Xn+l = Opll + ,ann + VuYny N> 0,

where u is a fixed element in C, {a,}, {B.} and {A;} are real number sequences in [0,1]
satisfying the following restrictions:
(@ an+Pu+vn=1
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(b) >0 ey =00, limy, 00ty = 0;

(c) 0<liminf,_, o B, <limsup,_, . Bu<1;

(d) 1imysoc 18501 = 841l = 0, 8 < 8, <min(1, (%)77);

(& Y=,
where § > 0 is some real number, and « := min{k; : 1 <i < N}. Then {x,} converges strongly
as n — oo to some point in ﬂf\ilF(Ti), which is the unique solution in ﬂf\il F(T;) to the
following variational inequality:

N
(u-zjz-p) =0, Vpe mF(Ti).
i-1

Remark 3.4 Corollary 3.3 improves the corresponding results in Zhou [26] from 2-
uniformly smooth Banach spaces to g-uniformly smooth Banach spaces and relaxes the

restrictions imposed on the parameter {};} in Zhang and Su [27].
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